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Preface

During the past fifteen years, there have been many exciting developments at
the interface of mathematical control theory and control engineering. Many
of these developments were based on Lyapunov methods for analyzing and
controlling nonlinear systems. Constructing strict Lyapunov functions is a
challenging, central problem. By contrast, non-strict Lyapunov functions are
often readily constructed from passivity, backstepping, or forwarding (espe-
cially in the time-varying context), or by using the Hamiltonian in Euler-
Lagrange systems. Roughly speaking, strict Lyapunov functions are charac-
terized by having negative definite time derivatives along all trajectories of
the system, while non-strict Lyapunov functions have negative semi-definite
derivatives along the trajectories. Even when a system is known to be globally
asymptotically stable, one often still needs an explicit strict Lyapunov func-
tion, e.g., to build feedbacks that provide input-to-state stability to actuator
errors.

One important research direction involves finding necessary and sufficient
conditions for various kinds of stability, in terms of the existence of Lya-
punov functions, such as Lyapunov characterizations for hybrid systems, or
for systems with outputs and measurement uncertainty. Converse Lyapunov
function theory guarantees the existence of strict Lyapunov functions for
many globally asymptotically stable nonlinear systems. However, the Lya-
punov functions provided by converse theory are often abstract and non-
explicit, because they involve suprema or infima over infinite sets of trajec-
tories, so they may not always lend themselves to feedback design. Explicit
strict Lyapunov functions are also useful for quantifying the effects of uncer-
tainty, since for example they can be used to construct the comparison func-
tions in the input-to-state stability estimate, or to guarantee that a model
reduction based on singular perturbation analysis can be done. In fact, once
an appropriate global strict Lyapunov function has been constructed, sev-
eral important robustness and stabilization problems can be solved almost
immediately, through standard arguments.

vii



viii Preface

In some cases, non-strict Lyapunov functions are sufficient, because they
can be used in conjunction with Barbalat’s Lemma or the LaSalle Invariance
Principle to prove global stability. In other situations, it is enough to analyze
the system near an equilibrium point, or around a reference trajectory, so
linearizations and simple local quadratic Lyapunov functions suffice. How-
ever, it has become clear in the past two decades that non-strict Lyapunov
functions and linearizations are insufficient to analyze general nonlinear time-
varying systems. Non-strict Lyapunov functions are not well suited to robust-
ness analysis, since their negative semi-definite derivatives along trajectories
could become positive under arbitrarily small perturbations of the dynamics.
Moreover, there are important nonlinear systems (e.g., chemostat models)
that naturally evolve far from their equilibria. This has motivated a great
deal of significant research on methods to explicitly construct global strict
Lyapunov functions.

One approach to building explicit strict Lyapunov functions, which has
received a considerable amount of attention in recent years, is the so-called
strictification method. This involves transforming given non-strict Lyapunov
functions into strict Lyapunov functions. Strictification reduces strict Lya-
punov function construction problems to oftentimes much easier non-strict
Lyapunov function construction problems. This book brings together a broad
but unifying repertoire of strictification based methods. Much of this work
appears here for the first time. We cover many important classes of nonlinear
dynamics, including Jurdjevic-Quinn systems, time-varying systems satisfy-
ing LaSalle or Matrosov Conditions, adaptively controlled dynamics, slowly
and rapidly time-varying systems, and hybrid time-varying systems. In fact,
under a very mild extra assumption, we show how strict Lyapunov functions
can be constructed for systems satisfying the conditions of the LaSalle In-
variance Principle. The simplicity of our constructions makes them suitable
for quantifying the effects of uncertainty, and for feedback design, including
cases where only an output is available for measurement. We illustrate this
in several applications that are of compelling engineering interest.

This work complements several books on nonlinear control theory, such
as [149] by Sepulchre, Jankovié¢, and Kokotovié. While many texts include
Lyapunov function constructions, our work provides a systematic, design-
oriented approach to building global strict Lyapunov functions, including
simplified constructions that are more amenable to feedback design and ro-
bustness analysis. In fact, many of the systems covered by our approaches
are beyond the scope of the well-known explicit strict Lyapunov construc-
tions. Our book will be easily understood by readers who are familiar with
the nonlinear control theory in the textbooks of Khalil [70] and Sontag [161].
We review much of the prerequisite material in the first two chapters. The
remaining chapters can be used as supplemental reading in a first graduate
control systems theory, or for a second course on Lyapunov based methods.
Engineers and applied mathematicians interested in nonlinear control will
also find our book useful.
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Background



Chapter 1
Background on Nonlinear Systems

Abstract We review some basic concepts from the theory of ordinary differ-
ential equations and nonlinear control systems, as well as several notions of
stability, including the input-to-state stability paradigm. An important fea-
ture is the distinction between uniform and non-uniform stability for time-
varying systems. We also include an overview of the problem of stabilization
of nonlinear systems, including the “virtual” obstacles to stabilization im-
posed by Brockett’s Necessary Condition. Brockett’s Criterion motivates our
use of time-varying feedbacks to stabilize both autonomous and time-varying
systems. We illustrate these notions in several examples. In later chapters,
we revisit these notions using strict Lyapunov functions.

1.1 Preliminaries

Throughout this book, we use the following standard notation and classical
results. We let N denote the set of natural numbers {1,2,...}, Z the set of
all integers, and Z>o = NU{0}. Also, R (resp., R™) denotes the set of all real
numbers (resp., real n-tuples for any n € N). We use the following norms for
vectors © = (x1, ..., x,) € R™:

n n 1/2
2[00 = max lzi], |z[r = 2 |z;[, and [z[z = (2; |xz‘|2> .
i= =

Unless we indicate otherwise, the norm on R™ is | - |2 which we often denote
by | - |. For a measurable essentially bounded! function u : Z — RP on
an interval Z C R, we let |u|z denote its essential supremum, which we

1 Readers who are not familiar with Lebesgue measure theory can replace “measurable
essentially bounded” with “bounded and piecewise continuous” throughout our work, in
which case the essential supremum is just the sup norm.
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indicate by |u|so when Z = R. For real matrices A, we use the matrix norm
[|A|| = sup{]Az| : |z| = 1}, and I,, € R™*" is the identity matrix. Given an
interval Z C R and a function z : Z — R™ that is differentiable (Lebesgue)
almost everywhere, we use @ or #(t) to denote its derivative % (¢).

For each k € Z>oU {00}, a real-valued function defined on an open subset
of Euclidean space is called C* provided its partial derivatives exist and are
continuous up to order k. A C° function is one that is continuous, and a C™
function is one that is a smooth function, that is, it has continuous partial
derivatives of any finite order. We use the same C* notation for vector fields
on R™. We present all of our results under those differentiability assumptions
that lead to the shortest and clearest proofs. Throughout the book, increasing
means strictly increasing and similarly for decreasing.

If f:R"™ — R” is a smooth vector field and h : R® — R is smooth, the
Lie deriwatives of h in the direction of f are defined recursively by

. Oh k k—1
L¢h(x) = %(x)f(x) and  Lyh(z) = Ly(L}  h)(z) Vk=>2.

Recall the following classes of comparison functions. We say that a C° func-
tion 7y : [0,00) — [0,00) belongs to class K and write v € K provided it is
increasing and v(0) = 0. We say that it belongs to class Ko if, in addition,
v(r) — 00 as r — oo. We say that a C° function 3 : [0, 00) x [0, 00) — [0, 00)
is of class KL provided for each fixed s > 0, the function 5(-,s) belongs to
class IC, and for each fixed r > 0, the function ((r,-) is non-increasing and
B(r,s) — 0 as s — oco. The following lemma is well-known:

Lemma 1.1. (Barbalat’s Lemma) If ¢ : R — R is uniformly continuous on
[0,00) and

t—o0

t
lim / p(m)dm
0
exists and is finite, then limy_, o, ¢(t) =0

We also use Young’s Inequality, which says that
1 -1
ab < ~laf? + == o]
p p

foralae Randbe R, and all p >1and ¢ > 1 satisfying%—&—%:l.

1.2 Families of Nonlinear Systems

The basic families of dynamics are autonomous systems, nonautonomous
systems, and systems with inputs. We review these basic families next for
the case where the dynamics are given by families of ordinary differential
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equations. We then discuss their analogs in discrete time. In later chapters,
we consider more general systems with multiple time scales, such as hybrid
time-varying systems. In general, we allow nonlinear systems, meaning the
dynamics are nonlinear in the state variable.

1.2.1 Nonautonomous Systems

A general nonautonomous ordinary differential equation consists of a finite
number of first-order one-dimensional differential equations:

j?l = fl(t,xl,xg, ...,xn)

C.CQ = fg(t,xl,xg, ,xn) (1 1)

i‘n = fn(t,l‘l,xg, ...,xn)

where ¢ is the time, and each function f; is in general nonlinear in all of its
arguments. The variables x; are called states, and n is called the dimension of
the system. The differential equations characterize the evolution of the states
with respect to time. Frequently, we write (1.1) more compactly as

&= f(t,x). (1.2)

The state vector x = (x1,22,...,Z,) is valued in a given open set X C R™.
Given a constant tg > 0, g € X, and a constant ty,a.x > to, the corresponding
initial value problem IVP(tmax,to,Zo) for (1.2) is that of determining an
absolutely continuous function y : [to, tmax) — X such that §(t) = f(¢, y(t))
for almost all ¢ € [tg, tmax) and y(to) = xg. We assume that the vector field
f:[0,00) x X — R"™ is measurable in ¢ and of class C! in x, meaning the
function z — f(t,x) is C! for each t > 0. We further assume that for each
compact set K C X, there is a locally integrable function ax so that

’%(t,x) < ak(t) forall z € K and t > 0.

By classical results (reviewed, e.g., in [161]), these properties ensure that
for each tg > 0 and xp € X, there exists a tmax > to s0 that IVP (tmax, to, Zo)
has a solution t — x(¢,to, o) with the following uniqueness and maximality
property: If £ > to and IVP(, g, 29) admits a solution z(t), then < tyax
and z(t) = x(t, to, o) for all t € [to,?). If 2(t,t,20) can be uniquely defined
for all t > to for all initial conditions x(tg, to,zo) = xo, then we call (1.1)
forward complete. Since f depends on time, the systems (1.2) are also called
time-varying systems.

An equilibrium point z* = (z7,...,2%) of (1.2) is defined to be a vector
in R™ for which f(t,2*) = 0 for all ¢ > 0. Frequently, the equilibrium point
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is the origin 2* = 0. If a system X = g(¢, X) admits a solution X(t), then,
through the time-varying change of variable x = X — X(t), we can transform
the system X = g(t, X) into a new time-varying x dynamics

z = f(t,x), where f(t,z)=g(t,z+ Xs(t)) — Xs(t)

which admits * = 0 as an equilibrium point. This transformation is used to
analyze the asymptotic behavior of a system with respect to a specific solu-
tion X(t), i.e., tracking. Frequently, the time-varying systems in engineering
applications are periodic with respect to t, meaning there is a constant w > 0
(called a period) such that f satisfies

f+w,x)= f(t,x)

for all (¢, ) in its domain.

1.2.2 Autonomous Systems

If the right side of (1.1) or (1.2) is independent of the time variable ¢, then
the systems are called autonomous or time-invariant systems. Naturally, they
are written in compact form as

i = f(x) (1.3)

and their flow maps are denoted by x (¢, o). In this case, we view t — x(t, z)
as being defined on some maximal interval Z C R, possibly depending on the
initial state xg. If ¢ — x(t,x0) is uniquely defined on R for all zp € X,
then we call (1.3) complete. The family of systems (1.3) is the simplest we
consider in this book. However, the behavior of the solutions of (1.3) is a
very general subject and by no means simple. No general prediction of the
asymptotic behavior of the solutions exists as soon as the dimension n of the
system is larger than 2. Rather, such a classification exists only for systems of
dimension 1 and 2, by the celebrated Poincaré-Bendixson Theorem [23, 153].

1.2.3 Systems with Inputs

The general time-varying continuous time control system is
i = f(t,z,0) (1.4)

or, equivalently,
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j?l = fl(t,xl,xg, ey Ty U, up)

To = fg(t,xlafﬂ% ooy Ly U,y up) (1 5)

T = fu(t, 21, %2, ..., Tn, Ul, ... Up).

The variables uq,...,u, are called inputs. The state and input vectors are
valued in a given open set X C R™ and a given set U C RP, respectively. When
discussing systems with inputs, we assume that [0,00) X X x U 3 (¢, z,u) —
f(t,z,u) € R™ is piecewise continuous in ¢ and of class C! in (x,u). We
refer to the preceding conditions as our usual (or standing) assumptions on
(1.5). We also let M(U) denote the set of all measurable essentially bounded
functions u : [0,00) — U; i.e., inputs that are bounded in | - |o. Solutions of
(1.5) are obtained by replacing (w1, ug, ..., u,) with an element v € M(U).
For all u € M(U), zy € X, and to > 0, we let z(t,%0,z0,u) denote the
solution of (1.4) with u as input that satisfies (o, to, o, u) = xo, defined on
its maximal interval [to, b). If t — x(t, o, zo, u) is uniquely defined on [tg, 00)
for all g > 0, o € X, and u € M(U), then we call (1.4) forward complete.
By an equilibrium state of (1.4), we mean a vector * € R™ that admits a
vector u* € U such that f(¢t,2*,u*) =0 for all ¢ > 0. If the system (1.5) can
be written in the form

& = F(t,z) + G(t,x)u

for some vector fields F and G, then we say that (1.5) is affine in controls or
control affine.

Inputs are essential in nonlinear control theory. One of the principal aims
of control theory is to provide functions u(¢,z) such that all or some of
the solutions of the system @ = f(t,z,u(t,z)) possess a desired property.
In this situation, we refer to u(t,x) as a controller or a feedback, and the
feedback controlled system @ = f (¢, x, u(t,x)) as a closed-loop system. Inputs
can also represent disturbances, which are uncertainties that may modify the
behavior of the solutions (often in an undesirable way). Then, the problem
of quantifying the effect of disturbances u(t) on the solutions of (1.4) arises.

1.2.4 Discrete Time Dynamics

The general family of time-varying discrete time systems with inputs admits
the representation
rp1 = f(k, Tr, uk) (1.6)

or, equivalently,
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Tk+1,1 = fl(k‘, Tk1yTk, 2y Tk,n,Uk,1, ukvp)
'TkJrl,Q = fQ(ka xk,l; xk,?; ceey xk,’nv uk,l; "'uk,p) (17)
Thttn = (K Tk 1, Th2s o Thons Uk 15 - Uk p)-

The variables u = (uy, ..., up) are again called inputs, which are now sequences
up = (Up1,...uk,p) that take their values in some subset U C RP? for each time
k € {0,1,2,...}. We use k for the time indices to emphasize that they are
discrete instants rather than being on a continuum. We let D(U) denote the
set of all such input sequences. The state vector xp = (.1, 2k,2, .-, Tkn) at
each instant k£ is assumed to be valued in a given open set X C R".

Since the solutions of (1.7) are given recursively, there is no need to impose
the regularity on f that we assumed in the continuous time case. However,
when discussing discrete time systems, we always assume that the recursion
defining the solutions is forward complete, meaning that solutions of (1.7)
exist for all integers k > 0, all initial conditions x(ko) = zo € X, and all
u € D(U). As in the continuous time case, z(k, ko, zo,u) then denotes the
unique solution of (1.4) that satisfies x(ko, ko, zo,u) = xo for all u € D(U),
xg € X, and k > ko > 0. We define equilibrium states for (1.6) and time-
invariant discrete time systems analogously to the definitions for continuous
time systems.

Discrete time dynamics are of significant interest in engineering applica-
tions. In fact, when time-varying continuous time systems with inputs are
implemented in labs, this is often done using sampling, which leads to dy-
namics of the form (1.6). Discrete time systems are also important from the
theoretical point of view, including cases where (1.6) is a sub-dynamics of a
larger hybrid time-varying system that has mixtures of continuous and dis-
crete parts and prescribed mechanisms for switching between the parts.

It is possible to define time-varying systems in a unifying, behavioral way
that includes both continuous and discrete time systems. This was done in
[161, Chap. 2]. However, strict Lyapunov function constructions for continu-
ous and discrete time systems are often very different, so we treat continuous
time and discrete time systems separately in most of the sequel.

1.3 Notions of Stability

Stability, instability, asymptotic stability, exponential stability and input-
to-state stability are of utmost importance for nonlinear control systems.
Stability formalizes the following intuition: an equilibrium point of a system
is stable if any solution with any initial state close to the equilibrium point
stays close to the equilibrium point forever. Asymptotic stability formalizes
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the following: an equilibrium point is asymptotically stable if it is stable and
all solutions starting near the equilibrium point converge to the equilibrium
point as time goes to infinity.

An equilibrium point of a system is exponentially stable if it is asymptoti-
cally stable and if the solutions are smaller in norm than a positive function
of time that exponentially decays to zero. Finally, input-to-state stability
roughly says that an equilibrium point of a system with inputs is asymptot-
ically stable for the zero input and, in the presence of a bounded input, the
solutions are bounded and asymptotically smaller in norm than a function of
the sup norm of the input. We use the following abbreviations and acronyms:

LAS local asymptotic stability

UGAS uniform global asymptotic stability
GAS global asymptotic stability

LES local exponential stability

GES global exponential stability

UGES uniform global exponential stability
ISS input-to-state stability

We also use ISS to mean input-to-state stable, and similarly for the other
stability notions. We now make the various stability notions mathematically
precise. We focus on continuous time systems but one can define these notions
for discrete time systems in an analogous way. For any constants p > 0,7 € N,
and ¢ € R", we use the notation pB,(q) = {x € R" : |z — ¢| < p}, which we
denote simply by pB, when ¢ = 0.

1.3.1 Stability

Assume that the system (1.2) admits the origin 0 as an equilibrium point.
This equilibrium point is stable provided for each constant € > 0, there exists
a constant d(g) > 0 such that for each initial state zy € X Nd(e)B,, and each
initial time tp > 0, the unique solution (¢, %o, zo) satisfies |z(t,to,z0)| < €
for all £ > ty. Otherwise we call the equilibrium unstable.

1.3.2 Asymptotic and Exponential Stability

Assume that the system (1.2) admits the origin 0 as an equilibrium point.
Uniform globally asymptotic stability (UGAS) of the equilibrium 0 means
that there exists a function 8 € ICL such that for each initial state zg € X
and each initial time ¢y > 0, the solution x(¢, %9, zo) for (1.2) satisfies

|z(t, to, wo)| < B(|zol,t —to) Vt>1to > 0. (1.8)
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In this case, we also say that the system is UGAS to 0, or simply UGAS, and
similarly for the other stability notions. When the system is autonomous, this
property is called global asymptotic stability (GAS). If there exists a function
B € KL and a constant ¢ > 0 independent of ¢y such that (1.8) holds for all
initial conditions xg € éB, N X, then we call the system uniformly asymptot-
ically stable. Hence, uniform asymptotic stability of the equilibrium implies
that it is stable and that there exists a constant ¢ > 0 such that for each
initial state g € X Néb,, and each initial time tg > 0, the solution (¢, to, zo)
satisfies lim; . 4 oo (¢, to, 9) = 0. When the system is time-invariant, we call
the preceding property (local) asymptotic stability (LAS).

When (1.2) admits the origin 0 as an equilibrium point, we call the equilib-
rium point uniformly exponentially stable provided there exist positive con-
stants K1, Ko, and r such that for each initial state g € XNrB,, and each to >
0, the corresponding solution x(t, to, vo) satisfies |x(t, to, z0)| < Kje~K2(t—t0)
for all ¢ > ty. When the system is autonomous, we call this property local
exponential stability (LES) or, if r can be taken to be +o0, global exponential
stability (GES). The special case of uniformly exponentially stability where
we can take r = 400 is called uniform global exponential stability (UGES).
More generally, we say that an equilibrium point z* of (1.2) (which may or
may not be zero) is GES provided the dynamics of x(t) — z* is GES, and
similarly for the other stability notions.

1.3.3 Input-to-State Stability

The input-to-state stability (ISS) condition for (1.4) is the requirement that
there exist functions § € KL and v € K such that for each u € M(U) and
each initial condition x(tg) = xg € X, the solution x(¢, ¢, xg, u) of (1.4) with
input vector u satisfies

|z(t, to, mo,w)| < B(|zol, t — to) +v(|uljo,g) VE > to- (1.9)

The ISS paradigm plays a fundamental role in nonlinear control, as do its
extensions to systems with outputs; see [165] for an extensive discussion.
One immediate consequence of (1.9) is that if (1.4) admits an input
u € M(U) and an initial condition for which the corresponding trajectory is
unbounded, then the system cannot be ISS. This gives a method for testing
whether a system is ISS. In Chap. 2, we use this alternative method:

Lemma 1.2. Assume that (1.4) has state space X = R™. Let 6 € M(U)
be any non-zero input, let L € R™ ™ be invertible, and set z(t,to,z9) =
La(t,to, L= 20,6) for each t > tg > 0 and zo € R". If there is an in-
dex k € {1,2,...,n} such that the kth component zi of z(t,to,z20) satisfies
%zk(t,to,zo) =0 for allt > to > 0 and all zo € R™, then (1.4) is not ISS.
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Proof. Suppose the contrary. Then the dynamics
2= Lf(t, L™ 2,u) (1.10)
is easily shown to be ISS as well.? Pick # € KL and v € K., such that
|2(t,t0, 20)| < B(lzol,t —to) +7(16]) (1.11)
along all trajectories of (1.10). By assumption,
|2(t,to, 20)| > |zk(t,to,20)| = |20.k]
for all t >ty > 0 and zyp € R", so we get a contradiction by picking
2o = 27(]0]oc)
and letting ¢ — 400 in (1.11). O
If a system (1.4) is ISS, then necessarily the system
&= f(t,z,0) (1.12)

is UGAS. However, if (1.12) is UGAS, then it does not follow that (1.4) is
ISS. The one-dimensional system

& = —arctan(z) + u (1.13

)
illustrates this. When u = 0, the system (1.13) becomes & = — arctan(x)
which is GAS. However, (1.13) is not ISS because the bounded input u = 2
results in the system

& = 2 — arctan(z)

which has unbounded solutions.

On the other hand, the system (1.13) is integral input-to-state stable (iISS)
[160]. For a general nonlinear system (1.4), the iISS condition says that there
exist functions 7,7 € Ko and 8 € KL such that for each u € M(U) and
each initial condition x(ty) = xo, the unique solution x(t,to, 2o, u) of (1.4)
with input vector u satisfies

(la(t, to, w0, w)l) < Bllwol, t —to) + [y F(|u(m)|)dm (1.14)

for all t > tg. The fact that (1.13) is iISS will follow from the Lyapunov char-
acterizations for ISS and iISS that we discuss in Chap. 2.3 The ISS property
is essentially global. Indeed, any system (1.4) such that the corresponding

2 For example, if (1.4) has the ISS Lyapunov function V, then (1.10) has the ISS Lyapunov
function V (¢, 2) = V(t, L~12); see Chap. 2 for the relevant definitions.

3 In fact, (1.13) admits the iISS Lyapunov function V(z) = xarctan(z) and therefore is
iISS.



12 1 Background on Nonlinear Systems

system (1.12) admits the origin as a locally uniformly asymptotically stable
equilibrium point is locally ISS, meaning there exists a neighborhood G of
the equilibrium so that an ISS estimate holds along trajectories remaining in
G; this follows from the local Lipschitzness of the dynamics in the state.*

1.3.4 Linear Systems and Linearizations

Stability analysis is considerably simpler for linear systems than for nonlinear
systems. For example, for a linear system

&= Az (1.15)

with a constant matrix A, the properties GAS, LAS, GES, and LES are all
equivalent, and they are satisfied if and only if all eigenvalues of A have
negative real parts, in which case A is called Hurwitz. The solutions of (1.15)
have the form xz(t) = e4*xy. Frequently, the local behavior of a nonlinear
system & = f(z) can be analyzed using the fact that an equilibrium point
x* of a time-invariant nonlinear system is LES if and only if its variational
matrix A = D f(z*) is Hurwitz [161]. This can be equivalently formulated by
saying that the equilibrium point of a nonlinear system is LES if and only if
its linear approximation at the equilibrium point is LES.

Even when the variational matrix is not Hurwitz, the linearization can still
provide important information. One important result in that direction is the
following one from [131, p.120]:

Theorem 1.1. (Hartman-Grobman Theorem) Let X C R™ be a neighborhood
of the origin, and let f : X — R™ be C' with equilibrium point 0. Assume
that A = Df(0) has no eigenvalue with zero real part. Then we can find a
homeomorphism H of an open neighborhood V1 of the origin into an open
neighborhood Vs of 0 such that for each xo € Vi, there is an interval T
containing 0 for which H(x(t,xq)) = e H(xg) for all t € T.

Here z(t, x0) is the flow of = f(z) in the usual ODE sense.

1.3.5 Uniformity vs. Non-uniformity

For time-varying systems, asymptotic stability and uniform asymptotic sta-
bility are different. The one-dimensional linear time-varying system

4 Given n,p € N, an interval Z C R, and a subset X C R", we say that a function
g:Z x X — RP is locally Lipschitz in x € X provided for each compact subset K C X,
there is a constant Lk so that |g(t,z) — g(t,2')| < Lx|z — 2’| for all t € Z and z,2’ € K.
If Li can be chosen independently of K, then we say that g is Lipschitz in z € X.
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T = —%J‘rt (1.16)
is GAS in the sense that its solutions are

1+t
1+t

Z‘(t, thxO) = To

and therefore go to zero when ¢ goes to infinity. However, it is not UGAS. To
prove this, we proceed by contradiction. Suppose that there exists a function
B € KL such that for all ¢ >ty > 0, the inequality

|x(t,t0,x0){ Sﬂ(|$o|,t—t0) (1.17)

is satisfied. Choosing zo = 1 and t = 2¢g 4+ 1, we have
1 1+t

2 242t

< B(1,to +1). (1.18)

Since §(1,tp 4+ 1) goes to zero when to goes to infinity, the inequality (1.18)
leads to a contradiction.

1.3.6 Basin of Attraction

The region of attraction (also called the basin of attraction) of a LAS equilib-
rium point of a system is the set of all initial states that generate solutions of
the system that converge to the equilibrium point. Often, it is not sufficient
to determine that a given system has an asymptotically stable equilibrium
point. Rather, it is important to find the region of attraction or an approx-
imation of this region. Such approximations can be found using Lyapunov
functions. We revisit the problem of estimating the basin of attraction in
Sect. 2.5.

1.4 Stabilization

Consider the classical problem of constructing a control law us (¢, x) such that
the origin of (1.4) is asymptotically stable. Later, we will see how this problem
can often be handled by Lyapunov function constructions. When the problem
is restricted to local stabilization, techniques based on the stabilization of the
linear approximation of (1.4) at the origin are frequently used.

However, when UGAS is desirable, linear techniques usually cannot be
used. Then, nonlinear design techniques called backstepping and forwarding
apply, provided the system admits a special structure. Backstepping applies
to lower triangular systems
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1 = fi(t, z1,22)

&9 = folt, x1, 22, 23) (1.19)

T = fu(t, 21,0y Tn,w).

These systems are called feedback systems. Forwarding applies to systems
having the upper triangular form

.fl = fl(t,xl, veny xn,u)

.i‘g = fg(t,l‘g, ...,xn,u) (1 20)

Ty = fn(tax’mu)

which are called feedforward systems. We discuss backstepping in detail in
Chap. 7.

When a nonlinear system admits a linear approximation around an equi-
librium point that is not exponentially stabilizable, it may not be easy to
tell whether the equilibrium point is locally asymptotically stabilizable. Be-
sides, in some cases, an equilibrium point is asymptotically stabilizable by a
C' time-varying feedback but not stabilizable by a C! time-invariant state
feedback. For example, this phenomenon occurs for the origin of

{5”1 - (1.21)

ig = U2U1.

The fact that the origin of this system is not asymptotically stabilizable by
a C! time-invariant feedback can be proven using the following necessary
condition from [18]:

Theorem 1.2. (Brockett’s Stabilization Theorem) Consider a system
= f(z,u) (1.22)

with f € C'. Assume that there exist an equilibrium point z, and a C!
feedback us(x) such that the system

i = f(z,us(z))

admits z. as a LAS equilibrium point. Then the image of the map f contains
some neighborhood of x. .

The system (1.21) does not satisfy the necessary condition of Brockett’s
Theorem at the origin, because for any £ # 0, there is no pair (z,u) such
that

(ul, uQul) = (O, 6)

and for any open neighborhood of the origin V C R2, there exists ¢ # 0
such that (0,¢) € V. On the other hand, it can be globally stabilized by a
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time-varying C' feedback; see p.19. These considerations show one reason
why time-varying systems are important.

1.5 Examples

In many cases, one can use Lyapunov functions to establish the various stabil-
ity properties. However, in the following examples, we establish the stability
properties using other techniques. In later chapters, we primarily use Lya-
punov function methods to establish stability. As we will see later, strict
Lyapunov functions have the advantage that they can also be used to quan-
tify the effects of uncertainty, especially when they are given in explicit closed
form.

1.5.1 Stable System

An example of a nonlinear system that is stable but not asymptotically stable
is given by the two-dimensional pendulum dynamics

{ﬁ z Ci%sin(&) (1.23)

where g and [ are positive real numbers. To simplify, we assume
= =1
l
The local stability of the origin can be proved as follows. Let ¢ € (O, i]
Consider the non-negative function

HO,w) = 1—cos(f) + %wz.

Let 6(e) = 1e%. Take any solution (6(t),w(t)) of (1.23) with any initial con-
dition satisfying |(6(0),w(0))|ec < d(€). Since d(g) < 1/128, we get

H(8(0),0(0)) < 00)] + 542(0) < 25(2).

Simple calculations yield

d
EH(e(t),w(t)) =0 Vt>0.
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Hence, (1.23) cannot be asymptotically stable. On the other hand, since H
is constant along the trajectories of (1.23),
L,

1 — cos (0(t))+§w (t) = HO(t),w(t)) < =& < —

for all ¢ > 0. Therefore, |w(t)| < & for all ¢ > 0. Also, since 1 —cos(6(t)) < &

for all ¢ > 0 and |0(0)| < 7/4, we deduce that |0(t)| < w/4 for all ¢ > 0, which

implies that
1 1
—0%(t) < 1—cos(d(t)) < ~€2
4 4
for all t > 0. This gives |(6(¢),w(t))|oo < € for all £ > 0, which is the desired

stability estimate.

Remark 1.1. One can also construct unstable autonomous systems all of
whose trajectories converge to the origin. An example of this phenomenon is
a3 (zy —x1) 4 a3 . 23 (29 — 271)

11 = , T = . 1.24
@i @D 2T @rRir@ gy 2

For the proof that (1.24) satisfies the requirements, see [54, pp. 191-194].

1.5.2 Locally Asymptotically Stable System

When a friction term is added to (1.23), the system becomes

b=
. g . ) k (1.25)
w=—7sin —
where k and m are positive real numbers. The origin of (1.25) is a LES equilib-
rium point that is not GAS because the system admits multiple equilibrium
points.
The proof that the origin of (1.25) is LES is a consequence of the fact that
its linear approximation at the origin is

ge:we

we = 28

l €

k (1.26)

- —We,
m

which is an exponentially stable linear system because the eigenvalues of the
matrix

0 1
k (1.27)
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have negative real parts.

1.5.3 Globally Asymptotically Stable System

The two-dimensional system

S =D(S.—S)— KS
L+§ (1.28)

KS
t=——-D)x
(L +S )
with positive constant parameters D, K, L, and S, has the invariant domain

X = (0,00) x (0,00). It is a simplified model of a bio-reactor with dilution
rate D, input nutrient concentration S, and Monod growth rate

KS

w(S) = L+—S;

see [153] for generalizations. Assume that

DL

K >D and S"‘>K—D' (1.29)
We show that the equilibrium point
DL DL
(Si,24) = <K—D’S€_K—D) (1.30)
for (1.28) is GAS and LES.
The variable Z = S + z — S, satisfies
Z=-DZ. (1.31)

We easily deduce that all of the trajectories of (1.28) enter
B =(0,25.) x (0,285;).

One can readily check that (S.,z.) and (Se,0) are the unique equilibrium
points of (1.28) in the closure B of B. Also, (S.,z.) is the unique LES
equilibrium point in B (by considering the linearization of (1.28) around
(S, x4), and using (1.29) to show that (Se,0) is not an asymptotically stable
equilibrium, because & > 0 when S > S, and S is near S,).

We next consider any trajectory (S(t),x(t)) of (1.28) with any initial con-
dition in B and prove that it converges asymptotically to (S, z,). This will
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show that (S, z4) is a GAS equilibrium of (1.28) with state space X = B. Our
analysis uses basic results from dynamic systems theory; see, e.g., [53, 153].
Let 2 denote the w-limit set of this trajectory. One can easily prove that
2 # {(Se,0)} because
KS.

L+ S,
We claim that (S.,0) ¢ §2. To prove this claim, we proceed by contradic-
tion. Suppose that (Se,0) € £2. Since 2 # {(Se,0)}, the well-known Butler-
McGehee Theorem (e.g., from [153, p.12]), applied to the hyperbolic rest
point (Se,0), provides a value S. # S, such that (S.,0) belongs to 2. This
is impossible because

—D >0.

Z(t) = S(t) +x(t) — S. — 0.

Therefore (Se,0) ¢ f2. Similarly, one can prove that there is no point of the
form (S,,0) € B in 2.

Therefore, we deduce from the Poincaré-Bendixson Trichotomy [153, p.9]
that either 2 = {(S.,x«)} or it is a periodic orbit which does not contain

any point of the form (S,,0). Suppose {2 is a periodic orbit, and set

F1(5,6) = DS, ~ §) — -ce and fo(S,6) = 7 -
Then, the system )
‘Sj = fl(Sag)

which is deduced from (1.28) through the change of coordinate £ = In x, also
admits a periodic trajectory. On the other hand,

0f1 df2
ﬁ(sag) + 8_5(575) < 07

so Dulac’s Criterion [53] implies that (1.32) admits no periodic orbit. This
contradiction shows that 2 is reduced to (S, ), as claimed.

1.5.4 UGAS Time-Varying System

The one-dimensional linear time-varying system
i = —sin?(t)z (1.33)

admits the origin as a UGAS equilibrium point. For all ¢ > ¢y and initial
states xg, its solutions are
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¢
x(t, to, x0) = exp (—/ sinz(m)dm) 2o ,

to
which satisfy
1 1,. .
|z(t, to, x0)| = exp <—§(t —to) + Z(sm(%) — sm(2t0))) |o]

< B(lzol, t —to)

(1.34)

with B(r,s) = e~ 25t 27, The function 3 is of class KL.

1.5.5 Systems in Chained Form

We have seen that the origin of the system (1.21) is not asymptotically sta-
bilizable by any feedback of class C! that is independent of t. However, the
origin of this system can be globally uniformly asymptotically stabilized by
time-varying control laws of class C''. To prove this, let us choose

up = —xq + sin(t)[cos(t)x1 + 2]
ug = —sin(t) — cos(t). (1.35)
This choice yields the chained form system
i1 = —x1 +sin(t) [ cos(t)z + z2] (1.36)
iy = [—sin(t) — cos(t)] [ — z1 + sin(t)(cos(t)z1 + 22)].
It follows that the time derivative of ¢ = cos(t)x1 + x2 satisfies
¢ = —sin(t)zy + cos(t) [ — @1 + sin(t)(cos(t)z1 + z2)]
+[ = sin(t) — cos(t)] [ — z1 + sin(¢)(cos(t)z1 + 22)] (1.37)
= —sin?(t)¢.

We showed in Sect. 1.5.4 that for all t > ¢¢ and any initial state (z19, z20),

1 1
Gt @)l < exp (=00 -10)+ 5 ) 6. (1.38)
where (o = cos(tg)x10 + x20. On the other hand, we have
1 = —x1 + sin(¢)C. (1.39)

We deduce that for all ¢ > ¢y and any initial condition (x19, 20),
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1<(t, to, Co) e~2(t=10)+3|¢y| and
|21 (t, to, T10, T20)| < €710 |z (1.40)

+2e7 (e*%(t*t‘)) - 37“40)) ol

AN

Therefore,
|2 (t, to, T10, T20)| < €™ 710)|z1g| + 3eze™2(=10) (|z1g| 4 |2a0]),  (1.41)

because |z2| < |z1| + || everywhere. These inequalities give the announced
result.

1.6 Comments

The ISS paradigm was first announced by Sontag in [156]. This was a signifi-
cant development, because it merged the state space framework of Lyapunov
with the input-output operator approach of Zames. ISS enjoys invariance
under coordinate changes, and can be stated in various equivalent forms in-
cluding energy-like estimates that generalize the standard Lyapunov decay
condition. Sontag and Wang characterized ISS by proving that a system is
ISS if and only if it admits an ISS Lyapunov function [169]; see our discussion
on ISS Lyapunov functions in the next chapter. This characterization simpli-
fies the task of checking that a system is ISS. Another important property of
ISS is the following ISS superposition principle [168]:

Theorem 1.3. A time-invariant system
z = f(z,u), zeR" ueR™ (1.42)

is ISS if and only if the following are true: its zero-system & = f(x,0) is
stable and (1.42) satisfies the asymptotic gain property.

The asymptotic gain property is the requirement that there exists a func-
tion v € Koo such the flow map x(¢, o, u) of (1.42) satisfies

lim sup |z(t, 2o, v)| < Y(|t|so)

t—-+oo

for all zp € R™ and v € M(R™). It is tempting to surmise that the GAS
property of & = f(x,0) (i.e., 0-GAS of (1.42)) guarantees boundedness of all
trajectories of (1.42) under disturbances that converge to 0. This is true if
(1.42) is a linear time-invariant system & = Az + Bu. In fact, 0-GAS linear
time-invariant systems satisfy the converging-input converging state (CICS)
property which says that trajectories converge to zero when the inputs do
[165]. However, this does not carry over to nonlinear systems because as
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noted in [165], the system @ = —z + (22 + 1)u has divergent solutions when
u(t) = (2t +2)~1/2.

One can also give a superposition principle for iISS, using the following
bounded energy frequently bounded state (BEFBS) property :

do € K& such that :

foo (BEFBS)
/ o(Ju(s)])ds < oo = ltierinf |z (t, o, u)| < oco.
0 e

In fact, (1.42) is iISS if and only if it satisfies the BEFBS property and is
0-GAS [6].

During the past ten years, ISS has been generalized in several different
directions. There are now notions of ISS for hybrid systems, which involve
discrete and continuous subsystems and rules for switching between the sub-
systems [47, 48]. There are also analogs of ISS for systems with outputs

&= f(z,u), y=H(x), (1.43)

such as input-to-output stability (I0S), which is the requirement that there
exist functions g € KL and v € K such that

(@) < B(l=(0)],¢) +v(Julp,)

along all trajectories of the system [171]. One then shows that a system is
I0S if and only if it admits an IOS Lyapunov function; see Sect. 6.7 for
the relevant definitions and results on constructing explicit IOS Lyapunov
functions for time-varying systems.

Some other output stability concepts for (1.43) include input/output-to-
state stability (I0SS) and output-to-state stability (0SS) which are the re-
quirements that there are functions v; € K and 8 € KL such that

lz()] < B(l=(0)],¢) + 7 (lulo,g) +72(Iylo,0) (1I0S5)

and
lz()] < B(|=(0)],t) +y3(lylo.) (OSS)

along all trajectories of (1.43), respectively. The IOSS and OSS properties can
be characterized in terms of the existence of Lyapunov functions as well [73].
Input-measurement-to-error stability (IMES) is a significant generalization
of ISS for systems

&= f(z,u), y=h(z), w=g(x) (1.44)

with error outputs y = h(x) and measurement outputs w = g(z) [165]. The
IMES property says that there exist g € KL and functions o,y € K such
that

@] < Blz(0)]:) + o (Jwlpo.g) + 7 (lulo.n) (IMES)
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along all trajectories of (1.44). However, to our knowledge, there is no smooth
Lyapunov characterization for IMES available.

Backstepping is discussed in detail in [149]. See also Chap. 7. Some pio-
neering results on backstepping include [19, 31, 179)].

The proof of Brockett’s Stabilization Theorem uses basic facts from degree
theory, combined with a homotopy argument. Here is a sketch of the proof;
see [161, Sect. 5.9] for details. Using degree theory results from [15], one first
proves the following:

Lemma 1.3. Let p > 0 be a given constant and H : [0,1] X pB,, — R™ be a
continuous function such that the following hold:

1. H(l,z) = —x for all z; and
2. H(t,z) # 0 for all x € boundary(pB,).

Then there is a constant € > 0 such that the image of pB, > x — H(0,x)
contains eB,,.

Brockett’s Theorem follows by applying Lemma 1.3 to

fz,us(x)), ift=0
H(t,z) ={ —u, if ¢ =1
%[¢(ﬁ,x>—x],if0<t<l

where ¢ is the flow map for the closed-loop system & = f(z,us(x)) and p > 0
is chosen so that pB,, is in the domain of attraction of the closed-loop system.
Brockett’s Criterion is a far reaching result because it implies that no system
of the form

T =u191(x) + ... + Umgm(z) = G(z)u

with m < n and
rank[g1(0),...,gm(0)] = m

admits a C! pure state stabilizing feedback us(r); see [163] for the simple
proof. Hence, no totally nonholonomic mechanical system is C' stabilizable
by a pure state feedback.

In [146], Samson provided important general results that use time-varying
feedback to help overcome the obstructions imposed by Brockett’s Crite-
rion. See also [65], which uses backstepping to build a time-varying feedback
stabilizer for a two degrees-of-freedom mobile robot. By [27], the system
& = f(x,u) is stabilizable by a time-varying continuous feedback u = k(t, x)
when it is drift free (meaning f(z,0) = 0) and completely controllable.

Another approach to stabilizing the system is to look for a dynamic sta-
bilizer, meaning a locally Lipschitz dynamics

2= A(z,x)

and a locally Lipschitz function k(z,z) such that the combined system
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is GAS. See [160] for a detailed discussion on dynamic stabilizers for linear
systems. However, a dynamic feedback for & = f(z,u) may fail to exist, even
if the system is completely controllable. An example from [173] where this
happens is

(4 — a3)uj

2 2
R sinz(ul) , v€R* uelR (1.45)

&= f(x,u) =

The fact that (1.45) is completely controllable (and therefore GAC to
A = {0}) was shown in [173], which also shows that it is impossible to pick
paths converging to the origin in such a way that this selection is continuous
as a function of the initial states. Since the flow map of any dynamic sta-
bilizer would give a continuous choice of paths converging to 0, no dynamic
stabilizer for (1.45) can exist, even if we drop the requirement that the state
of the regulator converges to zero. As a special case, (1.45) cannot admit a
continuous time-varying feedback u = k(t,x). This does not contradict the
existence theory [27] for time-varying feedbacks because (1.45) has drift.

Yet another approach to circumventing the “virtual obstacles” to feedback
stabilization imposed by Brockett’s Condition involves nonsmooth analysis
and discontinuous feedbacks. See for example [94] where a nonsmooth (but
time-invariant) feedback was constructed for Brockett’s Nonholonomic Inte-
grator using a generalized Lie derivative, which involves a proximal subgra-
dient [22] and a semi-concave control-Lyapunov function (CLF). Discontinu-
ous feedbacks complicate the analysis because they give differential equations
with discontinuous right hand sides. Discontinuous dynamics can sometimes
be handled using Filippov solutions, sample-and-hold solutions, or Euler so-
lutions [94, 162].

In addition to “virtual” obstacles, there are also “topological” obstacles to
time-invariant feedback stabilization. If a time-invariant system & = f(z,u)
evolving on some manifold M is globally asymptotically controllable to a
singleton equilibrium and has a continuous stabilizing feedback k(z), then
Milnor’s Theorem [115] implies that M is diffeomorphic to Euclidean space.
This follows because k(x) would guarantee the existence of a smooth CLF
that could be taken as a Morse function with a unique critical point, and
manifolds admitting such Morse functions are known to be diffeomorphic to
Euclidean space [163].



Chapter 2
Review of Lyapunov Functions

Abstract We turn next to some of the basic notions of Lyapunov functions.
Roughly speaking, a Lyapunov function for a given nonlinear system is a
positive definite function whose decay along the trajectories of the system
can be used to establish a stability property of the system. In general, one
also requires Lyapunov functions to be proper, but one can prove stability
using non-proper Lyapunov-like functions as well. Even when a system is
known to be stable, one often still needs explicit strict Lyapunov functions,
e.g., to design stabilizing feedbacks, or to find closed form expressions for the
comparison functions in the ISS condition.

Non-strict Lyapunov functions cannot in general be used for these pur-
poses. As we will see, strict Lyapunov functions are also important when
estimating domains of attraction and Lo gains. We also address the issue
of whether a given time-invariant system admits a Lyapunov function that
has a globally bounded gradient. This is important, because the existence
of such a Lyapunov function guarantees robustness with respect to additive
uncertainty in the dynamics. We illustrate these ideas in several examples.

2.1 Strict Lyapunov Function

2.1.1 Definition

A strict Lyapunov function is a CLF for a system with no controls. Strict
Lyapunov functions are also called strong Lyapunov functions. We therefore
begin by defining CLFs. In the rest of this section, we consider only contin-
uous time nonlinear systems

= f(t,x,u) (2.1)

25
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under the assumptions of the previous chapter, where the state x and input
vector u are valued in an open set X' C R™ and a set U C RP, respectively.
We discuss analogs for discrete time systems in Sect. 2.3.

We assume that the system (2.1) has equilibrium state 0. Let V' : [0, 00) x
X — [0, 00). We say that V is proper provided the set {z € X : sup, V(¢,2) <
L} is compact for each constant L > 0; we call it positive definite provided
inf, V(¢,2) = 0 if and only if z = 0. When V is C*, we use the notation

. A% ov

V(t7 Zz, U) - E(tv x) + %(t x)f(tv Zz, U)
A C*, proper, positive definite function V : [0, 00) x X — [0, 00) is then called
a CLF for the system (2.1) provided for each x € X'\ {0}, there exists a value
u € U such that

V(t,z,u) <0

for all £ > 0. When the system has no controls, we indicate this decay con-

dition by V (¢, x) < 0. Also, when X = R", we use the term radially bounded
to mean properness, which in this case gives the condition that

lim ir}fV(?f,J;) = 4o0.

|z]—+o0 ¢
For the special case of time-invariant control affine systems
T = p1(x) + 2(z)u (2.2)

with X = R", a positive definite time-invariant function V(z) is a CLF for
(2.2) provided the following hold:

1. V is radially unbounded; and
2. L, V(z) >0=[xr=0o0r L,,V(z) #0].

We say that a CLF for (2.2) has the small control property provided: For
each € > 0, there is a ¢ > 0 such that if 0 # |z| < 4, then there is a u € U
such that |u| < e and VV(x)p1(z) + VV(2)p2(x)u < 0. A special case of
Artstein’s Theorem [10] says the following: Let V() be a positive definite
radially unbounded function. There exists a continuous feedback K (x) so that
V is a strict Lyapunov function for (2.2) in closed-loop with w = K(z) if and
only V is a CLF for (2.2) that satisfies the small control property.

Specializing to systems with no controls and X = R", the strict Lyapunov
function decay condition V (¢, z) < 0 for all z # 0 and all ¢ > 0 means that

4

dtV(t,x(t,to,xo)) <0 (2.3)

for all t >ty > 0 as long as the trajectory xz(t,to, zo) is not at 0. The decay
condition (2.3) is equivalent to the existence of a positive definite function «
such that



2.1 Strict Lyapunov Function 27

V(t,z) < —a(|z]) Yz eR™ and Vt > 0;

this is shown in [157] for time-invariant systems but the generalization to
time-varying systems is straightforward. Using suitable transformations I"(V)
of the Lyapunov function gives different possible functions «. In fact, a slight
variant of an argument from [141, Sect. 4] shows that a suitable transforma-
tion V1 = (V) that is C*' on R™ \ {0}, proper, and positive definite satisfies
Vl(t,x) < —Vi(t,z) for all  and t. We then call Vi an exponential decay
Lyapunov function, although the norm of the trajectories will not in general
decay exponentially.

It is sometimes useful to relax the properness requirement on Lyapunov
functions. A positive definite function that satisfies all of the requirements
for being a strict Lyapunov function except properness is called a strict
Lyapunov-like function. Strict Lyapunov-like functions were constructed in
[106], under Matrosov Conditions; see Chap. 3. Throughout the chapter, we
use the convention that all (in)equalities should be understood to hold glob-
ally unless otherwise indicated, and we leave out the arguments of our func-
tions when they are clear from the context.

2.1.2 Lemmas

The existence of a strict Lyapunov function for our system
T=f(t,xz), veX (2.4)

is sufficient for the system to be UGAS. Strict Lyapunov-like functions can
be used to prove asymptotic stability as well. The following result from [70,
Sect. 4.5] illustrates these points:

Lemma 2.1. Let 0 be an equilibrium for (2.4), and V : [0,00) x X — [0, c0)
be a O function that admits continuous positive definite functions Wy so that
the following conditions hold:

1. Wi(x) <V (t,x) < Wa(x); and
2.V(t,x) < —Ws(z) for allt >0 and z € X.

Then 0 is a uniformly asymptotically stable equilibrium for (2.4). If the pre-
ceding conditions hold with X = R™ and Wi s radially unbounded, then O is
a UGAS equilibrium for (2.4). In the special case where there exist positive
constants ¢; and p so that the preceding assumptions hold with W;(x) = ¢;|x|P
and X = R", then the equilibrium is GES.

The preceding theorem reduces the stability analysis to a search for an
appropriate Lyapunov function. On the other hand, even if a system (2.4) is
known to be UGAS, it is often important to be able to go in the converse
direction, by constructing a strict Lyapunov function for the system. As a



28 2 Review of Lyapunov Functions

simple time-invariant example, assume that we know that a control affine
system (2.2) is rendered GAS to the origin by a given feedback us(x). In
general, there is no reason to expect the closed-loop system

&= ¢1(z) + ¢2(2)[K(2) + d] (2.5)

with the disturbance d to be ISS when we pick K (z) = us(z).! On the other
hand, if we know a strict Lyapunov function V for the closed-loop system

&= f(x) = ¢1(x) + P2 (w)us(z) (2.6)

for which —L;V is radially unbounded, then (2.5) is ISS if we choose
T
K(z) = us(x) — (Lg,V(z)) " (2.7)

Standard converse Lyapunov function theory guarantees the ezistence of a
strict Lyapunov function for the GAS system (2.6).

However, to have an implementable stabilizer (2.7), we need an explicit
expression for the Lie derivative Ly, V (x), hence an explicit strict Lyapunov
function V. The strict Lyapunov functions provided by converse Lyapunov
theory are usually not explicit, even if the system is UGES. The following
result from [70, Sect. 4.7] illustrates this point:

Lemma 2.2. Assume that there exist constants D > 1 and A > 0 such that
all trajectories of (2.4) satisfy the UGES condition

|2 (t, to, 20)| < Dlxole %) Vg e X and YVt >ty >0 (2.8)

and that there exists a constant K > X\ such that

aof

8x(t’x)‘ < K VzeR" and Vt€[0,00). (2.9)

Then the function

t+5 2
In(2D
V(&) = 2/ |lz(7,t,€)|>dT, where § = % (2.10)
t
admits constants c1,co,c3 > 0 such that
Qi < V) < wld . VO < ol md o

Vt(tvg) —‘rVg(t,f)f(t,g) S _‘§|2

hold for allt € [0,00) and & € R™, and therefore is a strict Lyapunov function
for the system.

I For example, & = — arctan(z) +u is GAS when we choose u = 0, but & = — arctan(z)+d
is not ISS, because the bounded disturbance d = 2 produces unbounded trajectories.



2.1 Strict Lyapunov Function 29

Formula (2.10) is non-explicit, because the flow map in the integrand can-
not ordinarily be obtained in closed form, except in basic cases where (2.4)
is linear and time-invariant. In Chap. 10, we explicitly construct strict Lya-
punov functions for a class of nonlinear time-varying systems that satisfy
the conclusions of Lemma 2.2. Lemma 2.2 can be extended to time-varying
systems that are not necessarily exponentially stable. For example, we have
the following from [70, Chap. 4, p.167]:

Theorem 2.1. Assume that (2.4) is UGAS to the origin, and that f :
[0,00) x X — R"™ is C'. Let r > 0 be any constant such that rB, C X,
and assume that % is bounded on [0,00) X rB,,. Let § € KL and the con-
stant ro > 0 be such that ro <r, 3(ro,0) <r and

|$(t,t0,$0)| < ﬁ(|l‘0|,t — to) Vi >tg >0 and xg € X. (212)

Then the following conclusions hold: (a) There exist a C! function V :
[0,00) x (10Bn) — R and continuous positive definite increasing functions
a; 2 [0,79] — [0,00) such that the following hold on [0,00) X roBp:

ar(lz]) < V(t,z) < as(lz));

ov. oV

St g [te) < —as(al); and (2.13)
0

'a—‘;(t,x) < au(ja)).

(b) If X = R™ and % is bounded, then we can find a C' function V and
functions aq,...a4 € Koo such that (2.13) hold for all t > 0 and z € R™.
If, in addition, the system (2.4) is time-invariant, then V' can be taken to
be time-invariant; while if (2.4) is periodic in t, then V' can be taken to be
periodic in t as well.

The strict Lyapunov function in the proof of Theorem 2.1 is also expressed
in terms of the flow map and so is non-explicit; see Appendix B.1 for the main
ideas from the proof. The challenge is to obtain explicit formulas for global
strict Lyapunov functions that do not involve the flow map.

2.1.3 ISS Lyapunov Function

Consider the system with inputs
= f(t,x,u), reX, uelU (2.14)

satisfying our standing assumptions from the previous chapter. For simplicity,
we assume in the rest of this subsection that the state space X for (2.14) is
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all of R™. When X = R", we call a function V' : [0,00) x X — [0,00) a
storage function provided that there exist a1, € Ko so that aq(|z]) <
V(t,x) < as(|z|) everywhere; in this case, we also say that V' is uniformly
proper and positive definite, or of class UPPD. For systems with inputs, we
typically make the following more stringent assumption on V: A C' function
V :[0,00) xR™ — [0, 00) is said to be of class UBPPD (written V € UBPPD)
provided (i) it is a storage function and (ii) its gradient is uniformly bounded
in ¢, meaning there exists a function asg € Ky such that for all £ > 0 and
x € R", we have

YV (t,2)] < ag(la]). (2.15)

Notice that (2.15) is redundant when V € C! is periodic in t. The corre-
sponding notions of iISS and ISS Lyapunov functions are as follows:

Definition 2.1. Assume that V : [0,00) x R® — [0,00) is a C! storage
function. We say that V' is an iISS Lyapunov function for (2.14) provided
there exist a positive definite function ag and a function v € K, such that

V(t,z,u) < —as(|z]) +y(|ul) (2.16)

for all z € R™, t > 0, and u € U. If, in addition, a € K, then we call V' an
ISS Lyapunov function.

The following was established by Sontag and Wang in [169] for time-
invariant ISS systems but the time-varying systems version can be shown
by similar arguments [39]. The iISS statement was shown in [8].

Lemma 2.3. Let (2.14) be periodic in t. The system (2.14) is iISS (resp.,
ISS) if and only if it admits a C* iISS (resp., ISS) Lyapunov function.

As in the case where there are no controls, the converse parts of this lemma
do not in general lead to explicit Lyapunov functions. On the other hand,
if we know an explicit ISS Lyapunov function for (2.14), then we can use
standard arguments to derive explicit formulas for the functions 5 € KL and
~v € K in the ISS estimate. Let us sketch the derivation.

Let V' be an ISS Lyapunov function for (2.14). Choose a1, as € Ko so that
aq(Jz]) < V(t,x) < as(|z|) everywhere, and let the functions as, v € Koo
satisfy the requirements of Definition 2.1. Setting a(s) = min{s, azoay ' (s)}
gives ]

V < —a(V) +(lulx)

along all trajectories of (2.14). Hence, along any trajectory of (2.14),
V>al(2v(uls)) = V< -3aV).

Let u € M(U), zg € X, and to > 0 be given, and let z(¢) denote the
corresponding trajectory of (2.14) satisfying x(to) = wo.

Arguing as in [82, Lemma 4.4, p.135] with the function y(r) = V(to +
r,x(to + 7)) shows that if V < —0.5(V) on any interval [to, ], then
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Vi(t,z(t)) < Ba(V(to,x(to)),t —to)

on that interval, where 3, € KL is

0, if s=0
Ba(s,t) = (2.17)
s+ @7 L(P(s) +t),if s >0
and
~+00, ifs=0
P(s) = . . (2.18)
~2 [} a5y if 5> 0

The fact that &(s) — oo as s — 07T is used to show that 3(s,t) — 0ass — 0F
for each t > 0 [82]. A standard invariance argument that is analogous to the
one used in [157] shows that if

V(t,z(t) < a” (2v(|ulw))

for a given trajectory x(t)) of (2.14) at a given time ¢ = £, then this inequality
remains true for all ¢ > ¢. Hence, we can take

B(s,t) = afl 0 fBa (ag(s),t) and ~(r) = afl o 04*1(27(7"))

to satisfy our requirements.

This makes it possible to explicitly quantify the effects of the disturbance,
while at the same time obtaining the decay rate on the norm of the state,
which is valuable in applications. See Sect. 2.4.2 for a specific example where
(§ and 7 are computed. Analogous arguments can be carried out for the iISS
case; see [8]. This motivates our search for explicit iISS Lyapunov functions
as well.

2.2 Non-strict Lyapunov Function

Our main building blocks for strict Lyapunov functions will be non-strict
Lyapunov functions (which are also called weak Lyapunov functions). Non-
strict Lyapunov functions V' are defined in exactly the same way as strict
Lyapunov functions except instead of the decay condition V' < 0 outside
the equilibrium state, we have V' < 0. A positive definite function V that
satisfies all requirements for being a (non-)strict Lyapunov function except for
properness is called a (non-)strict Lyapunov-like function. In this subsection,
we discuss three contexts in which non-strict Lyapunov functions naturally
arise. In Chapters 3-5, we provide systematic mechanisms for building strict
Lyapunov functions in each of these contexts.
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2.2.1 Matrosov Theorems

Matrosov’s Theorem [97] provides a Lyapunov approach to proving stability
without having to construct a strict Lyapunov function. In its original formu-
lation, it concludes uniform asymptotic stability of time-varying systems by
using a non-strict Lyapunov function and an auxiliary function whose time
derivative along trajectories is non-zero at all points € R™ \ {0} where the
derivative of the non-strict Lyapunov function is zero. There are various gen-
eralizations of the original Matrosov result, involving an arbitrary number
of auxiliary functions [86]. These generalizations are referred to as Matrosov
Theorems, and they prove uniform asymptotic stability as well.

While the original motivation for Matrosov’s Theorem was to eliminate
the need for a strict Lyapunov function, it is still important to be able to
construct explicit strict Lyapunov functions for systems satisfying Matrosov’s
Conditions [111]. However, the proofs in [86, 97] do not construct strict Lya-
punov functions. Instead, they conclude uniform asymptotic stability by di-
rectly analyzing the trajectories of the system. One standard formulation is
the following result from [145], where we maintain our standing assumptions
on (2.4) from the previous chapter:

Theorem 2.2. Assume that there are constants R > R > 0 and L > 0,
functions a, @ € IC, and continuous functions

Vi 1 [0,00) x int(RB,) — R,

Va5 :]0,00) X int(RB,) — R, and
W:RB,—R

for which Vi (t,x) and Va(t,z) are continuous and the following hold:
1. Vi(t,0) = Vi(t,0) = 0 for all t > 0;

2. max{|Va(t,x)|,|f(t,x)|} < L for all (t,z) € [0,00) X RB,;

3. a(lz]) < Vi(t,z) < a(|z]) for all (t,z) € [0,00) X RB,;

4. Vi(t,z) < W(z) <0 for all (t,x) € [0,00) x RB,; and

5. Va(t, x) is non-zero definite on {x € RB,, : W(x) = 0}.

Then limy—, 4 oo (¢, %0, x0) = 0 for each solution x(-,to,zo) of (2.4) that re-
mains in RB, for all t > tg.

_ For the proof, see [145]. By non-zero definiteness of a function G : [0, 00) x
RB,, — R on a closed set M c RB,,, we mean that for each pair of constants
(v,e) for which 0 < v < e < R, there are values «y,d > 0 such that:

{v <|z| <e}and {|z|nr <~y}and{t €[0,00)}| = |G(t z)| >3,
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where |z|ap = inf{|z — ¢| : ¢ € M} is the distance of z from M. When G is
independent of ¢, non-zero definiteness simply says that G is bounded away
from zero on the part of any annulus around 0 that is close enough to M.

2.2.2 LaSalle Invariance Principle

Recall that a set M C R™ is called positively invariant for a forward complete
time-invariant dynamics

i = f() (2.19)

evolving on an open set X provided for each zy € M, the corresponding
solution ¢ +— x(¢, o) remains in M for all times ¢ > 0. The set M is called
invariant for (2.19) if the system is complete and each such trajectory is in
M for all t € R. LaSalle’s Invariance Theorem is the following result, which
is shown, e.g., in [70, Sect. 4.2]:

Lemma 2.4. Let the compact set 2 C X be positively invariant for (2.19),
and V : X — R be a C* function for which LV (z) <0 on (2. Let M be the
largest invariant subset of

E={ze:LiV(z)=0}

for (2.19). Then every solution of (2.19) converges to M as t — +oo. If
the preceding assumptions hold except with 2 = R™ and f(0) = 0, and if
no solution of (2.19) can stay in E for all times t > 0 except for the trivial
solution x(t) = 0, then the origin is GAS.

The preceding result can be extended to time-varying systems. For exam-
ple, we have the following from [148, Sect. 5.4]:

Lemma 2.5. Consider the system (2.4) with state space X = R™. Assume
that f(t,x) and V(t,x) have the same period T > 0 in t, where V is a C*
storage function. If V(t, x) <0 forallt >0 and all x € R™, and if the largest
invariant set for (2.4) in

Si{xER":V(t,x)zowz()}

is {0}, then 0 is a UGAS equilibrium for (2.4).

See also [148, Sect. 5.5] for generalized LaSalle Theorems for time-varying
systems that are not necessarily periodic in time. LaSalle Invariance provides
another method for proving stability without having to find a strict Lyapunov
function, but it is of limited use when the system is subject to disturbances.
This is because small perturbations of the dynamics can cause V(t,z) to
become positive at some pairs (¢, x).
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2.2.3 Jurdjevic-Quinn Theorem

Consider a general control affine system

& = f(z)+g(x)u , where g(x) = (g1(z),...,gp(2)) (2.20)

evolving on R”™ in which the vector fields f : R® — R™ and ¢; : R® — R are
smooth and f(0) = 0. We use the standard Lie bracket notation

ad}(g) =g, ads(9) =I[f,9] = g.f — fo9,
and adfc(g) = ady (ad’}fl(g)>

for all £ > 1 and all smooth vector fields f, g : R™ — R"™, where the star sub-
script indicates a Jacobian. In [68], Jurdjevic and Quinn proved the following
single input result:

Theorem 2.3. (Jurdjevic-Quinn Theorem) Consider the system (2.20) with
state space X = R™ and p = 1. Assume the following:

1. f(x) = Az for some skew symmetric matriz A; and >
2. for all x € R™ \ {0}, we have span{(ad’}(g))(m) :k=0,1,2,...} =R".
Then the feedback u(x) = —x " g(x) renders (2.20) GAS to zero.

Proof. By a simple calculation,
d 2 2
E|x(t7x0)\ = —2u*(a(t,20)) <0

for all t > 0 and xg € R™ along all trajectories t — x (¢, xo) of the closed-loop
system, because z' Az = 0 for all z. We show that no solution can stay in
E = {z : u(z) = 0} except for the trivial solution. The GAS property will
then follow from the LaSalle Invariance Principle.

Fix 9 € F and consider the function I'(t) = (e*zq, g(e!“x¢)). Since
z(t,z0) = etxg € E for all t > 0, we get I'(t) = 0 for all t > 0. A simple
inductive argument gives

d” _
0= =2 I() = (w0, ¢~ adb(g) (e o))
for all ¢ > 0. Evaluating these higher time derivatives at ¢t = 0 shows that
(xo, (adfc(g))(x()» =0 for all £ > 0. Hence, 2o = 0, by Assumption 2. O

2 A slight variant of the argument that we are about to give applies if the skew symmetry
assumption on A is replaced by the assumption that there is an invertible matrix M such
that MAM~—! = MAMT = J is skew symmetric, by showing that the dynamics for
y = Mz is GAS to the origin with the feedback u(y) = —{(y, Mg(M Ty)). In fact, the
dynamics are § = F(y) + G(y)u, where F(y) = Jy and G(y) = Mg(M Ty), so the proof
follows from the relations (ad’(G))(y) = M(ad’}(g))(MTy).
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The Jurdjevic-Quinn Theorem has been generalized in several works. In
general, conditions that provide a smooth asymptotically stabilizing control
law using a first integral of the drift vector field, under some controllabil-
ity conditions, are now called Jurdjevic-Quinn Conditions. A general set of
Jurdjevic-Quinn Conditions for cases where the vector field f in (2.20) is not
required to be linear is as follows.

Definition 2.2. We say that (2.20) satisfies the (Weak) Jurdjevic-Quinn
Conditions provided there exists a smooth function V : R” — R satisfying:

1. V is positive definite and radially unbounded;
2. for all z € R, LyV(x) < 0; and

3. there exists an integer [ such that the set

zeR":Vke{l,...,p} and i € {0,...,1},
W(V)=
V) {LfV(a:) = Loa () V() =0
equals {0}.

If (2.20) satisfies the Weak Jurdjevic-Quinn Conditions, then it is globally
asymptotically stabilized by any feedback

u=—E(x)LgV ()",

where ¢ is any everywhere positive function of class C! [41]. The proof of this
result also follows from the LaSalle Invariance Principle. However, it is far
from clear how to construct CLFs for systems satisfying the Weak Jurdjevic
Quinn Conditions. We address this CLF construction problem in Chap. 4.

2.3 Discrete Time Lyapunov Function

The preceding definitions have analogs for discrete time systems
Th+1 = f(k,xk,uk) (2.21)

with equilibrium state 0 by replacing the continuous time ¢ > 0 with the
discrete time k € {0,1,2,...} and replacing the time derivative V (¢, z,u) of
the Lyapunov function along trajectories with the first difference

AV (k,z,u) = V(k+1, f(k,z,u)) — V(k, z) (2.22)

in the conditions defining Lyapunov functions.

The definition of discrete time Lyapunov functions does not require V' to
be C! because there are no derivatives of V in (2.22). Also, discrete time strict
Lyapunov functions have the property that along each trajectory sequence
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{z1} of (2.21), the sequence V(k,xy) is decreasing in k, as long as xj # 0.
If instead V' is only a mon-strict Lyapunov function, then V' (k, ) is non-

increasing. We focus on continuous time systems in much of the sequel, but
most of the results to follow have discrete time analogs.

2.4 Illustrations

2.4.1 Strict Lyapunov Function

Let us again consider the system

{5.”1 - (2.23)
T2 = UU1

from Sect. 1.4. In closed-loop with the stabilizing feedbacks

up = —x1 + sin(¢)(cos(t)x1 + x2)
ug = —sin(t) — cos(t), (2.24)
the system becomes
T1 = —x1 +sin(?) | cos(t)z1 +
! 1+ sin(t) [ cos(t)z: + 2] (2.25)
iy = [ —sin(t) — cos(t)] [ — 21 + sin(t) (cos(t)z1 + z2)].
We now show that (2.25) admits the global strict Lyapunov function
1
Vs(t,z) = ix% + (4 + g — 2sin(t) cos(t)) [cos(t)z1 + x2]?. (2.26)

In later chapters, we provide general methods for constructing global strict
Lyapunov functions.
Since

3 4
[cos(t)m1 + x2]? > cos?(t)x? + 23 — (Zl‘% + 3 cos2(t)m§>
1 1
> —g.T% + Zm%,
one easily checks that the inequalities
1
é[mf +a23] < Vilt,z) < 17[2f + 23] (2.27)

are satisfied everywhere. Also, the time derivative of V; along trajectories of
(2.25) is
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Vi(t,z) = —a% + sin(t)z1 [cos(t)x1 + z2]
+2 (sin®(t) — cos?(t)) [cos(t)z1 + 2]
+2 (4 + Z — 2sin(t) cos(t)) [cos(t)x1 + x2]
X [— sin(t)x1 + cos(t)z1 + ).

(2.28)

Setting ¢ = cos(t)z1 + x2, we obtain

Vi(t, ) = —a% + sin(t)z1¢ + 2 (sin®(t) — cos(2)) ¢2
+2 (4 + Z — 2sin(t) cos(t)) ¢
x [—sin(t)x1 + cos(t)(—x1 + sin(t)C)

+{—sin(t) — cos(t) }(—z1 + sin(¢)¢)]

= —2? 4 sin(t)z1¢ + 2 (sin®(t) — cos?(t)) (2
—2(4+ Z — 2sin(t) cos(t)) sin®(¢)¢?

= —a? +sin(t)z1¢
+ [-2 — (44 m) sin®(t) + 4sin®(¢) cos(t)] ¢

1
—gaf = ¢?

(2.29)

IA

—La3 — (cos(t)es + 72)? < —Ha? + a3,

where the first inequality used the relation
1 1
sin(t)x1¢ < Ex% + §C2

and the second inequality used

4 3
—(cos(t)xy + x2)* < —cos?(t)xt — x3 + 3 cos?(t)x? + Zx%

Since Vs(t, x) has a negative definite upper bound, it follows from (2.27) that
Vs is a strict Lyapunov function for the system (2.25).

2.4.2 ISS Lyapunov Function

We next consider the case where there is additive noise in the u; input in
(2.23). We show that the resulting closed-loop system
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&1 = —xq + sin(t)[cos(t)x1 + z2] + 61(t)

(2.30)
[—sin(¢) — cos(t)][—x1 + sin(¢)(cos(t)z1 + x2) + 01(1)]

)

with the controllers (2.24) is ISS with respect to the disturbance é;. Our
strategy is to show that (2.26) is an ISS Lyapunov function for (2.30), which
will lead to explicit functions 8 and + in the ISS estimate.

To this end, first note that (2.26) satisfies

max
i=1,2

Vs
g—(t,x)’ <17|z|; Vo = (z1 29) € R? and t > 0. (2.31)
Ti

Hence, the last inequality of (2.29) implies that the time derivative of Vj
along the trajectories of (2.30) satisfies
Vi(t,x) < —glaf* + 51fef1]d1(1)]
—§lal? + {loH{10200:(8)[} (2:32)
— 5|z + 3 x 102263 (¢),

IA

IA

by the triangle inequality
pq < 2=p? + 542

applied to the terms in braces with p = |z|, ¢ = 102|41(¢)|, and € = 6. This

and the proper positive definiteness condition (2.27) imply that V; is an ISS

Lyapunov function for (2.30). As we saw in Sect. 2.1.3, explicit ISS Lyapunov

functions lead to explicit expressions for the functions g € KL and v € K in

the ISS estimate. We derive these expressions next for the dynamics (2.30).
Combining (2.32) with the inequalities (2.27) gives

Vilt,x) < —55Vi(t, ) + 3 x 102263 (). (2.33)

By integrating this inequality, we deduce that for any initial condition z(tg) =
xg, the corresponding trajectories satisfy

Vi(z(t),t) < e 204 Vi(x(to), to) + 612 x 10228, fto’t]. (2.34)
Combining (2.34) with (2.27), and then using the relation

Vp+a < Vp+Vg

for p, g > 0 gives the desired ISS estimate

(t,to, wo, w)| < B(lzol,t — to) +7(|61]o0)

with the choices (7, s) = 11re=5/4%% and ~(r) = 102v/3672r.
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2.4.3 1ISS Lyapunov Function

If we allow additive disturbances in both the u; and us channels in the dy-
namics (2.23) and use the feedbacks (2.24) as before, then the corresponding
closed-loop system

(2.35)

{ i1 = —x1 +sin(t)¢ + 61 (1)
&g = [—sin(t) — cos(t) + da2(t)][—x1 + sin(t)¢ + 61(t)]

where
¢ = cos(t)x1 + x2

is not ISS with respect to the disturbance 6 = (d1,02). This follows by ap-
plying Lemma 1.2 with the disturbance

d = (0,sin(t) + cos(t) + 1),

Lr = (xg — z1,22), and k = 1. On the other hand, (2.35) is iISS with
respect to §. We show this next using the strict Lyapunov function (2.26).
Our arguments are a time-varying analog of those of [8, pp.1091-2].

Using (2.31) and the first inequality in (2.32) gives

Vilt, z)

IA

— Y22 + 51]z|1|6] + 17|x]1 (2lz]1 + [5])]d]

(2.36)
—as(|z]) + A(|=)A(]9]),

IN

and
ar(lz]) < Vi(t,z) < as(|z])

everywhere, where

(r)=as(r) = %7‘2, as(r) =172,

aq
A(r) = 136(r +7%), and A(r) =7+ 2.

Taking
r o d
W(t,z) = II(Vs), where II(r) = [ 1+;(8) and
X(s) = Aoaj'(s) = 1361/6s + 816s,
it follows that
. as(r)

W(t,z) < —p(|z[) + A(|6]), where p(r) = L+ Mag Haz(r)

Moreover, W is also proper and positive definite, and p is positive definite.
Therefore, W is an iISS Lyapunov function for (2.35). It follows from Lemma
2.3 that (2.35) is iISS.
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2.4.4 LaSalle Invariance Principle

Consider the system

I = T2
{3.:2 A (2.37)
with £ € R2. The function
1
V(z) =3l 1+ 3] (2.38)
satisfies )
V(z) = —W(x), (2.39)

where W (z) = z3. However, this is not enough to conclude that the system
is GAS to 0 because W is non-negative definite but not positive definite.
Instead, we use W in conjunction with the LaSalle Invariance Principle to
show the GAS property for (2.37).

Let z(t) be any solution of (2.37) with any initial state zo. By (2.39),

x(t) € 2y = {x €R? : |2| < |ag|} VE>0.

We deduce from Lemma 2.4 that x(f) converges to the largest invariant set
S contained in

Eyo ={z € 2y : 22 =0}.
We show that & = {0}. Let z(t) = (21(t) 22(t)) be any solution of the system
(2.37) with initial condition zy € S. Since S is positively invariant, we have
z9(t) = 0 for all ¢ > 0. Therefore 22(t) = 0 for all ¢ > 0, so

—z1(t) — 25(t) =0

for all t > 0. It follows that z1(t) = 0 for all t > 0. We deduce that S = {0}
which implies that all the solutions of (2.37) converge to the origin, by LaSalle
Invariance.

2.4.5 Matrosov Theorems

The GAS of the origin of (2.37) can be established through the version of
the Matrosov Theorem we gave in Theorem 2.2, as follows. We show that for
all positive constants R, all solutions of the system with initial states in RB5
remain in RBs and converge to 0 as ¢ — +00. We apply the theorem with

Vi(z) = %[x%—&—x%], Vo(z) = x129, and

W) — ol (2.40)
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The conditions are verified as follows:
1. Vi(0) = V1(0) = 0 along the trajectories of (2.37);

2. for all ¥ € RBy, we have max{|Va(x)|,|f(z)|} < |z ++/23 + (71 + 23)2 <
R’ + (R + (R + R*)*)Y%

3. a(|z]) < Vi(z) < @(|z|) for all  when we choose a(r) = a(r) = 72

%

N[=

4. Vi(z) = W(z) = —z <0 for all z € RB,; and

5. Vg(x) = d1w9 + 2109 = 23 + x1(—21 — 23) so for any constants v,e > 0,
we can find a constant 4 > 0 so that |Va(x)| is bounded away from zero
on {x € R? : v < |z| < ¢,|x2| < 7}. Hence, V is non-zero definite on
{x € RBs : x5 = 0}.

We conclude from Matrosov’s Theorem and the fact that V4, < 0 that every
solution of (2.37) with initial condition in RBy remains in RB2 and converges
to 0 as t — +o00. We deduce that the origin of (2.37) is GAS.

2.4.6 Non-strict Lyapunov-Like Function

Consider an experimental anaerobic digester used to treat waste water [16, 89,
172]. This process degrades a polluting organic substrate s with the anaerobic
bacteria x and produces a methane flow rate y;. The methane and substrate
can generally be measured, so the system with output y is

$ = u(sin — s) — kr(s,x)
T =r(s,x) — aqux (2.41)
y= ()\r(s,x), S)

where the biomass growth rate r is any non-negative C ! function that admits
everywhere positive functions A and A such that

sA(s,z) > r(s,x) > xsA(s,x) (2.42)

for all s > 0 and x > 0; u is the non-negative input (i.e., the dilution rate); «
is a known positive real number representing the fraction of the biomass in the
liquid phase; and A, k, and s;, are positive constants representing methane
production and substrate consumption yields and the influent substrate con-
centration, respectively. Hence, the methane flow rate is y; = Ar(s,z). This
includes the single species undisturbed chemostat model from Sect. 1.5.3, in
which case r(s, z) is the product of the species concentration and the Monod
growth rate function, namely,

Aszx

r(s,x) =
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for appropriate positive constants A and B. However, (2.42) is far more gen-
eral because it allows other growth laws such as those of Haldane and Cantois;
see [14] for details.

Assume now that s, € (0, s;;,) is a given constant. We wish to regulate s
to s.. We assume that there are known constants ya; > v, > 0 such that

k

Ve = € (Ym, M) and

m 2.4
pF— <7 (2.43)

)\Sm
and we use the notation

Ux

ka

Uy = Sin — S+ and x, =

in the sequel.

The work [89] leads to a non-strict Lyapunov-like function and an adaptive
controller for an error dynamics associated with (2.41). We next review these
earlier results. We treat adaptive control in detail in Chap. 9. Later, we will
see how the constructions from [89] lead to a strict Lyapunov-like function
for the error dynamics of (5,Z) = (s — sx, T — ).

We introduce the dynamics

Y=y = vm) (v — 1)V

evolving on (Y, var), where v is a function to be selected that is independent
of x. With u = vy, the system (2.41) with its dynamic extension becomes

$=y1 [v(sin — ) — &]
i=yo [ —a] (2.44)
Y =10y —m) o — v

by the definition of y;, with the same output y as before. The dynamics

(2.44) evolves on the invariant domain F = (0, 00) x (0,00) X (Ym,va)- The
following is easily checked:

Lemma 2.6. For each initial value (s(to), x(to),v(to)) € E, there is a com-
pact set Ko C (0,00)? so that the corresponding solution of (2.44) is such
that (s(t),x(t)) € Ko for all t > to.

It follows from Lemma 2.6 and (2.42) that we can re-parameterize (2.44)
in terms of the Erdmann Transformation

t
TZ/yﬂML
to

T=T—Ty, S=5—84, and ¥ =1 — v,

Doing so and setting
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yields the error dynamics

§ = —v54Au,
i = a[—yE — ] (2.45)
7= (v = ym) (s = )V

for t — (3,%,7)(771(t)). The state space of (2.45) is
D = (=5x,00) X (=, 00) X (Ym = Yor YM = V)-

The system (2.45) has an uncoupled triangular structure; i.e., its (§,%)-
subsystem does not depend on Z (because v is independent of x), and the
Z-subsystem is globally input-to-state stable with respect to 7 with the ISS
Lyapunov function #2. Therefore, (2.45) is GAS to 0 if the system

§=—~3+ v,
T (2.46)

Y= —ym)m =)
with state space

X = (=54,00) X (Ym — Ves YM — Vx)

is GAS to 0. Hence, we may limit our analysis to (2.46) in the following
analysis.

For a given tuning parameter K > 0, the non-strict Lyapunov-like function
for (2.46) provided by [89] is

Vi) = 5+ e [ l
ne 2Ym Kym Jo (L4 9% —vm)(var — v — 1)

which is positive definite on X'. In fact,

dl,  (247)

. 1 Vs
Vi=— [-78 + 5] + Av
Ym [ ] Kvym
along the trajectories of (2.46), so choosing
v(3) = K3 (2.48)
gives
h=-_1lg< -8
TYm

This follows because y(t) € (ym,yar) for all ¢t. Using the LaSalle Invariance
Principle, it follows [89] that (2.46) is globally asymptotically stable to 0
when we make the choice (2.48).
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2.5 Basin of Attraction Revisited

Strict Lyapunov functions can be used to estimate the basins of attractions
for locally asymptotically stable time-varying nonlinear systems

@ = f(t,z). (2.49)

Let us review how this can be done. Assume that we know a C! storage
function V : [0,00) x R™ — [0,00), a continuous positive definite function
W :R™ — [0,00), and an open set D C R™ containing = 0 such that

%—Z(t,x) + aa—v(t,x)f(t,x) <—-W(z) Vt>0 and z€ D. (2.50)
x

Choose functions a1, as € Koo such that
ar(Jz]) <V(t,x) <ag(lz]) VE>0 and z € R™. (2.51)

For convenience, we continue to write

: ov ov
V.= E(t,x) + %(t,x)f(t,x) .

Since D is an open set that contains the origin, there exists a constant r > 0
such that rB,, C D. The non-decreasing function + : [0,7] — [0, 00) defined
by

s) = inf w
() {eerBn:|€]>s} (©)

then satisfies y(0) = 0 and y(s) > 0 for all s € (0,r), because W is positive
definite. Moreover, for all ¢ > 0 and = € rB,,, we have

V< —(al) . (2.52)

Also, (2.51) in combination with the facts that as € Ko and + is non-
decreasing give

0< ’y(a;l(V(t,x))) <A(|lz|) Vt>0 and z € rB, (2.53)
Combining (2.52) and (2.53) yields

v < —W(V(t,x)) Vt >0 and z € rB, (2'54)

where 7(s) = v(ay ' (s)).

Let us now consider the set E, = {z € rB, : V(t,z) < ai(r) Vt > 0}.
One readily checks that E,. is a positively invariant set for (2.49). To see why,
let zy € E, and tg > 0, and let z(¢) denote the solution of (2.49) such that
x(to) = ®o. Suppose that there exists a time t; > to such that V(¢1,z(t1)) =
ag(r) and V(¢,z(t)) < ai(r) for all t € [to,¢1). Then (2.51) implies that
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ag(Jz(t)]) < aq(r) for all t € [to,t1), i.e., © € rB, for all ¢t € [tg,t1). This
allows us to conclude from (2.54) that

V(tl,x(tl)) < V(to,x(to)) < 041(7“),

which is a contradiction. We deduce that for all ¢ > ¢y, V' (¢, 2(t)) < a1(r) and
|z(t)] < r, which gives the positive invariance of E,. Moreover, (2.54) implies
that all solutions of the system starting in F,. converge to the origin. Also,
0.5a5 (a1 (r))B, C E, and ay'(a;(r)) > 0. Therefore E, is a non-empty
subset of the basin of attraction of (2.49). Hence, knowing a strict Lyapunov
function for the system leads to an approximation of the basin of attraction.

2.6 L, Gains

2.6.1 Basic Theorem

Strict Lyapunov functions can also help estimate the effect of a disturbance on
a specific output. For instance, consider a locally Lipschitz forward complete
nonlinear control affine system with output

&= f(z)+g(x)u, y=h(z)eR? (2.55)

with € R” and v € RP. We wish to determine a constant v > 0 and a
function I' € Ko such that for any continuous input u(¢) and any initial
state xg, the corresponding solution x(t) of (2.55) satisfies

U (s)*ds < fy“ (5)]*ds + I'(|zo]) (2.56)

for all constants T > 0. Here is a useful result in that direction from [70]:

Theorem 2.4. Consider the system with output (2.55). Assume that f, g, h
are Lipschitz continuous and f(0) = 0 and h(0) = 0. Assume that there is a
C! function V : R™ — [0,00) such that

]
LiV(o) + 5 g @ao) (G @)+ 540 Th0) <0 (257

for all x € R™. Then for all xg € R™, the inequality

\// P ds < 7\// 97 ds + v/2V (z0) (2.58)

is satisfied for all T > 0.
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Proof. The time derivative of V along the trajectories of (2.55) satisfies

V= LV (x)+ a—V(:r)g(x)u

ox
1 9V oV T
= LV () + 55— (2)g(x) | 5-(2)g(x) |+ Sh(z) h(z)
272 Oz or 2 (2.59)
2 T '
0% ov 1 9V ov
TuTus+ @t - 5 5@ (5 o)
2
Y Tu— LhaT
+ g U U 2h(x) h(x)
From (2.57) and the fact that
2 T
i i _ 1o ov
Tt S (@gleu - 5 5 (@)ate) (G @)
1 . 10V ?
S _ <
5[ - 2 S| <o,
it follows that )
y i 2 1 9
< Lqul2 = 2|y .
Vo< T~ Sl (2.60)
By integrating (2.60) over [0, T], we obtain
, (T 1 /T
V) - V) <% [ Ju@Pds— 5 [ )P ds (2.61)
0 0
Using the non-negativity of V(z(t)), we get
T , (T
%/ ly(s)|>ds < V(a:o)—k%/ lu(s)|* ds (2.62)
0 0

and therefore (2.58) follows from the relation va + b < /a4 /b for nonneg-
ative values a and b. O

2.6.2 Illustration

The L2 gain of the system (2.55) is defined to be the infimum of the set of
all constants 7 > 0 such that the inequality (2.58) holds for all zp,u, and
T. Theorem 2.4 provides constants -y that are larger than the £ gain of the
system (2.55). The constants depend on the function V selected. Moreover,
there are cases where the £, gain is a finite number, but where an inadequate
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Lyapunov function V' does not allow us to determine an approximate upper
bound for this gain.
We illustrate this using the simple one-dimensional nonlinear system

t=—-z—23+u (2.63)
y=ux. '
If we choose V,(z) = 12?2, then the inequality (2.57) becomes
1— 2
g <0 (2.64)

and 1 is the smallest value of v such that (2.64) holds for all x. If we instead
choose Vj(z) = 2, then the inequality (2.57) becomes

2 =22 <0 (2.65)

and 2/+/3 is the smallest ~y such that (2.64) holds for all x. Finally, if we take
Ve(z) = 2%, then the inequality (2.57) reads

—zt — 2%+ ;?xﬁ + %xQ <0, (2.66)
which cannot be satisfied for all values of x. Hence, we cannot use V. to get
an upper bound for the £, gain of the system (2.55).

This provides yet another reason for wanting explicit Lyapunov functions.
Indeed, no estimate for the £2 gain of a system (2.55) can be deduced from
the mere existence of a strict Lyapunov function, as provided by the converse
Lyapunov theorem.

2.7 Lyapunov Functions with Bounded Gradients

The converse Lyapunov theorem ensures that UGAS systems admit global
strict Lyapunov functions. However, it does not in general give information
on the type of Lyapunov function that is associated with a given UGAS sys-
tem, e.g., whether or not the gradient of the Lyapunov function is uniformly
bounded in norm. This is a shortcoming of converse theory.

In fact, if V(z) is a strict Lyapunov function for a system & = f(z), and
if VV () is known to be globally bounded, then V' is also an iISS Lyapunov
function for © = f(x) + d with disturbance d, and then the iISS estimate
bounds the trajectories if d is exponentially decaying to zero. This is yet
another motivation for constructing strict Lyapunov functions. Many UGAS
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systems admit strict Lyapunov functions with globally bounded gradients;
see Sect. 4.6 for related results.

2.7.1 Effect of Exponentially Decaying Disturbances

It is possible to construct a UGAS system that has unbounded trajectories in
the presence of an additive exponentially decaying disturbance, and therefore
cannot admit a strict Lyapunov function with a globally bounded gradient.
For example, consider the following system from [177]:

1 = g(z122)21
{5@2 = 215 +d, (2:67)

where z = (71,72) € R2, d € R is a disturbance, and the function g is such
that:

1. g is Lipschitz continuous;

2. |g(s)] <1 for all s;

3. g(s)=—1forall se (—oo, %] U [%,oo); and

4. g(1) =1.

The system (2.67) has the additional property of being globally exponentially

stable when d = 0. In fact, we can prove:

Proposition 2.1. When d =0, the solutions of (2.67) satisfy
2(®)] < eletx(0) (2.68)

for all t > 0 and all initial states x(0) € R2.

Proof. Let i
P(r) = /0 H(m)dm (2.69)
where L4 g(m)
gim i
Hmy= ) mE—glm)] 170

0, ifm=0.
Then

0<P(r)<4 (2.70)

for all r € R. We introduce the variable
=z . (2.71)

Then
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L1 = g(§)z1
.’tg = —2.%2 (272)
§=[-2+g( I -
Let
Zy =eP@gy (2.73)
Then
Zy = (95 +H(E)|—2+9(& 5)21
(&) +H(E)| 6)] (2.74)
=-7.
Hence,
1Z1(H)] < e7'Z1(0)] and |aa(t)] < e”*|a2(0)] (2.75)
for all (0) € R? and all t > 0. We deduce that
|z (1)] < e—P(ﬁ(t))e—teP(rl(0)2?2(0))|x1 0)] . (2.76)
Finally, from (2.70), we conclude that (2.68) holds, as claimed. O

Remark 2.1. In [177], it is proved that
()| < 9e™"|2(0)]

along all trajectories of (2.67). We establish the inequality (2.68) because its
proof relies on a slightly different technique from the one given in [177] that
will be useful later to establish complementary results.

The next result establishes that the behavior of the solutions of the system
(2.67) may change drastically in the presence of a decaying disturbance.

Proposition 2.2. When
21(0) #0, 22(0) = 21(0)7!, and d(t) = z2(0)e ", (2.77)
the solutions of (2.67) satisfy
x1(t) = e'z1(0) (2.78)
for allt > 0.
Proof. The functions
71(t) = e'x1(0) and 29(t) = 22(0)e™"

are such that

Tg = —2x9 + x2(0)e™t .

{9:“ - (2.79)
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Since ¢g(1) = 1 and d(t) = 22(0)e™t, we have
o1
#1 =g (2.80)
To = —2T9 + d(t) .

In addition, for all ¢, we get z1(t)z2(t) = e'z1(0)z2(0)e™t = z1(0)x2(0) = 1.
Therefore,

{3:31 = g(z122)21 (2.81)
iy = —2xy 4 d(t) .

This proves the proposition. O
An immediate consequence of Propositions 2.1 and 2.2 is:

Proposition 2.3. If V(z) is a strict Lyapunov function for the system (2.67)
with the disturbance d = 0, then there does not exist a constant C > 0 such

that
oV

a—x(x)‘ <c (2.82)
for all z € R2.

Proof. Suppose the contrary. Since V satisfies (2.82) for some constant C,
the time derivative of V' along the trajectories of (2.67) satisfies

V < Cld(t)] . (2.83)
In particular, the choices (2.77) give
V < Clza(0)e ] . (2.84)
By integrating this inequality we deduce that
V(x(t)) < V(2(0) + Cla2(0)] (2.85)
for all t > 0. According to Proposition 2.2, z1(t) = etz1(0) for all t > 0, so

lim V(x(t)) = +o0.

t——+o0

This and (2.85) yield a contradiction. O

2.7.2 Dependence on Coordinates

We next show that the property of having no strict Lyapunov function with
a bounded gradient is coordinate dependent.
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Proposition 2.4. Let P be as defined in (2.69). Then the variables
Zy =eP®m) . and Zy = a9 (2.86)

define a global change of coordinates that transforms (2.67) with d = 0 into

VA A
{22 _ o (2.87)
Hence, (2.67) is globally linearizable.
Proof. Routine calculations yield
82 () = eP@ ™) [1 4 2y 2y P (w1 2)] (2.88)
— oPleim2) [1 n 1 +g(x1$2)] — Plaiza) 3 o .
2 — g(z122) 2 — g(z122)

We deduce that (2.86) defines a global change of coordinates that transforms
the system (2.67) with d = 0 into the linear system (2.87). O

Remark 2.2. Notice that V(Z) = In(1+ 22+ Z2) is a strict Lyapunov function
for (2.87) that has a bounded gradient.

2.7.3 Strictification

It is tempting to surmise that non-strict Lyapunov functions with globally
bounded gradients can be transformed into strict Lyapunov functions with
globally bounded gradients. The following result shows how such a strictifi-
cation transformation can sometimes be carried out:

Proposition 2.5. Let
&= f(t, ) (2.89)

be a UGAS system that is periodic in t and admits a non-strict Lyapunov
function V' such that

—(t,z)| <1 and g—‘;(t,x) <1 (2.90)

ov
ot

for allt € R and x € R™. Assume that % is bounded. Then the system (2.89)
admits a strict Lyapunov function U such that

oUu
—_— <
‘at (t,z)| <1 and

g—:(t,x)’ <1 (2.91)

for allt € R and x € R"™.
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Proof. By Theorem 2.1, there exists a C'! function v(¢, ), a positive definite
function w(x), and functions 71,72, 73 € Koo such that

wlel) < vlt,2) < ra(lel) and 2.2
mx {| G 0.0 | G201} < nalel) (299

hold for all ¢t € R and = € R™, and such that the time derivative of v(t,x)
along the trajectories of (2.89) satisfies

v(t,z) < —w(x) . (2.94)

Let I": [0,00) — [1,00) be a continuous increasing function such that
L+ 93031 (5)) < I'(s) (2.95)

for all s > 0. By (2.92), we have

2| < (vt @),
s0 (2.95) with the choice s = v (¢, x) gives

L+ ys(lz]) < 1+707 ' (v(t,2))) < I(v(t,2))

everywhere. This inequality and (2.93) imply that

ov

_(t’ .TJ)

T < I'(v(t,z)) and %(t,x)‘ < I'(v(t,x)) (2.96)

everywhere.
Next, consider the function

v(t,z) ]
U(t,z) = % V(t, x) —|—/0 ﬁdm . (2.97)
Then
ou 1[|oV 1 ov
E(tvx)‘ S 3 [ E(tvx)‘ +W a(t’l‘)} <1 (2.98)

everywhere, by (2.90) and (2.96). Similarly, one can show that

‘Z—Z(t,x)’ <1. (2.99)

Finally, observe that
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%V(t,x) <UL ) < LVt 2) + vt 2) (2.100)

DN | =

implies that
1 1
saa(lel) Ut 2) < Slao(lz]) +72(l2))] (2.101)

where a1, as € K4 are from the proper and positive definite conditions on V.
Therefore, U is a global strict Lyapunov for (2.89) with a bounded gradient.
This proves the proposition. O

2.8 Comments

Throughout our work, we assume that our (control) Lyapunov functions are
at least C''. One can generalize the definitions to allow Lyapunov functions
that are continuous but not necessarily differentiable; see, e.g., the books [17,
184] for some early results. Nonsmooth analysis provides a unifying method
for the analysis of nondifferentiable functions [22]. One pioneering result [155]
by Sontag showed that a system & = f(z, u) evolving on R” is asymptotically
controllable to the origin if and only if it admits a continuous positive definite
proper function V that satisfies: For each x € R"™, there exists a relazed
control w such that Vi, (z) < 0. Moreover, there exist positive constants k and
1 such that w can be chosen to satisfy ||w|| < k whenever |x| < 7. Here

Vio(2) = liminf 4 {V (8(t.2,0) - Vi(z)

is the lower Dini Derivative, ¢ is the flow map of the system, and relaxed
controls are measurable mappings of [0,00) into the set of all probability
measures on the control set U. Also, ||w|| is the infimum of the set of all r’s
so that w is supported in rB,,. One motivation for using nonsmooth analysis
in control theory is that a system @ = f(z,u) admits a C* control Lyapunov
function V (z) if and only if it is C! stabilizable by a time-invariant feedback
us(z), so C! control Lyapunov functions cannot exist unless Brockett’s Con-
dition is satisfied. This motivation becomes less important when we allow
time-varying feedback stabilizers.

The system (2.67) is important because it shows how a globally exponen-
tially stable system can be destabilized by an exponentially decaying dis-
turbance that is arbitrarily small in the £4 norm. See [166] for an earlier
example of a time-invariant GAS system & = f(z) that admits an integrable
disturbance d for which & = f(x) 4+ d has unbounded solutions.

One can also develop Lyapunov function theory for retarded functional
differential equations, which have the form

i(t) = f(t, 1) (2.102)
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where z(t) € R™, f: R x Cy([—r,0]) — R for a given choice of the constant
r > 0, the function z; is defined by z:() = x(t + 0) for all § € [—r,0], and
the initial value is ¢ € C,([—7,0]). In this context, C,(Z) is the set of all
continuous functions ¢ : Z — R”™ on any interval Z C R. We assume that f
has enough regularity to guarantee the existence and uniqueness of a maximal
solution for each initial condition; see [109] for sufficient conditions for the
existence of maximal solutions. Equations of this type are also called (time)
delayed differential equations. Their study is an important subject that is
best considered in books devoted only to systems with delays [51, 114, 124].
Here we only summarize some Lyapunov results for delay systems.

Lyapunov related functions are key for the stability analysis and control de-
sign for systems with delay. Two important theorems for delayed systems are
the Razumikhin Theorem and the Lyapunov-Krasovski Theorem. Both rely
on delayed Lyapunov functions or functionals, which are often constructed by
first building Lyapunov functions for the corresponding undelayed systems
(obtained by setting the delays equal to zero). For a given constant r > 0,
the Razumikhin Theorem is the following [52]:

Theorem 2.5. (Razumikhin Theorem) Let f : R x Cp([—7,0]) — R™ map
Rx (bounded subsets of Cp([—7,0])) into bounded subsets of R™. Let u,v,w :
[0,00) — [0,00) be continuous non-decreasing functions for which u and v
are positive definite and v is increasing. Assume the following:

1. There ezxists a continuously differentiable function V : R x R™ — R whose
time derivatives along the solutions x(t) of (2.102) satisfy

V(t,x(t) < —w(|z(t)]) (2.103)
whenever
V(t+0,z(t+0)) <V(t,x(t)) (2.104)
for all 6 € [—r,0]. Also, u(|z]) < V(t,z) <v(|z|) everywhere.
Then the system (2.102) is uniformly stable. If, in addition,

2. w(s) > 0 for all s > 0 and there exists a continuous non-decreasing func-
tion p such that p(s) > s for all s > 0, and such that

V(t,z(t)) < —w(|z(t)]) (2.105)

whenever
V(t+6,z(t+0)) <p(V(t,x(t))) (2.106)
for all 6 € [—r,0].
then the system (2.102) is uniformly asymptotically stable. If 1. and 2. hold

and

lim wu(s) = +oo,
s——+o00

then the system (2.102) is UGAS.
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The stability concepts for (2.102) are defined as in the undelayed case,
except that the initial state zo € R™ is replaced by an initial function ¢ €
Cn([=7,0]). The Lyapunov-Krasovski Theorem is the following, where we use
the notation

. d
V(t7 ¢) = %V(t, xt)|t:7'733t:¢

for any C* function V : R x C,,([-7,0]) — R [52]:

Theorem 2.6. (Lyapunov-Krasovski Theorem) Let f : R x Cp([-r,0]) —
R™ map Rx (bounded subsets of C,,([—r,0])) into bounded subsets of R™. Let
u,v,w : [0,00) — [0,00) be continuous non-decreasing functions for which u
and v are positive definite and v is increasing. Assume the following:

1. There exists a continuously differentiable function V : Rx Cp([—r,0]) = R
such that

u(|p(0)]) < V(t,¢) < v(|¢l(—r.0) (2.107)

and

V(t,9) < —w(|$(0)]) (2.108)
for all ¢ € Cp([—7,0]) and t € R.
Then the trivial solution of (2.102) is uniformly stable. If, in addition,
2. w(s) >0 for all s >0,

then (2.102) is uniformly asymptotically stable. Finally, if 1. and 2. hold and
if we also have
hT u(s) = 400,

then the system (2.102) is UGAS.

Over the last two decades, Lyapunov-Krasovski functionals have been used
extensively for the analysis of linear systems. For linear systems, Lyapunov-
Krasovski functionals give stability criteria in terms of linear matrix inequal-
ities, which can be analyzed through numerical methods; see for instance
[125].

The ISS paradigm can be extended to delayed systems, using either the
Razumikhin Theorem (as was done, e.g., in [62, 175]) or Lyapunov-Krasovski
functionals (as in [109, 130]). For example, if we consider

i(t) = f(x(t),t) + g(z(t), t) [us (& (1), 1) +d(t)], x(t) e R" (2.109)

with
&(t) = (xl(t —11),x2(t — T2), -+ ,xp(t — Tn))

and constant delays 7 = (71,7, ..., T,) satisfying 0 < 7, < 7 for all i for any
bound 7 > 0, and with unknown but bounded disturbances d and a known
feedback us, an appropriate notion of Lyapunov-Krasovski functionals is as
follows:
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Definition 2.3. A continuous functional U : [0, 00)xC, (R) — [0, 00) is called
an ISS Lyapunov-Krasovski functional (ISS-LKF) for (2.109) provided that
for all 7 € (0,7]™ and all trajectories x(t) = z(¢; to, xo, d, ) of (2.109) (corre-
sponding to all possible initial conditions z(ty) = x¢ and measurable essen-
tially bounded disturbances d), the function ¢ — U(t, x¢) is locally absolutely
continuous and there exist functions «; € Ko, fori =1,2,3,4 and k € N such
that for all ¢ € C,,([—xT, 0]), all trajectories x(t) of (2.109), and all t > to+kT,
we have (a) a1 (|¢(0)]) < U(t,¢) < as(|d|—xr,0)) and (b) the time derivative
DU (t,x¢) of U(t, z4) satisfies DU (t, 2¢) < —az(U(t, 2¢))+as(|d|,,1) almost
everywhere.

In this context, x € N represents the length of the time lag. The key
ingredient in the ISS-LKF definition is that instead of being defined for points
in the state space, U(t,¢) is evaluated at continuous R™-valued functions
¢ € Cr(R) defined on the real line and times ¢ > 0, hence the term functional
instead of function in the definition.

The explicit construction of ISS-LKF's is a challenging problem. One such
construction in [109] shows that (2.109) admits an ISS-LKF of the form

t

Ut,zy) = V(t,x(t))+%/ </Tt02(\/ﬁ|x(l))dl) dr (2.110)

t—2T

where the proper positive definite function V', the undelayed dynamics
%= F(t,x,us) = f(t,.%‘) + g(t,az)us(t,m),

and the function o satisfy appropriate conditions, including the decay condi-
tion

Vi(l,x) + Vol 2)F(l, 2, us) < —0® (Vnlz]) .

The function o is of class K, making V a strict Lyapunov function for the
undelayed dynamics. In particular, us is assumed to stabilize the undelayed
dynamics. The Lyapunov-Krasovski functional is valid when the delay bound
7 is small enough, but one can take any desired positive constant bound 7
when the drift term f in (2.109) is identically zero; see [109] for the explicit
computation of the admissible delay bound 7 for (2.109). Using (2.110), we
can get an explicit ISS decay estimate for (2.109) which is analogous to the
usual ISS estimate, except with an initial function replacing the initial state.
Therefore, we can quantify the combined effects of feedback delays 7; and
uncertainty d on the stability performance of the feedback us. Lyapunov
functions are also useful for partial differential equations [28, 29, 76] and
stochastic systems [72]. This book will focus on deterministic ODE systems
without delays, although it would be of interest to extend many of the results
to time-varying delayed systems or stochastic PDEs.

Stabilization problems for biological dynamics such as (2.41) have been
studied by numerous authors. Many of the results are based on the (local)
linearization approach [57] or linearizing state controllers that assume perfect
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knowledge of the model. For an alternative approach to uncertain biosystems
based on interval observers, see [49]. Our biosystems analysis assumes that the
reactor is well mixed, meaning all organisms have equal access to the nutrient;
dropping this assumption leads to PDE models. Our approach takes the non-
negativity of the state components into account and leads to an explicit strict
Lyapunov function; see Sect. 3.1 for details.
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Chapter 3
Matrosov Conditions: Simple Case

Abstract In the preceding chapter, we saw two ways to use non-strict Lya-
punov functions to prove asymptotic stability. The first was the LaSalle In-
variance Principle. A second involved Matrosov Theorems, which require a
non-strict Lyapunov function and auxiliary functions that satisfy appropri-
ate decay conditions. In general, the decay conditions in Matrosov type theo-
rems are less restrictive than those in the strict Lyapunov function definition.
Hence, the Matrosov method can be regarded as a way to prove stability with-
out having to find strict Lyapunov functions.

On the other hand, it is very desirable to have explicit strict Lyapunov
functions, even when the Matrosov Conditions are satisfied, because, e.g.,
strict Lyapunov functions make it possible to quantify the effects of uncer-
tainty using the ISS paradigm. In this chapter, we discuss several methods
for constructing strict Lyapunov functions for time-invariant systems that
satisfy appropriate Matrosov Conditions. In Chapters 8 and 12, we gener-
alize to much more complex time-varying systems, including Matrosov type
theorems for hybrid systems.

3.1 Motivation

To motivate our constructions, let us return to the experimental anaerobic
digester model
$ = u(sin — s) — kr(s,x)
& =r(s,x) — aux (3.1)
y = (Ar(s,x),s)

we considered in the preceding chapter, where the biomass growth rate r is
any non-negative C! function that admits everywhere positive functions A
and A such that

sA(s,z) > r(s,z) > xsA(s,x) (3.2)

61
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for all s > 0 and x > 0; u is the non-negative input (i.e., dilution rate); and the
positive constants a, A, k, and s;,, are as defined in Sect. 2.4.6. This includes
the one species chemostat model with a Monod growth rate, as a special case
[107]. This time our objective is to construct a strict Lyapunov-like function
for an appropriate adaptively controlled error dynamics for (3.1).

Arguing as in the previous chapter, we introduce the dynamics ¥ = y1 (v —
Ym)(yamr — Y)v evolving on (Y, va), where v is a function to be selected
that is independent of = and the ~;’s are prescribed positive constants. With
u = yy1, the system (3.1) with its dynamic extension becomes

§= —78 4+ Yv.
&= a[—yF — ] (3:3)
7= (=) = ).

Here § = s— 84, T = T—Xs, ¥ = Y— Vs, S« € (0, 8, 18 the desired equilibrium
substrate level, and

k
€ (Ym,ym) and < Ym, (3.4)

T A(Sin — 8x) ASin

ics (3.3) follow by applying the

where v, = s;p, — 5. and T, = =
Erdmann transformation .
T = / y1(Ddl,
to

and the state space for (3.3) is D = (=54, 00) X (—Zx, 00) X (Yin — Vs VM — V) -
We first consider the subsystem

5= =75+ Y.
{W = (v =m) (v =)V (35)

with state space X = (—8x,00) X (Ym — Vs YM — Vs )-
Let us transform the non-strict Lyapunov-like function

1 v 7 l
Vi(3,7) = —3 + — / di 3.6
159) 2vm Kym Jo (L% —vm) (v =7 — 1) (36)

from [89] into a strict Lyapunov-like function for (3.5), where K > 1 is a
tuning parameter. Later in this chapter, we will see how this transformation
process is a special case of a general method for constructing strict Lyapunov-
like functions.
Choosing
v(§) = —-K3§ (3.7)

as before gives

Vi= - D8 < -Ni(5.), where Ni(57) = . (38)
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Set
Va(3,9) = —87. (3.9)

Along the trajectories of (3.5), in closed-loop with (3.7), simple calculations
yield )
Va =787 — 70 + (v — ) (ymr — 7) K3

From the relation Y 5
n VY Vs

<
TSt o,

and the fact that the maximum value of (v — v, ) (yar —7y) over v € [Ym, Y]
is (yar — Ym)?/4, we get

’ i K —Im 2 ~ ~
Vo < —Na(3,9) + [LM + M] Ni(5,7), (3.10)
2u, 4
where NV2(8,7) = %52
Setting
1 4o, -1
T = 1+ [min{—, }] , 3.11
! Tm K’Ym(’YM - ’Ym)z ( )

we can use the decay conditions (3.8)-(3.10) to check that

2
56,9 = Ve )+ [T+ 2 Ky =P Vi) Ga12)

*

is a strict Lyapunov-like function for (3.5) in closed-loop with (3.7). In fact,

IA

S —W(é,’y(), ~Where (3.13)
2

W(3,7) = Na(3,3) + T1N1(3,7) = 57% + 113

along the closed-loop trajectories of (3.5), and S is also positive definite; see
Sect. 3.6.1 for details and our reasoning behind the choice (3.12) of S.

The fact that the full system (3.3) in closed-loop with (3.7) is GAS to the
origin now follows because (a) its Z sub-dynamics is ISS with respect to (5,7)
and (b) the asymptotically stable (3,4) sub-dynamics does not depend on z.
Let us now construct a strict Lyapunov-like function for the full closed-loop
system. We claim that

2
4oy

YmUx

M(%,5,7) = ©S(5,7) + 2, where @ = (3.14)

is a strict Lyapunov-like function for the system (3.3), in closed-loop with

(3.7), for which

ax?

M < —oymi? — =25 — o1 5 (3.15)

m
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along the trajectories of (3.3). To see why, first notice that the relation

’Y

m

20, |37 < aym@® + az?
implies that

= —2ay7% — 277ax. < —20vm3? + 202, | T

&l
SN

ol (3.16)
< —aymIT 7

m

along the trajectories of (3.3). Then (3.15) follows by adding the inequality
@S < -@

to (3.16). We turn next to a general theory that leads to the preceding analysis
as a special case.

3.2 Continuous Time Theorem

For simplicity, we first state our main result for time-invariant systems
z = f(x) (3.17)

evolving on an open set X C R”. Later we generalize to time-varying sys-
tems. In the rest of this section, we assume that the relevant functions are
sufficiently smooth. We also assume:

Assumption 3.1 There exist an integer j > 2; known functions

Vi: X - R,
N;: X —[0,00), and
¢i : [Oa OO) - (0,00),

and real numbers a; € (0,1] such that V;(0) =0 and N;(0) =0 for all i;

VVi(z)f(z) < —Ni(z) Vze X ; and (3.18)

Vi) f(@) < ~Ni(@) + i (Vale zw W) (319)

fori=2,...,4 and oll x € X. The function V1 is also assumed to be positive
definite on X.
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Assumption 3.2 The following conditions hold:

1. there exists a function p : [0,00) — (0,00) such that

J
Z./\fl(a:) > p(Vi(z))Vi(z) Vo e X; and (3.20)
1=1

2. there exist functions pa,...,p; : [0,00) — [0,00) and a positive definite

function p such that for each i € {2,...,7}, the following hold: (a) If V; is
positive definite, then

pi(r) =0 and |Vi(z)] < ﬁ(Vl(a:)) (3.21)
forallr >0 and x € X. (b) If V; is not positive definite, then
Vi) < pi(Vi(2))Va(x) (3.22)
holds for all x € X.

Assumptions 3.1 and 3.2 agree with the ones in [106], except that [106]
requires the functions p; to satisfy (3.22) for all ¢ and all x € X (instead
of Condition 2. from Assumption 3.2). We refer to Assumptions 3.1 and 3.2
as our Matrosov Conditions, owing to their use of multiple functions V;.
However, there are several different sets of conditions that are referred to as
Matrosov Conditions in the control literature. We prove:

Theorem 3.1. Let Assumptions 3.1 and 3.2 be satisfied. Then one can ex-
plicitly determine C* functions ky, ) € Koo such that the function

5 = S (M) + o)) (3.23)
=1

satisfies
S(z) > Vi(x) (3.24)
and
VS@)f(e) < ~3p(Vi@) Vi) (3.25)
forallx e X.

Remarks on Assumptions

Remark 3.1. f X = R™ and V is radially unbounded, then (3.24) implies that
S is a strict Lyapunov function for (3.17). If V; is not radially unbounded,
then S is not necessarily radially unbounded and therefore one cannot con-
clude from standard Lyapunov theory that the origin is GAS. However, in
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many cases, GAS can be proved through a Lyapunov-like function and extra
arguments, e.g., by proving that any trajectory belongs to a compact set in-
cluded in X. This is often true in biological models that are based on mass
conservation properties, such as the one we discussed in Sect. 3.1.

Remark 3.2. If V1 is also lower bounded by a positive definite quadratic form
in a neighborhood of 0, then (3.25) implies that the time derivative of S
along the trajectories of (3.17) is upper bounded in a neighborhood of 0 by
a negative definite quadratic function. Also, (3.24) gives a positive definite
quadratic lower bound on S near the origin.

3.3 Proof of Continuous Time Theorem

Throughout the sequel, all inequalities should be understood to hold globally
unless otherwise indicated, and we omit the arguments of our functions when
they are clear from the context.

Construction of the k;’s and £2;’s

Fix j > 2 and functions satisfying Assumptions 3.1 and 3.2. Fix ko,...,k; €
C' N K4 such that

ki(s) > s+pi(s)s and ki(s) > 1 (3.26)
for all s > 0 for i = 2,3,...,7. The following simple lemma is key:
Lemma 3.1. The functions {U;} defined by
Ui(z) =Vi(z) and U;(z) = ki(Vi(z)) + Vi(z) for i >2

satisfy 2k; (Vi (z)) +p(Vi(z)) > Ui(z) > Vi(a) fori=2,....j and allz € X.

Proof. Assumption 3.2 and our choices of the k;’s give

Ui(z) = Vi(z) + pi(Va(2)) Vi(z) — ps(Vi(a)) Vi(z) = Vi(z) and
Ui(z) < ki(Vi(2)) + pi (Vi(2)) Vi(z) < 2k (Va(x))

for all indices i > 2 for which V; is not positive definite. For the other in-
dices, the desired inequalities follow from (3.21) and the non-negativity of
the corresponding functions V;. This proves the lemma. O

Returning to the proof of the theorem, set ki(s) = s, and define the
functions U; according to Lemma 3.1. We can recursively define continuous
non-decreasing functions y; : [0,00) — [1,00) such that
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(Vi) > 2004) 3 1 2k(VE) + p(V) (3.27)
I=1+1

everywhere, where

i DV — (1—ai)/a;
O(V1) = max;—2,.; {éﬁfi (V1) {%} } (3.28)

for i = 1,2,...,7. For convenience, we set u;(v) = 1, and we introduce the
functions

) = [ i

Then 2/(s) > 1 for all s > 0 and 4, and Lemma 3.1 gives

Q) = 20(Vi) Y. G (3.29)
=141

for all 4 and x € X. In particular, we have £2;(p) = p.

Stability Analysis

Since 21(s) > 1 everywhere, we get 21 (U (z)) > Uy (x) = Vi(x) everywhere.
Hence,

S(x) = (2Vi(z)) + Z 2;(Us()) (3.30)

satisfies (3.24). To check the decay estimate (3.25), first note that Assumption
3.1 and our choices of the k;’s give

VS(@)f(x) = 224 (2U)Vi + Z 24U [V Vi + Vs
< Ej:(z;(U v, _
Z 2.
Zrz’ (@ Vi) ZNV)

=1

(3.31)

along the trajectories of & = f(x). Define the everywhere positive functions
FQ, PN ,Fj by
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4G - D - D)6 @)
Lilw) = Vi) '

For any ¢ > 2 for which 0 < a; < 1, we can apply Young’s Inequality

1 1
vivg < 0f + 0§, with p=—, ¢= ;
a; 1—ai

)

v1 = I} 7% ()N (x), and vy = {

to get
V1 (1’)

Ii(x)
for all z € X. The preceding inequality also holds when a; = 1, so we can
substitute it into (3.31) to get

N @V (@) < L7 @)Ni() +

< =Y QUUIN + zp(Vi)Vi (3.32)

by our choices of the I}’s and the formula for ¢ in (3.29).
Since 2, > 1 for all 4, Assumption 3.2 gives

J
Z QUUIN; > p(Vi)Vi.
i1



3.4 Discrete Time Theorem 69

Hence, (3.32) gives

J
VS(2)f(z) < —3p(V)Vi = 5 ) 24(UIN;
j =t il
"HP(Vl)Z (QQ(UJ“ ZM) .
i=2 1=1
By reorganizing terms, one can prove that
J , i1 Jj—1 J L
3 (mwna—i ZM) -y ( ) rz;(Ul)w) N | (3.33)
i=2 1=1 i=1 \l=1+i

It follows that

VS(@)f(x) < —3p(Vi)Vi
Jj—1 J
I Bl B AR VA SRR BYS
=1 =141

Since the N;’s are non-negative, (3.25) now readily follows from (3.29). O

Remark 3.3. When a2 = ... = a; = 1, Assumption 3.2 can be relaxed by
replacing (3.20) by the assumption that

x ZM(J:) (3.34)

=1

is positive definite, in which case we instead conclude that V.S(z)f(x) is
negative definite. The proof proceeds as in the proof of Theorem 3.1 through
(3.31). Then we can directly apply (3.29) and (3.33) to get

VS(@)f(r) < —%Z (@)

everywhere. The result follows because {2, > 1 everywhere for all i.

3.4 Discrete Time Theorem

We turn next to an analog of Theorem 3.1 for the discrete time system

Tp41 = f(.l?k), T €X (3.35)
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where X C R™ is open and contains the origin. Throughout this subsection,
we make these two assumptions:

Assumption 3.3 There exist a constant a € (0,1]; an integer j > 2; con-
tinuous functions v1, M, ¢; : X — [0,00) fori=1,2,...,4; and continuous
functions v; : X — R fori=2,...,j such that

n(f(z)) —n(z) < —M(z) (3.36)
for allx € X and
i—1
vi(f(2)) = vi(w) < =Mi(@) + di(vr (@) (@) 7Y M (@) (3.37)
1=1

forallz e X andi=2,3,...,5.

Assumption 3.4 There are continuous functions Cy, : [0,00) — (0,00) for
k=1,2,3,4 such that the functions from Assumption 3.3 satisfy

Y My(z) = Ci(ni(x))|zf? (3.38)
1=1
and
Co(vi(2))|z]* < wi(e) < Cs(w(@))]af? (3.39)
forallz € X and
vi(2)] < Ca(na(z))]al? (3.40)

forallz e X andi=2,3,...,7.

Assumption 3.3 is the discrete time analog of the continuous time Matrosov
Condition in Assumption 3.1 except for simplicity, we took all of the a;’s to
be equal. Notice that we are not requiring the auxiliary functions v; to be
non-negative for ¢ > 2, although v is non-negative.

Theorem 3.2. Assume that the system (3.35) satisfies Assumptions 3.3 and
3.4. Then we can explicitly determine non-decreasing everywhere positive C'
functions k; such that the function

J

S(z) = Zm(vl(a:))l/l(x) (3.41)

1=1
satisfies
S(z) > |af (3.42)
and
S(f(x)) = S(z) < —vi(w) (3.43)

for all x € X. Therefore, S is a strict Lyapunov function when X = R"™.
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Remark 3.4. We have chosen to study the case where the auxiliary functions
Va,V3,...,v; are bounded from above by a positive definite quadratic func-
tion in a neighborhood of the origin. We made this choice because it leads
to reasonably simple calculations. We strongly conjecture that a strict Lya-
punov function construction can also be carried out without making this local
quadratic upper bound assumption.

3.5 Proof of Discrete Time Theorem

Throughout our proof, all inequalities should be understood to hold for all
x € X unless otherwise indicated. We can easily find a C' non-decreasing
function I : [0,00) — [1,00) such that

+1<I'(r) Yr>0. (3.44)

Hence, (3.36) and the non-negativity of v; give
P (f(2)vi(f(2) = T(n(@))r(z) < —(vi(x))Mi(z) (3.45)
for all x € X. Also, (3.39) and (3.40) give

Ca(vi(x))
Ca(vi(x))

We introduce the functions

vi(x) + vi(z) > 0. (3.46)

=1, and Ti(x) = I'(v(z)vi(x) + vi(x) fori=2,3,...,5. (3.47)

Then
vi(z) > vi(x) Vi (3.48)
Also, (3.37) and (3.45) give
i—1
7i(f(@) = 7i(x) < —Mi(@) + ¢i (1 (2) D M (@)v} =" (x) (3.49)
=1

for i > 2. We define the functions Vi, Va,...,V; by
l
Vi(z) = vi(2) and Vi(z) = Tp(x) for 1>2. (3.50)
r=1

Each function V] is positive definite, because v is positive definite. Moreover,
a simple calculation yields
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Vi(f(@)) = Vi(z) < =Ni(x) +i(Vi(2)Vi' ™ (@)N (@) (3.51)

for all i > 2, where

Ni(z) = Zi:./\/lr(m) (3.52)

und
i(Vi(z)) = iiaﬁr(vl(x)) (3.53)

everywhere for i = 1,...,j. We also setrzz
Y1(m) = 0 Vm. (3.54)

We can recursively define everywhere positive non-decreasing C! functions
o, 1, ..,01 that satisfy

a;(r)Ci(r)

s 2 (3.55)
and . R
e AT o < Lo (3.50
G (3o (9

fori=1,2,...,5—1.
Consider the functions

Ui(z) = o (Vi(2)) Vi(z) fori=1,2,..,5 and
J (3.57)

Notice that for all i € {1,...,j}, we have
Ui(f(z)) — Ui(z) = ay (V1 (f(@))‘/;(f(f)) — o (Vi(2)) Vi().

Since Vl(f(x)) < Vi(z) and each «; is non-decreasing, and since each V; is
positive definite, we deduce that

Ui(f(2)) = Ui(z) < a;i(Vi(a)) [Vi(f(z)) = Vi(x)]. (3.58)
It follows from (3.51) that

Ui(f(x)) = Ui(x)
< ai(Vi(@) | = Ni(@) + i (Vi (2)) Vi ()N ()|

(3.59)
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Therefore,

Uf @) —Ux) <Y [ a0 (Vi ()N ()

r=1

(V) (4 )V auwﬁ_l(x)]

(3.60)
< —Zar Vi) A; (2)
+Z [a,« (i) (R )V @1 (0)]
where the last inequality is from (3.54). We deduce that
U(f(@) = U) < =D ar(Vi@)) N (@)
;j (3.61)
+ 3 a1 (Vi(@) o (Vi) VI ()N ().
Using the fact that
J Jj—1
> ar(Vi(@)Ne(z) = a; (Vi) N () +Zar Vi(2)) N, (2)
> a; (Vi(2))Cy (1 (x |x|2+Zar Vi(2))Nr ()

and therefore also

xr
r=1 7 (3.62)

_ _aj(Vi(@)Ci(Vi(=))
U(f(x) —Ux) < ~ G Vi(x)

D> - (AN ) (369

tar i1 (Vi(@)) g (Vi (@) V]~ (@) N2 ().
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Setting
Fr(S) — 031;(1(8) aE(S)
Cr7 () ™ (s)

1/a

for r =1,2,...,7 — 1, Young’s Inequality pqg < p*/(1—=%) 4 ¢/ applied with

be o " (Vi(@))C1 " (Vi(@)Vi () and
(2))1=C5 " (Vi ()

q = (2))' " “Yr1 (Vi (@) 17 (Vi(2)) N7 ()

for a # 1 gives

a1 (Vi(@) 1 (Vi () Vi~ (@) NV ()

a;(Vi(z))C1(Va(z))
2jC3(Vi(z))

+(25) 5 T (Vi ()1 (Vi (2) )N ()

Vi(z) (3.64)

for all possible a € (0, 1].
Combined with (3.63), this gives

U(f(x)) —U()
~a;(Vi(2))Cr (Vi())
T 2C;3(Vi(z))

+Z —ar(Vi@) + (25) ="

Vi(z) (3.65)

L (@) (Vi) | Noa),

for all possible a € (0, 1]. Since our functions «a; satisfy (3.56), we get

0, V(@) Ca(a(e)

U(f(x) —Ulx) < - 2C5(Vi(2))

(3.66)

Using (3.40), we can determine an increasing C'! function A : [0, 00) — [1, 00)
such that

[U(z)| < A(Vi(2))Vi(z) Vz e X and

(3.67)
Ar) > ﬁ(r) vr > 0.

We easily deduce that

S(z) = U(x) + 24(Vi(x)) Va() (3.68)
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satisfies

S() > AVi(@)Vi(z) > % > |af? (5.69)
and

s() - s < ~SEEE A Oly@. )
Combined with our condition (3.55) on «j, this proves the theorem. g

3.6 Illustrations

3.6.1 Continuous Time: One Auxiliary Function

Let us show how the strict Lyapunov-like function (3.12) we constructed in
Sect. 3.1 follows as a special case of Theorem 3.1. Choose V; and V5 as defined
n (3.6) and (3.9), respectively. Then our decay conditions (3.8) and (3.10)
imply that Assumption 3.1 is satisfied with j = 2, NV7(8) = 5%, N2(3) = %772,
as = 1, and the constant function
_ b, KO = ym)?
22(8) = 5, 1 '

Moreover, since V; is bounded from above by a positive definite quadratic
function near 0, we can find an everywhere positive function p so that

p(ViVi < min {1,513 +7%) ZN 5.9)

on X. (In fact, we can choose p so that outside a neighborhood of zero,

c
14+wv

p(v) =

for a suitable constant c.) Thus, the first part of Assumption 3.2 is also
satisfied.
Next note that because max{(yar —¥)(y — Ym) : ¥ € [ym. M1} = 3 (vmr —
Ym)?, we know that
1 , 20,
+ 2
27m K'Ym(’YM - 'Ym)

1 4o,
v = minq —, , 3.71
- {vm Ky (v —vm)z} (371)

- 1 5 .
72 2 __(82—’—72)7

Vi(5,9)

Vv
o‘;
)

where
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holds on X. This and the triangle inequality |53| < 15 4 137 give

V1(§ﬂ) )

VG = 159 <

(Our choice of V5 was motivated by our desire to have the preceding estimate.)
Hence, the second part of Assumption 3.2 is satisfied as well, so Theorem 3.1
applies with the constant function

S
[\V)
~
VA
2z
I

I | =

We now explicitly build the strict Lyapunov-like function from Theorem 3.1.
Since j =2 and as = 1, we get

hence
Ua(3,7) = 11Vi(5,9) + Va(8,9),

where 17 is the constant we defined in (3.11). Also, we can take ¢ from (3.28)
to be ¢2 to get

2

K - Im 2
21(s) = H}—M—Fi(rmj? Ym) }s and

25(8) = s.

Hence the formula (3.30) for S becomes

2 K _ 2
5(5.3) = Uas.5) + 2| T4 KON 202 w5 )

(3.72)
293
U

=Va(5,%) + [T1 + + K (v — '7m)2:| Vi(5,9)

which agrees with (3.12).

3.6.2 Continuous Time: Two Auxiliary Functions

We next consider a case where the function (3.23) constructed in Theorem
3.1 is radially unbounded and therefore is a strict Lyapunov function. We
consider the system

@1 = T2
{$2 = =1 — x% (373)
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We use the functions

Vi(z) = z(af +23)*, Ni(z) = (aF + 23)a3
Va(z) = 5(af +a3), Na(z) =23, (3.74)
Vs(z) = 3(2% + 2d)miza, and Nj(z) = §[a? + 23] .

Along the trajectories of (3.73), the functions V; satisfy

Vi(z) = —Mi(2),
Va(z) = —Na(z), and

Vg(a:) = (2% + 23][2% — 23 — z123] — Na(2)21 0.

N[

Therefore, the inequality xi2zo < %x% + %x% gives

V() < =N3(2) + ¢3(Vi(2))/Na(a) v/ Vi (@), (3.75)

where
¢3(r) =1+ 3V/r. (3.76)

One can easily check that

3
Z;Nr(x) = (af +a3)a3 + a3 + 3[2F + a3la? (3.77)
> p(Vi(x))Vi(x),
where p(r) = 1. Also, V4 and V3 are positive definite, and
Va(2)| < ps(Vi(a))Vi(z) , (3.78)

where p3(r) = 1. Therefore, Assumptions 3.1 and 3.2 are satisfied with j = 3,
p(s) = /s, ¢p2 = 1, as = 1, and a3 = 1/2. Hence, Theorem 3.1 provides
a strict Lyapunov-like function for (3.73), which turns out to be a strict
Lyapunov function.

Let us construct the strict Lyapunov-like function from the theorem. Since
p2(s) =0, we can satisfy the conditions (3.26) on the k;’s by taking

kl(s) = kQ(S) =S and kg(s) = 2s.
The functions U; from Lemma 3.1 are therefore

Ui(z) = Vi(z), Usx(z) =Vi(z) + Va(x) , and

Us(z) = 2Vi(z) + Vs(z). (3.79)

Since az = 1 and a3 = 1/2, the function @ from (3.28) is &(s) = 16(1+3+/5)%.
Therefore, we can satisfy the conditions on the §2;’s in (3.29) by taking
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25(s) =5, $2(s) = 325 + 128532 + 14457
21(s) = £25(s) + 322 (49s + 1055 + 80s%) , and (3.80)
S(x) = 1(2U1(z)) + 22(Uz(z)) + Us(x).

With these choices, we obtain
S(z) < —ivi(x). (3.81)

In conjunction with the properness and positive definiteness of .S, this shows
that S is a strict Lyapunov function for (3.73).

Remark 3.5. The parameters in the functions {2; and (2 in (3.80) are large.
However, we can construct a global strict Lyapunov function for (3.73) with
smaller parameters, by the following direct construction.

We have

Us(z) = —(Ni(z) + Na(z)) , and (3.82)
Us(z) < =2N1(x) = N3() + ¢3(Vi(2)) /Na(2)/Vi(2)
Therefore,

Us(x) + Usz(x) < —Ni(2) — Na(z) — Ns(x)

+¢3(Vi(x)) v/ Na()/Vi(2)

“Vi(2) + 65(Vi(2))/Na(@)/ Vi) (3.83)
< —3Vi(@) + 303(Va(2))Na(2)

< V() + (1 + V(@) ()

IA

where the second inequality is by (3.77). Let
S(z) = 2Us(x) 4 8UZ () + Us(z). (3.84)

This function satisfies ) L
S(z) < —5Vi(2) . (3.85)

Moreover, S is positive definite and radially unbounded, because the U;’s are
bounded below by V;. Therefore S is a strict Lyapunov function for (3.73).
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3.6.3 Discrete Time Context

We illustrate our discrete time Lyapunov function construction from Theorem
3.2 using the system
Pk+1 = 4k

dk+1 = Tk (3.86)

_ 3 _Pk
Tkl =Pk~ 1742

Let = (p, ¢, 7). We check the assumptions of the theorem using

n(z) =3[P+ @ +r2], w(@) =1 v(z) =4

. (3.87)
Mi(z) = %15-7’ My(x) =72, and Mj(z) = ¢>.
Notice that
vi(zhe1) = vi(@k) = 5[PE 1 + 0 + i) — 310+ @ 7]
2
_ 1 3 Pk 2
=5 ||Pk— 7 v —pk]
? [( i) (3.88)
_1 [_§ i 9 _ P }
-2 2 1+p% 16 (1+p%)2
< =My ()
Also,
va(ari1) —va(wg) = 17,y — 7}
2
= —My(zp) + (1 _ %ﬁg) ) (3.89)
2
< —Ma(ei) + 2 (1- 37 ) (14 pDMu()
and
v(wry1) — v3(@r) = iy — qp = —Mas(ar) + Ma(zs). (3.90)
In summary,
v (xpy1) — v1(zr) < —Ma(ag)
vo(xpy1) — vo(zr) < —Ma(zk) + d2(v1(zr)) M (o) (3.91)
v3(@h41) — va(wk) = —Ms(ax) + d3(v1(zr) ) Ma(zy) ,
where 19
$o() = “=(1+20) and ¢3() =1. (3.92)

15
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It follows that Assumption 3.3 is satisfied. Moreover, for all choices of z,

. 15 p? 2 2 2
E M (z) = +q*+7r* > Ci(ni(x))|z)*
=1

321 + p2

Co(v1(2))]z]? < vi(z) < Cs(vi(x))|z[?, and (3.93)

vi(z)] < Ca(r(x))]af? fori=2,3

where

15

Ci(l) = 3201+ 20)

Co(l) = Ci(l) = % and Ca(l) = 1

for all [ > 0. Therefore, Assumption 3.4 is satisfied as well, so Theorem 3.2
applies. Hence, we can construct a strict Lyapunov function for the system
(3.86) by arguing as in the proof of Theorem 3.2.

Let us construct a strict Lyapunov function for (3.86) of the type guaran-
teed by the theorem. Since

21/2($k+1) - 2V2($k) + V3($k+1) - V3(mk)

o (3.94)
= —Ms(xg) — Ma(xy) + ﬁ[l + 2v1 (zg) ] M1 (1),
the radially unbounded positive definite function
— 94
S(x) = i 1+ 2v1(2)] 1 (2) + 2v2 () + v3(2). (3.95)
satisfies
S(xps1) = S(zr) < =2[1+ 201 (2p) [ M (z2) — Mo(ar) — Ms(z1) (3.96)
< —vilak)

which is the desired decay condition.

3.7 Comments

The recent paper [111] provides an alternative and very general Matrosov
approach for constructing strict Lyapunov-like functions. However the Lya-
punov functions provided by [111] are not in general locally bounded from
below by positive definite quadratic functions, even for globally asymptoti-
cally linear systems, which admit a quadratic strict Lyapunov function. The
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shape of Lyapunov functions, their local properties and their simplicity mat-
ter when they are used to investigate robustness properties and construct
feedbacks and gains.

The differences between Assumptions 3.1 and 3.2 and the assumptions
from [111] are as follows. First, while our Assumption 3.1 ensures that V3
is positive definite but not necessarily proper, [111] assumes that a radially
unbounded non-strict Lyapunov function is known. Second, our Assumption
3.1 is a restrictive version of Assumption 2 from [111]. More precisely, our
Assumption 3.1 specifies the local properties of the functions that correspond
to the x;’s of Assumption 2 in [111]. Finally, our Assumption 3.2 imposes
relations between the functions A; and V;, which are not required in [111].
An important feature is that we do not require the functions Va, ..., V; to be
non-negative.

Our treatment of (3.3) is based on [106]. Since the Matrosov constructions
in [111] assume that the given non-strict Lyapunov function is globally proper
on the whole Euclidean space, and since (3.6) does not satisfy this require-
ment, we cannot construct the required explicit strong Lyapunov function for
(3.3) using the results of [111]. Notice that the strict Lyapunov-like function
(3.72) that we constructed for the anaerobic digester is a simple linear com-
bination of Vi and V5. By contrast, the strong Lyapunov functions provided
by [111, Theorem 3] for the j = 2 time-invariant case have the form

S(@) = Q1(Vi(2))Vi(2) + Q2(Vi(x)) Va(w),

where ()7 is non-negative, and where the positive definite function @2 needs

to globally satisfy
Vi) < —1 ( w(x) ) ,
@)= )

where

VVa(z)f(z) < —Nao(z) + o(Ni(2))p(|z])

for some ¢ € K and some everywhere positive non-decreasing function p
and the positive definite function w needs to satisfy Ni(z) + Na(z) > w(x)
everywhere. In particular, we cannot take Q2 to be constant to get a linear
combination of the V;’s, so the construction of [111] is more complicated than
the one we provide here. Similar remarks apply to the other constructions
in [111]. See Chap. 8 for strict Lyapunov function constructions under more
general Matrosov type conditions.



Chapter 4
Jurdjevic-Quinn Conditions

Abstract The Jurdjevic-Quinn Theorem provides a powerful framework for
guaranteeing globally asymptotic stability, using a smooth feedback of arbi-
trarily small amplitude. It requires certain algebraic conditions on the Lie
derivatives of a suitable non-strict Lyapunov function, in the directions of
the vector fields that define the system. The non-strictness of the Lyapunov
function is an obstacle to proving robustness, since robustness analysis typi-
cally requires strict Lyapunov functions.

In this chapter, we provide a method for overcoming this obstacle. It in-
volves transforming the non-strict Lyapunov function into an explicit global
CLF. This gives a strict Lyapunov function construction for closed-loop
Jurdjevic-Quinn systems with feedbacks of arbitrarily small magnitude. This
is valuable because (a) the non-strict Lyapunov function from the Jurdjevic-
Quinn Theorem is often known explicitly and (b) our methods apply to
Hamiltonian systems, which commonly arise in mechanical engineering. We
illustrate our work using a two-link manipulator model, as well as an integral
input-to-state stability result.

4.1 Motivation

Consider the two-link manipulator system from [5]. This is a fully actuated
system obtained by viewing the robot arm as a segment with length L and
mass M. Letting m denote the mass of the hand, r the position of the hand,
and 0 the angle of the arm, we get the Euler-Lagrange equations

L2\ . .
(mr2+M—> 0+ 2Mrir0 =1

3 (4.1)
mi —mrf? = F |

where 7 and F' are forces acting on the system. See Fig. 4.1.

83
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__

Fig. 4.1 Linear rotational actuated arm modeled by Euler-Lagrange Eq. (4.1)

It is well-known that (4.1) can be stabilized by bounded control laws.
However, it is not clear how to construct a CLF for the system whose time
derivative along the trajectory is made negative definite by an appropriate
choice of bounded feedback. Let us show how such a CLF can be constructed.

For simplicity, we take

m=M=1, L=v3, 21=0, 30=0, x5 =7, and x4 =7.
The system (4.1) becomes

2r3x2%4 T

Ty =2, T =
T3 = T4, .i‘4=$3.%‘%—|—F.
We construct a globally asymptotically stabilizing feedback that is bounded
by 2, and an associated CLF for (4.2). We set
1

W

for all p € R throughout the sequel.
Consider the positive definite and radially unbounded function

1
V(x):§ (x§+1)x§+xﬁ+\/1+x§+\/1+x§—2} , (4.3)
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which is composed of the kinetic energy of the system with additional terms.
With the change of feedback

T = —x1<.’£1> +7, F= —x3<x3> + Fy, (44)
the system (4.2) takes the control affine form

&= f(z) + g(z)u, where

i) 0 0
—2z3x2x4—x1(T1) 1 0 (4 5)
— Th .
flz) = 2341 , glx)= 5+ , and u = { ]
@=| (@)= |3 v
r373 — w3(T3) 0 1

Next consider the vector field
G(x) = (0,21,0,23)"
and the function
VEix) = 40[24 2V (2)]° + LaV (z) — 40(2°) . (4.6)
One can show that when we choose the feedbacks
Ty = —x2(x2) and Fy = —x4(xy), (4.7)

the time derivative of V*# along the trajectories of the closed-loop system (4.5)
satisfies

VHa) <~ [#on) + o) + alas) + od )] | (48)

and that V* is proper and positive definite; see Sect. 4.7.2 for details. The
right hand side of this inequality is negative definite, and the feedback (7, F')
given by (4.4) and (4.7) is bounded in norm by 2, as desired. Also, since the
feedback is 0 and continuous at the origin, the CLF (4.6) satisfies the small
control property. We turn next to a general construction that leads to V* as
a special case.

4.2 Control Affine Case

4.2.1 Assumptions and Statement of Result

We first consider control affine systems

&= f(x) + g(x)u (4.9)
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with state space X = R™ and control set U = R™, where f : R — R” and
g : R?” — R™ ™ are assumed to be smooth, i.e., C*°, and f(0) = 0.} In Sect.
4.3, we use our arguments for the control affine case to extend our results to
general nonlinear systems @ = F(x,u). We assume the following:

Assumption 4.1 There is a storage function V : R™ — [0,00) such that
LV (x) <0 everywhere. Moreover, there is a smooth scalar function ¢ such
that if « # 0 is such that LV (x) = 0 and LyV(z) = 0 both hold, then
Lf’(b(.%‘) < 0.

We refer to ¢ as the auziliary scalar field; see [41] or Sect. 4.4 below for
general methods for constructing ¢y when the Weak Jurdjevic-Quinn Condi-
tions are satisfied. Our main result for (4.9) is:

Theorem 4.1. Let (4.9) be such that Assumption 4.1 is satisfied. Then we
can explicitly construct C' functions A\ and I’ such that

U(x) = MV (2)) (@) + T'(V () (4.10)

is a CLF for (4.9) that satisfies the small control property. In fact, for any
smooth everywhere positive function £ : R™ — (0,00), we can construct A
and I' in such a way that (4.10) is a strict Lyapunov function for (4.9) in
closed-loop with the feedback u(z) = —&(z)L,V ()" .

In particular, we get stabilizing feedbacks of arbitrarily small amplitude.

4.2.2 Main Lemmas

We use the following lemmas to prove Theorem 4.1. We use the notation

N(z) = —min{0, Lyyp(z)} ,
H(z) = —LsV(z)+|LsV(x)]?, and (4.11)
S(x) = H(z) + N(z) .

Lemma 4.1. The function S(x) is continuous and positive definite.

Proof. By Assumption 4.1, both H and A are non-negative, so S is non-
negative. On the other hand, if S(z) = 0, then LV (2) =0, L,V (2) = 0 and
L¢p(x) > 0. Then Assumption 4.1 implies that o = 0. O

A key feature of our proof of Theorem 4.1 is that it provides explicit
formulas for functions A and I" such that (4.10) is a CLF for (4.9). In fact,
we will prove later that (4.10) is a CLF for (4.9) when

1 The smoothness assumptions in this section can be replaced by the assumption that
the relevant functions are C* where k is large enough to make the CLF and feedback we
construct C1.
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r) = [y v(s)ds

4.12
where ~(s) = 1+ K/(s)s + 3 [Kl( )+ K7(s )] 2

and K and A satisfy the requirements of the following lemma:

Lemma 4.2. Let Assumption 4.1 hold. Then we can construct a function
A € Ko NCY and a C! increasing function Ky : [0,00) — (0,00) such that
A(s) < Ki(s) everywhere,

Av) <v Yo >0, and (4.13)
N(V(@)w(@)| + AV (2) < Ki(V(2)) , (4.14)
()] < Ky (V(2)) (4.15)
[Lop(z)]* < Ka(V(2)) (4.16)
and
AV (2)) [1+max{0, Ly (2)}] < S(a) K1 (V(x)) (4.17)

hold for all x € R™.

Proof. Since S is positive definite and V is proper and positive definite, we
can find a continuous positive definite function pg so that S(z) > po(V (x))
for all z € R™ (by first finding a positive definite function p that is increas-
ing on [0,1] and decreasing on [1,00) such that S(z) > p(|x|) everywhere).
Hence, Lemma A.7 provides A € K4 N C! such that (4.13) is satisfied and
an everywhere positive increasing function K € C' such that

AV (x)) < S(x)K(V(x)) Yo € R™. (4.18)
We can also find an increasing function & € C* such that
14+ max{0, Ly (x)} < R(V(x)) Vo € R™ (4.19)

Combining (4.18) and (4.19) provides an increasing function x; € C! such
that

MV (2))[1 4 max{0, Lyy(z)}] < S(z)r1(V(z)) Vo € R™. (4.20)

Next, one can determine everywhere positive increasing functions x; € C!
for i = 2,3,4 such that

N (V@) @)] +A(V(2) < k2 (V(2)) (4.21)

and
[(z)] < k3(V(z)) and |Lgp(z)]* < ka(V () (4.22)

(
hold for all x € R™. Since X' > 0, the inequality A(s) < ka(s) is satisfied
everywhere. It follows that
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Ki(v) =Y ki(v), (4.23)

i=1
is such that the inequalities (4.14)-(4.17) are all satisfied. O

In the sequel, all (in)equalities should be understood to hold for all x € R™
unless otherwise indicated. The following lemma is a key ingredient in our
proof of the Lyapunov decay condition for (4.10):

Lemma 4.3. Let the functions \ and K1 satisfy the requirements of Lemma
4.2. Then for all x € R™, the inequality

AV (2))Lep(z) < =A(V(2))S(z) + 2K1(V(z)) H () (4.24)

is satisfied.

Proof. According to the definition of NV, we get
Ly(@) = —N(@) +max{0, L(@)}. (4.25)

Therefore, (4.17) from Lemma 4.2 gives

AV (@) Lyp(z) = =NV ()N () + A(V (z)) max{0, L (z)} (4.26)
< =AMV (@)N(z) + S(2) K1 (V(2)). '
We consider two cases.
Case 1. Lgp(x) <0. Then, (4.26) gives
AV (@) Lyib(x) = ~N(V ()N (2) 2

= =MV (2))S(x) + H(@)A(V(2)).

Case 2. Lyp(x) > 0. Then, the definition of A in (4.11) gives N'(z) = 0,
which implies that S(z) = H(z). This combined with (4.26) yields

AV (@) Ly (x) < H(x) Ky (V(x))

AV (@)S() + H@) K V(@) - AV (@) 2

We deduce that in both cases,
AV (z))Lpp(z) < =A(V(2))S(2) + H(z) [Ki(V(z)) + A(V(2))] . (4.29)

The result follows because \(s) < Kj(s) everywhere, by (4.14). O

4.2.3 Checking the CLF Properties

Returning to the proof of Theorem 4.1, let I" be the function defined in (4.12),
and let K7 and A be the functions provided by Lemma 4.2. We check that
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the resulting function U from (4.10) satisfies the required CLF properties.
Notice that I'(v) > v+ [ [K{(s)s + K1i(s)]ds = v 4+ Ki(v)v everywhere, so

Ux) > XV () () + V(z) + K1 (V(z))V(z) (4.30)
holds for all z € R™. From (4.13) and (4.15), we deduce that
U(z) > V(x) (4.31)

so U is positive definite and radially unbounded.
The time derivative of U along the trajectories of (4.9) is

= AV (2))[Lsy(2) + Lgp(x)u
+[N(V(2)d(x) +F'( ())
=AMV (@) Lypo(z) + [N (V(2))
+O(z)u

]
J[L4V (@) + LV (w)u]

(4.32)
() + I'(V(2))] Ly V (2)

)
)

O(z) = MV () Lg(z) + {X(V(x))w(x) + W(V(x))}LgV(x) (4.33)

Using Lemma 4.3 and the definition of H in (4.11), we deduce that

Ux) < =MV (2))S(x) + 2K (V(z) [ — LV (2) + |LgV (2)[?]
+[N(V(2)v(z) + I'(V(x)] LV (z) + O(z)u (434)
= AV (2))S(x) + 2K (V(2))|LyV (2) ] + O(2)u

+[N(V(2))v(z) — 2K, (V(2)) +v(V(2))] LV () .

Recalling (4.14) and the facts that y(¢) > 3K (¢) forall ¢ > 0 and LV (z) <0
everywhere, we obtain

Uz) < B(z) + O(z)u , (4.35)
where
U(x) = —)\(V(a:))S(a:) + 2K, (V(x))|LgV(a:)|2 . (4.36)
Consider the control
u=—500(z) . (4.37)

It suffices to show that U(z) — 5002 () is negative definite because (4.35) and
(4.37) combine to give U(z) < U(x) —5002(z). To prove that U(x) — 5002 (z:)
is negative definite, we proceed by contradiction. Suppose that there exists
x # 0 such that U(z) — 500%(z) > 0, or equivalently,
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—)\(V(x))S(a;) + 2K, (V(x)) |L,V (x)]* — 50 {/\(V(J;))ng(m)

2 (4.38)
+{N(V(@)v() +~v(V())} LgV(m)} > 0.
Then,
2K, (V(z))|LgV ()]
2 (4.39)
> 50 /\(V(ac))ng(x)+{/\’(V(x))w(m)+7(V(az))}LgV(as)] .

Therefore, the general relation |a + b+ c| > |a| — |b] — |¢| for any real numbers
a, b, and ¢ gives

VEL(V (2))|LgV (x)| > 5|X(V (x)) Lyt (x)
+{N(V(x)(z) +v(V(2) } LyV (z)
> —5[\(V(2)) Lgp(x)| — 5N (V(2))1b(x)|| LV ()|
+5y(V(2))[LgV ()] -

It follows that

5IA(V(2)) Lyt ()]
> { K (V x)—5])\’(V(:r))1/)(x)]+57(V(x))] 1L,V (z)] .

From (4.14), we deduce that

(4.40)

SNV @) Ly (@)] = [—/Ki (V@) = 5KV (@) + 57 (V@) ] 12,V (@
[—1-6K(V(2)) +5v(V(2))]|LsV ()] -

Our choice of 7 in (4.12) then gives5| AV (z))Lgp(x)| > 3v(V(x))|LsV ()|
and therefore

0KV (0) BEERBAIE > 2k (V@) LV @P )

Since (4.38) implies that A(V (z))S(z) < 2K1(V(x))|L,V (z)]?, we get

50I (V () RUEILOE > )V () S () (4.42)
and then
SOKZ(V (@) bl AV (2) > S(2)K(V(2)) - (4.43)
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From (4.16), we deduce that

WAV (@) > S@)E(V () - (4.44)

Recalling our choice of « in (4.12), we have

50KF(V(x) 50K7 (V () < 50

972(V(z)) = 9n+3K>3(vV(x))2 — B8L° (4.45)

It follows that 29A(V(z)) > S(z)K1(V(x)). This contradicts (4.17). We con-
clude that U is a CLF for (4.9) that satisfies the small control property, when
I' is defined by (4.12).

4.2.4 Arbitrarily Small Stabilizing Feedbacks

In the previous section, we constructed a family of CLFs of the form

V(x)
U(z) = MV (2))(x) +/0 ~(r)dr (4.46)

for the control affine system (4.9). We now show that for any smooth function
& : R* — (0,00), we can choose v in such a way that (4.46) is a strict
Lyapunov function for (4.9) in closed-loop with

u(z) = —&(x)L, V()" . (4.47)

This will prove that for any control set U C R™ containing a neighborhood
of the origin, (4.9) is C! globally asymptotically stabilizable by a feedback
that takes all of its values in U.

To this end, pick any C' function ~ such that

Y(s) = 1+ Ki(s)s + 3 [Kals) + K72 (5)] Vs> 0 (4.48)

4K, (V(z))
&(x)
where K3 is the function provided by Lemma 4.2. We show that the time

derivative of (4.46) along the solutions of (4.9) in closed-loop with (4.47)
satisfies

y(V(z)) > +2K,(V(2)) + 26(x)K2(V(z)) Vo € R™, (4.49)

Ux) < —W(z), (4.50)
where

W) = DAV (@)S(@) + 6@ (V@) LV @)[".  (451)
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Here A is the function constructed in Lemma 4.2. The result is then immediate
from the smoothness of u and the fact that u(0) = 0, because V, A, and S
are all positive definite.

To prove the estimate (4.50), first notice that (4.35) and (4.48) give

U(x) < V() - O(x)¢(x) LgV ()

— B(@) — &) | A(V (@) Lyt Ly V()T (452)
LN V@) @) + (V@) |Lgv<m>ﬂ .

Therefore, our choice of U in (4.36) gives

U) < -A(V(x )) (@) + E@A(V (@) | Loth() || Ly V ()|

4.53

LR (V) e V@) )P
Recalling (4.14) and (4.16) gives

Ux) < =A(V(2))S(2) + @AV (2)) VEL(V (@) LgV (= (4.54)

2V + e (B (Vo) - W 0| |Lgv o
The triangle inequality cjca < ¢2 + %c% for non-negative ¢; and co gives

@AV (@) VEL(V (2))| Ly V ()|

< E@)EKF(V(x )|L V()| + v N (V@)

Combining with (4.54), we get
Uz) < -A(V(x))S(z) + WAQ (V(x))
4 [21(1 (V(2)) + &) { K1 (V(2) + (@) KE (V(2)) (4.55)
—(V(@)) }] LV (@),

Property (4.17) from Lemma 4.2 now gives

1
4K (V(2))

N (V(z) < =A(V(2))S(z). (4.56)

Hence, (4.49) and (4.55) give

U(z) < =37V (2))S(x) — 2(@)y(V(2))|L,V ()| (4.57)
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for all x € R™, which is the desired Lyapunov decay condition. This completes
the proof of Theorem 4.1. O
Remark 4.1. The simplicity of the formula for ¢/ depends on the choice for £.
For example, if we pick

1

§(x) = TR

then (4.49) becomes

(V) > 2K, (V(2)) + 6K (V(2)),
so we can satisfy (4.48)-(4.49) by taking

¥(s) = 1+ 3Ky(s) + K{(s)s + 6K}/ (s)

to obtain our strict Lyapunov function for the corresponding closed-loop sys-
tem.

4.3 General Case

We now use our results for the control affine system (4.9) to get analogous
constructions for general nonlinear systems

&= F(z,u) (4.58)

evolving on R™ with controls in R™, where F is assumed to be smooth. We
also assume F(0,0) = 0.
We can write

F(x,u) = f(z) + g(x)u + h(x,u)u, where
OF

f(z) = F(z,0), g(z) = %(x,O), and (4.59)
1
h(x,u)z/o {%(x,/\u)—%(@“ﬁ) A,

Since F is C? in u, we can find a continuous function R : [0,00) x [0,00) —
(0, 00) that is non-decreasing in both variables such that

h(z, wjul < R(|z, |ul)]ul?

for all x and u. Hence, we assume in the rest of the subsection that our system
has the form
z = f(z) + g(x)u+ r(z,u) (4.60)
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with f(0) = 0 and with r admitting an everywhere positive continuous func-
tion R that is non-decreasing in both variables so that

(2, w)| < R(|2l, u]) [ul? (4.61)

everywhere. Let Assumption 4.1 hold for the functions f and g in the system
(4.60) and some functions V and . Fix C* functions A\ and K satisfying
the requirements of Lemma 4.2 as well as

6\/( ) oY
max{%x -

5 &)
for all x € R™. We prove the following:

b )

LgV(x)|} < Ki(V(2)) (4.62)

Theorem 4.2. Let Assumption 4.1 hold. Let £ : R™ — (0,00) be any smooth
function such that

1 1
K1 (V(2))" 4K1(V(2))R(|2], 1)

£(z) < min{ } Vz € R™. (4.63)

Let v be any continuous everywhere positive function satisfying (4.48) and

(4.49) and

¢(@)R(|z], 1) K1 (V(2)) [V(2) + K1 (V(2))]

Y(V(x) = 0.5 — £(@) K1 (V (2))R(|z|, 1)

Vo € R™ . (4.64)

and let S(x) be as in Lemma 4.1. Then
Ux) = MV (2)(z) + T'(V(z)) (4.65)

is a CLF for (4.60) whose time derivative along trajectories of (4.60) in
closed-loop with
u(z) = —€(x)LyV(x)" (4.66)
satisfies
U(z) < —%A(V(az))S(x) Wz e R (4.67)

In particular, U satisfies the small control property, and (4.60) can be ren-
dered GAS to 0 with a smooth feedback u(x) of arbitrary small amplitude.

Proof. Since the requirements from (4.48) and (4.49) are satisfied, we deduce
from (4.57) and (4.61) that for all smooth everywhere positive functions &,
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; . (4.68)
<~V (@)S() - §§<x>w(v<x>)\LgV<x>|2

|2 )| &

R(jzl, |€(2) LV (2)]) [€(2) Ly V ()|

along all trajectories (4.60) when the controller w is from (4.47).
Next, observe that
ou v ov oY ov
a—x(a:) =\ (V(a:))w(x)a—x(x) + /\(V(a:)) %(x) + ’y(V(a:)) %(a:) (4.69)

Recalling (4.13) and (4.14) from Lemma 4.2, as well as the bounds (4.62)
deduce that

ou
a—x(x)

< Ki(V(z) + V(2)K

L(V(@) + (V@) K1 (V) . (4.70)
Therefore, (4.68) gives

Ux) < —

LSS

AV (2))8(x) = Le(@)y (V@) LV ()|
+[K1(V(x)) + V(@) + (V@) | R(lz|, (=) K1 (V(2)) (471
x€2(x) K1 (V(2)) |LV ()] .

By (4.63),

< GOk (4.72)
Hence,

U(x) < —3X\(V(2))S(z) — Le(@)y (V@) |LyV ()|

+R(|z|, 1)K (V(2)) | K1 (V(z)) +V(x)+7(V(m))} (4.73)
x€2(x)| LoV ()| .
Finally, our requirement (4.64) on 7 gives
U< -3\V()S(). (4.74)

This concludes the proof.
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4.4 Construction of the Auxiliary Scalar Field

Recall that Assumption 4.1 requires an auxiliary scalar field ¢ with the fol-
lowing property: If = # 0 is such that L;V(z) = 0 and L,V (z) = 0 both
hold, then Lyt (z) < 0. There are several methods for constructing ¢. In the
next section, we discuss a method for Hamiltonian systems. Here we present
a more general construction that applies to any control affine system

&= folx)+ Y filx)u (4.75)
i=1
with smooth functions f; : R* — R™ for ¢ = 0,1, ..., m that satisfies the?

Weak Jurdjevic Quinn Conditions: There exists a smooth function V : R" —
R satisfying:

1. V is positive definite and radially unbounded;

2. for all z € R™, Ly V(z) < 0; and

3. there exists an integer [ > 2 such that the set

xeR":Vke{l,...,m} and Vi € {0,... 1},

W(V) =
LfOV(a:) = Lad}o(fk)v(m) =0

equals {0}.

We construct ¢ as follows, where we omit the arguments of our functions
when they are clear from the context:

Proposition 4.1. If (4.75) satisfies the Weak Jurdjevic-Quinn Conditions
for some integer | and some storage function V, and if we define G by

-1 m
G=> Y Nxadj (fr), (4.76)
=0 k=1
where
-1
R _1)7—i+1 o ;
A,’k_Z( 1) Lad;i_7_z+1)(fk)v Vi, k, (4.77)
J=1

then the scalar field ¥(x) = LV (z) satisfies the following property: If x €
"\ {0}, and if Ly,V(xz) =0 fori=0,1,...,m, then Ly (z) <O0.

2 We are using slightly different notation for our control affine systems, to simplify the
statement of the next proposition. Recall that for smooth vector fields f, g : R” — R", we
use the notation

ad}(9) = g, ady(g9) = [f,9] = g+ f — frg, and ad(g) = ady (ad} ™" (9)),

where the * subscripts indicate gradients.
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Proof. The proof closely follows that of [41, Theorem 4.3]. The fact that

-1 m

[fo.GY =33 (adfo (fi) L g Nioe + A gady (fk)) (4.78)

=0 k=1
gives

Lify,c)V = Z Ly doxLpV+) A—tilaat (5)V

k=1
—2 m

* Z Lppisrs + Aik) Logivr () V-

1=0 k=1

Recalling our choices (4.77) of the A; x’s gives

-1

, o qyj—i o
Ly Nit1k + Xijp = z;rl( D™ Lo Lagzi=i(5)V
j 13

+Z Loz (V.
l— 1

= 3 (- {LfoLadig*«wa = LV
j=itl

_Ladgl(fk)V, 1<1l—-2.
For any smooth vector field X and any point x where Ly, V(z) =0,
L[fO,X]V(x) = LfOLXV(x), (4.79)
since VL,V (z) = 0 at points where the non-positive function Ly, V is max-
imized. (We are using the fact that Ly g = LyL, — LyLy for smooth vector
fields f and g.) Taking X = G and then
X = ady] "' (fi)

n (4.79), we conclude that at all points x where LV (z) = 0, we have

Lfow(x) = LfOLGV(a:) = L[fmG]V(a:) and
Lohivik + Xk = —Logiin )V

if i <1 — 2. By our choice of A\j_1 j from (4.77), we conclude that

I m 2
LpV(@) =0¥i=0,1,....m] = L) == [Luay sV (@)

i=1 k=1

The result is now immediate from the Weak Jurdjevic-Quinn Conditions. [J
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4.5 Hamiltonian Systems

Theorem 4.1 covers an important class of dynamics that are governed by the
FEuler-Lagrange equations

& (5r0) - Gowa = (4.80)

for the motion of mechanical systems. Here g € R™ represents the generalized
configuration coordinates, L = K — P is the difference between the kinetic
energy K and the potential energy P(q) > 0, and 7 is the control [183]. In
many applications,

K(qd) = 50" M(a)d

where the inertia matrix M(q) is C! and symmetric and positive definite for
all ¢ € R™. The generalized momenta 9L /9¢ are then given by

p=M(q)q-
Hence, using the state x = (¢, p) € R™ x R™ leads to the system

OH

(Q7p)T = M_l(q)pv p = _a_q(Q7p)T +, (481)

_on

where

H@m=%fM”@m+H® (4.82)

is the total energy of the system. We refer to (4.81) as the Hamiltonian system.
We assume that P is C! and positive definite.
The Hamiltonian system can be written as the control affine dynamics

&= f(z)+g(@)u
with state space X = R?", control set U = R”,

_{ filz) _OH _ OH
@)= (100 where i) = S0 and o) =~ S0,

and
g@y:<f>eR%M, (4.83)

where O € R?"*" denotes the matrix whose entries are all 0. One readily
checks that the time derivative of H along the trajectories of (4.81) satisfies

H@M=%§@MT (4.84)
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Therefore, if P(q) is positive definite and radially unbounded, then H is a
non-strict Lyapunov function. The radial unboundedness of H would follow
from the continuity of the (positive) eigenvalues of the positive definite ma-
trix M ~1(q) as functions of ¢ [161, Appendix A4], which implies that each
compact set S of ¢ values admits a constant c¢s > 0 such that

p M~ (q)p > cs|pl?

for all g € S and all p € R™. However, P is not necessarily positive definite and
radially unbounded. Fortunately, one can determine a real-valued function
A € C! satisfying A(0) = 0 such that the function

V)= H(gp) + M) = 5p" M @p+ Pal)  (485)
with
Pn(q) = P(q) + Alg) (4.86)

is positive definite, radially unbounded and C*. In fact, we can assume that
A is such that

—(q)’ > |ql- (4.87)

For simplicity, we take A(q) = 1|q|* — P(q).
Using the change of feedback

oA )T

3_q(q , (4.88)

T="Ty —

one can then check readily that the time derivative of V' along the trajectories
of (4.81) satisfies

V(g,p) = E(a.p)m+ B (0) 5 (0.p)"

o
=p M~ Y(g)m + L ()M (g)p (4.89)

After the change of feedback (4.88), the system (4.81) can be rewritten as

i=9%(qp)",

(4.90)
p = _%_‘;(Q7p)T + Th-
Let
. Jin(x)
fn(@) = ) ) where (4.91)

fin(x) = §(g,p)" and fon(x) = -G8 (q,p)" .
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We now show that Assumption 4.1 is satisfied by (4.90) with the choice

P(x) =q'p. (4.92)
We have
Ly, V(z) =0, (4.93)
LgV(x)=p"M~"(q) , and (4.94)
Lp,b(@) = q" fan(@) +p" fin(2). (4.95)

Therefore, if Ly V(z) = 0 and L,V (z) = 0, then p = 0 and therefore
L, (z) = q" fan(z) = —|q|?, so Assumption 4.1 is satisfied.

Since Assumption 4.1 is satisfied, we can construct a CLF that satisfies
the small control property for the system (4.90) and therefore also for the
system (4.81). In the particular case we consider, it turns out that we can
determine a function I' € C!' N K4 such that

U(x) =Y(x) + T'(V(x)) (4.96)

is a CLF for the system (4.90) that satisfies the small control property. To
stipulate I', we first let m; j(q) denote the (i,j) entry of M~'(q) for all
q € R™. The construction is as follows:

Proposition 4.2. Fir any non-decreasing everywhere positive C* function T
such that
L+ |[M(q)I* < T(V(2)) (4.97)

and

™l sup {|Fe@]:ain e ) < IO @08)

hold for all x = (q,p) € R*™. Choose a function o € Koo N C* with o/ (0) > 0
such that
V() > a(lp” +g]*)

everywhere.> Then with the choice
3 ¢ 1 .
re = 55 +2 [ TY(r)dr+ iT(Z)a ), (4.99)
0

the function (4.96) is a CLF for the system (4.90) that satisfies the small
control property.

3 Such a function a exists because the positive definiteness of M ~1 provides a constant
co > 0 such that V(z) > co|x|? on Ba,. To construct a, first find a function a € Koo N C?T
such that V(z) > a(|z|) for all x € R?”. By reducing cp as needed without relabeling,
we can assume that cor < a(y/7) on [0.5,1]. Choose a non-decreasing C'! function p :
R — [0,1] such that p(r) = 0 on [0,0.5] and p(r) = 1 on [1,00). We can then take
a(r) = [1 — p(r)]cor + p(r)a(y/r). In fact, o’ (0) = co.
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Proof. Choose
Tn = _M_l(Q)p-

Then, along the trajectories of (4.90), we get
V(z) = =|p" M~ (g)* and
(x) = Ly, (x) — Lyt (x) M~ (q)p.
Therefore,
G(@) = q" fon(x) + P fin(@) = Lytp(z) M~ (g)p
ov ov
__, 79V T, .79 T _ TM-L
1 5 (¢;p)" +p ap (¢;p) —q (9)p
1 -1 T
= 54" (pTa(Maiq(")p)) +pT M~ (q)p
—q" M~ (q)p.

On the other hand,

and (4.98) gives

Therefore,
P(z) < —3gl? + VTV (@))|p|?
+p"M~(q )p+ %IM“( )pl?
< —3la? + VTV (@) p* + [|M ()| |M~ (q)p|?
+3|M- (Q)pl2 :

Hence, (4.97) gives

() < —%g? + VT (V(2) /T V(@) M~ (q)p|>
+[r(V(z) + 5] M~ (q)pl?
< =gl + 2r(V(z) + §) M~ (q)pl* .

101

(4.100)

(4.101)

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)
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We deduce easily that the derivative of U defined in (4.96) along the trajec-
tories of (4.90), in closed-loop with 7,, defined in (4.100), satisfies

Ux) < —3lal* — IM~(q)p|?, (4.107)

using the fact that
') > g +27(1). (4.108)

Next, observe that

%

Ux) = —[Y(@) + I'(V(z) = =T (V(x))lallp| + T (V(2))

(4.109)
=37 (V(@)a™ (V(2) + I'(V(2)) ,

%

by our choice of a and the relation |g||p| < 1|p|? + $|q|?. Using the fact that

I'v)>v+ %T(v)oﬁl(v), (4.110)

we get
U(x) >V (z), (4.111)

so U is positive definite and radially unbounded. Moreover,

U(z) < —W(x) <0 Yz #0, (4.112)

where

2

W(z) = %|‘J\2+ |M~(q)p| (4.113)

We conclude that we have determined a CLF for the system (4.81) that
satisfies the small control property. Moreover, both U(x) and W (x) are lower
bounded in a neighborhood of the origin by a positive definite quadratic
function. O

Remark 4.2. Systems of the form (4.90) can be globally asymptotically sta-
bilized by using backstepping to design the controls. Therefore, backstep-
ping provides an alternative construction of CLFs satisfying the small con-
trol property. However, this technique provides control laws that remove the
term —%—Ig(q,p)T, which may lead to more complicated control laws with
large nonlinearities when the system can be stabilized through arbitrarily
small control laws.

4.6 Robustness

We saw in Theorem 4.1 how to construct a CLF U for



4.6 Robustness 103
= f(z)+g(x)u (4.114)

that has the small control property, provided Assumption 4.1 is satisfied. In
fact, for each € > 0, we can choose a C* function K; satisfying |K;(z)| < e
for all x € R™ such that U/ is a strict Lyapunov function for

i = f(2) + 9(0)Ki (),

which is therefore GAS to = 0.

As we saw in previous chapters, ISS is a significant generalization of the
GAS [157]. Recall that for a nonlinear system & = F(z,d) with state space
X =R" and control set U = R™, the ISS property says that there exist 3 €
KL and v € K4 such that for all measurable essentially bounded functions
d : [0,00) — R™, the corresponding trajectories z(t) for

B(t) = F(z(t),d(t)) (4.115)

satisty
()] < B(|x(0)],) +v(ld]oc) V> 0. (ISS)

Here d represents a disturbance, and | - |« is the essential supremum. The
ISS property includes GAS to 0 for the system & = f(z), because in that
case the term v(|d|oo) in the ISS decay condition is not present. Therefore,
given any constant € > 0, it may seem reasonable to search for a feedback
K (z) for (4.114) (which could in principle differ from K;) for which

&= F(z,d) = f(z) + g(z)[K(z) + d] (4.116)

is ISS with respect to the disturbance d, and for which |K(z)| < e for all
x € R™. Hence, we would want an arbitrarily small feedback K that renders
(4.114) GAS to x = 0 and that has the additional property that (4.116) is
ISS with respect to the disturbance d.

This objective cannot be met in general, since there is no bounded feedback
K (x) such that the one-dimensional system & = K(z) + d is ISS. Therefore,
instead of using ISS to analyze Jurdjevic-Quinn systems, we use iISS [160].
Recall from Chap. 1 that for a general nonlinear system & = F(z, d) evolving
on R™ x R™, the iISS condition says: There exist § € KL and a,v € K
such that for all measurable essentially bounded functions d : [0, 00) — R™
and corresponding trajectories z(t) for (4.115), we have

t

a(la(®)) < A1) + [ (dDds vezo.  (SS)
0

See Chap. 1 or [8, 9] for the background and further motivation for iISS. To
get our iISS result, we add the following assumption to our system (4.114),
which we assume in addition to Assumption 4.1:
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Assumption 4.2 An everywhere positive non-decreasing smooth function D
such that

1. f0+°° % ds = +o00; and

2. |LyV(x)| < DV (x)) for all z € R™

is known.

Assumption 4.2 holds for the two-link manipulator example we introduced
in Sect. 4.1, because in that case,

|LgV(x)| < 2(V(2)+1)
for all z € R", so we can take
D(s) = 2(s+1).

In fact, our assumptions hold for a broad class of Hamiltonian systems as
well; see Remark 4.3. We claim that if Assumptions 4.1 and 4.2 both hold,
then for any constant € > 0 and any C* function £ : R™ — (0, 00) such that

@)LV (z)| < e Vo eR™, (4.117)

the system
i = f(z) + g(z)[K(z) +d(t)]

is iISS with the choice K (z) = —&(x) L,V (z) .

To prove this claim, we begin by applying Theorem 4.1 to & = f(z)+g(z)u,
with £ : R™ — (0, 00) satisfying (4.117) for an arbitrary prescribed constant
¢ > 0. This provides a CLF U satisfying the small control property for (4.114),
which is also a strict Lyapunov function for (4.114) in closed-loop with

K() = —£@)LV(@)T,
Setting
Fla) = f(z) = g(2)é(x)LyV (), (4.118)

it follows that W (x) = —LzU(x) is positive definite.
We can determine a non-decreasing everywhere positive function 4 € C!
such that
|LgU(z)] < A(V(z)) Vo e R™. (4.119)

Since D in Assumption 4.2 is a positive non-decreasing smooth function, we
can easily construct a function I, € Ko N C! such that I, is everywhere
positive and increasing and

A(V(z)) < I, (V(2)D(V(x)) Yo e R™ (4.120)

Therefore, for all x € R™,
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Lt (z)| < T,(V(2))D(V () .

Next, consider

Ua(z) =U(z) + Ty (V () .
Then

{Lgua(x)} < ‘Lgu(xﬂ+E1(V($))|L9V(ﬂ3)}-

Using Assumption 4.2 and (4.121), we obtain

|Lotha(x)| < 20%(V(@)D(V(2)

Let
U (z) = I} Ua () -

u

Since I, ! € C! and I, ! is increasing, we have

LgU. (z) = {Fil}/(ua(x))l/gua(x)

=——— L U,(z).

LI Ua(2)))
In combination with (4.123), we obtain

) Iy(V(2))D(V (2))
Lol (z)] < 2 DL (Ua (@)

By the definition (4.122) of U,, we get
I (Ua() = Vi) .
Since I') is non-decreasing, we obtain
L (0 (Ua(@)) = V()

so (4.126) gives
Ll (@) < 2D(V() .

Since D is non-decreasing, (4.127) gives

D(Vie) = (1 W) ) = Do)

and therefore
|LgUi(z)] < 2D(Z/{*(x) .

B 1 U (x) dp
0w =5/ By

~—

Then
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(4.121)

(4.122)

(4.123)

(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

(4.129)

(4.130)

(4.131)
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satisfies ;
’LgU(a:)‘ <1. (4.132)

The function U is again a CLF for our dynamics (4.114) that satisfies the
small control property. Moreover, (4.132) ensures that we can determine a
positive definite function W (z) such that the time derivative of U along the
trajectories of

i = f(@) + g@)[—E@) L,V (@)T +d (4.133)

satisfies )

Ulz) < —W(z) + |d| (4.134)

for all z and d. Inequality (4.134) says (see [8]) that the positive definite
radially unbounded C' function U is an iISS Lyapunov function for (4.133).
The fact that (4.133) is iISS now follows from the standard iISS Lyapunov
characterization; see Lemma 2.3 or [8, Theorem 1]. We conclude as follows:

Corollary 4.1. Assume that the system (4.114) satisfies Assumptions 4.1
and 4.2 for some auxiliary scalar field ¥ : R™ — R and some storage function
V:R"” = R, and let € > 0 be given. Then there exists an everywhere positive
function £ such that (a) the system

& = f(z)+g(@)[K(z)+d] (4.135)
with the feedback
K(z) = —€(V(@)L,V(2)T (4.136)

is 1ISS and (b) |K (x)| < € for all x € R™. Moreover, if U is a CLF satisfying
the requirements of Theorem 4.1, and if I, € Koo NC is such that I, is in-
creasing and everywhere positive and satisfies |LaU (z)| < I, (V(z))D(V (x))
everywhere, then

- 1 bt (U@)+Iu(V (@) dp
v / PR 4.137

0 D(p) (4.137)
is an iISS Lyapunov function for (4.135).

Remark 4.3. Assumptions 4.1 and 4.2 are satisfied by a broad class of im-
portant systems. For example, assume that the Hamiltonian system (4.90)
satisfies the conditions from Sect. 4.5 and the following additional condition:

R. There exist A\, A > 0 such that
spectrum{ M ~1(q)} C [\, A]

for all q.

Condition R. means that there are positive constants ¢ and ¢ such that

cpl* < p"M(q)p < elp?
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for all ¢ and p. This is more restrictive than merely saying that M~! is
everywhere positive definite, since the smallest eigenvalue Apyin(q) of M ~1(q)
could in principle be such that

lim inf Apin(g) = 0.

[g|—+o0

Then (4.81) satisfies our Assumptions 4.1-4.2 and so is covered by the pre-
ceding corollary. In fact, we saw in Sect. 4.5 that Assumption 4.1 holds with
z = (¢,p) and

V(z) = H(q,p) + %|Q|2 - P(q),

and then Assumption 4.2 follows from Condition R. because

[LgV (@) =

to satisfy Assumption 4.2.

4.7 Illustrations

We showed how to construct CLFs for systems
&= f(z) + g(x)u (4.138)
that have the form
Ux) = AV (2)Y(x) + T'(V(z)) (4.139)

for suitable C! functions A and I", under the Jurdjevic-Quinn Conditions. In
many cases, the construction is simplified because we can take either I'(v) = v
or A = 1. For example, the Hamiltonian systems in Sect. 4.5 lead to A = 1.
We now further illustrate this point in two examples. In the first example, I’
can be taken to be the identity, so we get a simple weighted sum of V' and
Y(x) = LgV (x). Then we revisit the two-link manipulator, which requires a
more complicated I' but has A = 1.
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4.7.1 Two-Dimensional Example

We illustrate Theorem 4.1 using the two-dimensional system

T1 = T2
{9.62 RTINS (4.140)
In this case, we have
xro 0
flxy,me) = 3 and g(x1,29) = e (4.141)
1

Let us check that (4.140) satisfies Assumption 4.1.

1. The positive definite radially unbounded function

1 1
V(z1,x2) = Zx‘f + 51‘% (4.142)

2. Choosing the vector field

Glar,x2) = < 0 ) (4.143)

1

gives

L,V (x1,22) =22, LaV(x1,22) = 2172, and
gV(z1,22) 2 aV(x1, 1) 172 (4.144)

LiLGV (z1,72) = 23 — 27 .

If LyV(z1,22) = 0 and (x1,22) # (0,0), then 25 = 0 and z; # 0, so
LfLGv($1,0) = —lel < 0.

Therefore Assumption 4.1 is satisfied with (4.142) and ¢ (x) = LoV (z), so
Theorem 4.1 applies to the system (4.140). Let us show that with the choice

2

v
= 4.14
50) = S (4.145)
the function
U(z) =V(z)+6(V(z))LeV (z)
_144—12_‘_5 14+12 (4.146)
— 4.731 2.732 4.731 2.732 .731.732

is a CLF for the system (4.140) whose time derivative along the trajectories
of (4.140) in closed-loop with
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u = —L,V(2)" = —x (4.147)

is negative definite.
To this end, we first observe that

1 1
53:% <1+ Za:il, S0 |r1xa| <1+ V() Vo € R?. (4.148)

Therefore

1 1
U(z) > Zﬂf% + 533%

(ix‘{—l—%x%)z L, , 1,

— T4 l22<1+1$1+§$2>
8(1+ 71+ 21"2)

(121 + 323"

8 (1+ g1 + 373)

1
a:‘ll—l— .13%—
2

2

v

4712
1 1
The time derivative of U(x) along the trajectories of (4.140) in closed-loop
with the feedback (4.147) is

v 2 V()
U= —x5 [1+ mxlxz
+5(V(a:)) [—2] — z120 + 23]
< —%x% —6(V(x))a] = 6(V(z))z122
< —2a} - 6(V(@)t + P (V()a?
3 5 4 ix‘f %x% 3
< g2 6(V(x))a:1 + 6(V(a:)) 8((1 " ;311 +)%x%)
< —%x% - %5(‘/(3:))3:‘11, (4.149)

where we used (4.148) to get the first and last inequalities, and the second
inequality used (6(V (z))z1 + $22)? > 0. Since the right hand side of this
inequality is negative definite, the result follows.

4.7.2 Two-Link Manipulator Revisited

We show how the CLF (4.6) for the two-link manipulator dynamics follows as
a special case of the construction from Theorem 4.1. Recall that the dynamics
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is the control affine system & = f(z) + g(x)u where

T3 0 0
—2x3x204—x1(T1) 21 0 T

flz) = . w3+l , g(z) = 6‘3“ ol and u = {Fb] . (4.150)
313 — w3(T3) 0 1

We show that Assumption 4.1 is satisfied for the system with the choices

1
Viz) =5 (x§+1)x§+xﬁ+\/1+x§+\/1+x§—2] (4.151)
and ¥ = LgV, where
G(ﬂf) = (07x1’07x3)T. (4152)
Setting
1
) =

24/1+ p?

for all p € R, simple calculations show that
VV(z) = <$1<x1>,x2 [xg + 1] ,x3{xs) + x%xg,m).

Hence, along the trajectories of the system, we have

V(m) = 297y + x4 Fp,

and
ov ov
LeV(x) = a—xz(m)xl 8—3;4(1‘)333 = (23 4 D)xox; + 473 (4.153)
Since
V(LeV(z)) = (z2(a3 + 1), m1(23 + 1), 24 + 2212073, 73),
we have

LiLeV(z) = 23(22% + 1) + 27 — 23 (1) — 23 (z3). (4.154)

Notice that
LiV(z) =0 and L,V (z) = [z x4

everywhere. Also, if L,V (x) = 0, then x3 = x4 = 0, in which case we get

LyLV(2) = —a3 (1) — 3 (as).
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It follows that if z # 0 and L,V (x) = 0, then LyLsV(xz) < 0. Therefore
Assumption 4.1 is satisfied with

Y(x) = LaV(z), (4.155)

so Theorem 4.1 applies.
We now derive the CLF whose existence is guaranteed by the theorem. To
this end, first note that

o < 3{(Vita-1)+(Vi+a-1)"} a0 (4.156)
It follows from the formula for V' that

max{z?, 23} < 3{2V(z)+4V?3(x)} and

(4.157)
max{r3, 23} < 2V(x) Vo e R
Combining the triangle inequality, (4.153), and (4.157) gives
ILaV (@)] < 5a5 + g1 + o3 + 3lof? (4.158)
< 288V4(x) + 85V2(z) + 8V (w).
We readily conclude that the function
Vi) = 40[2+2V(2)]° + LoV () — 40(2°) (4.159)

is such that
Viz) > 3(2} + 23 + 23 + 23)
for all z € R%, so V* is positive definite and radially unbounded.

Moreover, its time derivative along trajectories of the system satisfies

Vi(x) = 480[2 + 2V (2)]° (womy, + 24 Fy) + a2 (202 + 1) (w160
+xi — xf(r1) — 23(x3) + 217 + 23 Fp

since V (z) = xo7 + £4Fy. Hence, the triangle inequality gives

Vi(z) < /T+ 2372 +480[2 + 2V (2)] womy + 23 (222 + 1)
T+ 22F2 +480[2 4 2V (2)] 24 Fy (4.161)

+x2 — %x%(a:l) — %x%(x;;) .

To show that V¥ is a CLF for the system, we show that the right side of
(4.161) is negative definite when we take
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Ty = —22(x2) and Fp, = —x4(x4). (4.162)

This will also show that V# has the small control property.
To this end, we first note that with the choices (4.162), we have

Vi(z) < Ti(z)ad(we) + To(z)ad(zs)

o i i ) (4.163)
—5 2% (x1) + 23 (x2) + a3 (xs) + 2F(z4)] ,

where we define the T;’s by

\/ 1
Ti(w) = \/1+ 2 = 480(2+ 2V(2))” + 2\/1 + 23(225 + 1) + 5
/ 1
Ty(x) = /1 + 23 — 480(2+ 2V () +2y/1 + 2] + 3.

We deduce from (4.157) that T} and T, are non-positive and therefore

and

VHa) <~ [aten) + wdlen) + as) + @] (4.164)

The right hand side of this inequality is negative definite and the feedbacks
resulting from (4.4) and (4.162) give the small control property.

In fact, our analysis from Sect. 4.6 shows that for any positive constant
¢ > 0, the scaled feedback

K(z) = —c <x1<ml> + m2<$2>> (4.165)

r3(w3) + 14(74)
renders the system iISS to actuator errors, meaning
&= f(z) +g(z)[K(z) +d(t)]

is 1ISS. We illustrate this point in the simulation below, where we took the
feedback

+ x2(72)
K°(z) = —0.005 (x1<x1> ) 4.166
(@) x3(x3) + x4(x4) ( )
the disturbance 1
d(t) = | 1+ 0.25¢2 (4.167)
o—0:25¢

and the initial state 2(0) = (1,1,1,1). While the feedback (4.166) renders
the closed-loop system GAS to 0 when the disturbance is set to 0, the state
components may or may not be driven to zero when there are disturbances
present. In our simulation, the angle of the link z; converges to zero by time
t = 1000. However, the gripper position x3 has an overshoot caused by the
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disturbance that keeps this component from converging to zero. See Figs. 4.2
and 4.3.

Angle of Tink

15

s -

1.a

L L L L ] T ]'Jue
100 400 G600 300 10ad

Fig. 4.2 Angle of link z; using feedback (4.166) and disturbance (4.167)

Ciripper Position

Time

0 200 400 600 300 1000

Fig. 4.3 Gripper position z3 using feedback (4.166) and disturbance (4.167)

Remark 4.4. An important feature of the preceding analysis is that the strict
Lyapunov function V* has a negative definite time derivative along the closed-
loop trajectories, using a bounded feedback. In fact, for each constant ¢ >
0, our constructions from the preceding sections provide a strict Lyapunov
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function whose time derivative is negative definite using a feedback stabilizer
K® : R™ — B, that is bounded by e. This is done by choosing the function
I in our strict Lyapunov function construction appropriately. Moreover, we
see from (4.164) that —Vtis proper along the closed trajectories, and the
dynamics are control affine, so we can immediately use control redesign to
get ISS to actuator errors, if we allow unbounded feedbacks. For example,
the combined feedback

KH ) = —(z1(21) + 2o (w2), 3 (w3) + 24 (24)) T — LV ()

renders the system ISS with respect to actuator errors, so we recover the ISS
results for the two-link manipulator from [5].

The properness of V¥ is essential for the preceding control redesign argu-
ment. In general, if the time derivative of a strict Lyapunov function V is
merely negative definite along the closed-loop trajectories of a given control
affine system, then adding — L,V to the feedback will not necessarily give ISS.
On the other hand, we can always transform V into a new strict Lyapunov
function V, for which —V), is proper along the closed-loop trajectories (e.g.,
by arguing as in [157, p.440]), and then we can generate ISS with respect to
actuator errors by subtracting L4V, as above.

4.8 Comments

The Jurdjevic-Quinn Method can be summarized by saying that appropri-
ate controllability conditions and a first integral of the drift vector can be
used to design smooth asymptotically stabilizing control laws. Since Jurdje-
vic and Quinn’s original paper [68], the method has been extended in several
directions [11, 41, 45, 126]. The first general result on global explicit strict
Lyapunov function constructions under the Weak Jurdjevic-Quinn Condi-
tions appears to be [40], whose results are limited to homogenous systems.
Our construction of the auxiliary scalar field in Sect. 4.4 is similar to, but
somewhat simpler than, the one in [41, Theorem 4.3]. This is because [41]
uses a more complicated construction that guarantees that G is homogenous
of degree zero, assuming the original dynamics and given non-strict Lyapunov
function are both homogeneous.

The model (4.1) and accompanying figure are from [165]. There it is shown
that if one takes closed-loop controllers of the form

T=—ki10 —ko(0 — qq) and F = —ksgt — ka(r — rq), (4.168)

then (4.1) in closed-loop with (4.168) is not ISS with respect to (qq,74)-
In particular, bounded signals can destabilize the system, which is called
a nonlinear resonance effect. Our treatment of the two-link manipulator is
based on [102], which provides an alternative CLF construction under the
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Jurdjevic-Quinn conditions that differs from the one we presented in this
chapter.



Chapter 5

Systems Satisfying the Conditions of
LaSalle

Abstract The LaSalle Invariance Principle uses non-strict Lyapunov func-
tions to show asymptotic stability. However, even when a system is known to
be asymptotically stable, it is still desirable to be able to construct a strict
Lyapunov function for the system, e.g., for robustness analysis and feedback
design. In this chapter, we give two more methods for constructing strict Lya-
punov functions, which apply to cases where asymptotic stability is already
known from the LaSalle Invariance Principle.

The first imposes simple algebraic conditions on the higher order Lie
derivatives of the non-strict Lyapunov functions, in the directions of the
vector fields that define the systems. Our second method uses our contin-
uous time Matrosov Theorem from Chap. 3. We illustrate our approach by
constructing a strict Lyapunov function for an appropriate error dynamics
involving the Lotka-Volterra Predator-Prey System.

5.1 Background and Motivation

As we noted in preceding chapters, Lyapunov functions are a vital tool for
the analysis of, and controller design for, nonlinear systems. The two main
types of Lyapunov functions are strict Lyapunov functions (also known as
strong Lyapunov functions, having negative definite time derivatives along
the trajectories of the system) and non-strict Lyapunov functions (whose
time derivatives along the trajectories are negative semi-definite, and which
are also called weak Lyapunov functions).

Strict Lyapunov functions are typically far more useful than non-strict
ones. The key point is that in general, non-strict Lyapunov functions can
only be used to prove stability, via the LaSalle Invariance Principle, while
strict Lyapunov functions can be used to show robustness properties, such
as ISS to actuator errors. Robustness is an essential feature in engineering
applications, largely due to the uncertainty in dynamical models and noise

117
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entering into controllers. Many controller design methods, e.g., backstepping
[75], forwarding [113, 149] and universal stabilizing controllers [158], are based
on strict Lyapunov functions. In particular, if V' is a global strict Lyapunov
function for & = f(¢,x) for which a(z) = inf{—[Vi(t,x) + Vi (¢, 2) f (¢, z)]} is
radially unbounded, with f and g both locally Lipschitz, and with V, f, and g
all periodic in ¢ with the same period T, then & = f (¢, z) +g(¢, )[K (¢, z) +d]
is ISS if we take the feedback K (t,z) = —V, (¢, x)g(t, x). Consequently, when
an explicit strict Lyapunov function is known, many important stabilization
problems can be solved almost immediately.

In general, it is much easier to obtain non-strict Lyapunov functions than
strict ones, owing to the more restrictive decay condition in the strict Lya-
punov function definition. For instance, when a passive nonlinear system
is stabilized by linear output feedback, the energy (i.e., storage) function
can typically be used as the weak Lyapunov function. This fact is useful
for electro-mechanical systems. Also, when a system is stabilized via the
Jurdjevic-Quinn Theorem, non-strict Lyapunov functions are typically avail-
able, e.g., by taking the Hamiltonian for Euler-Lagrange systems; see Chap.
4 or [41, 68, 102, 127]. This has motivated a significant literature devoted to
transforming non-strict Lyapunov functions into strict Lyapunov functions.

In this chapter, we present two more strict Lyapunov function construc-
tions, both based on transforming non-strict Lyapunov functions into strict
ones under suitable Lie derivative conditions. The assumptions in our first
construction agree with those of [110], but they lead to simpler designs than
the one in [110]. Our second result uses the Matrosov approach in Theorem
3.1. In general, Matrosov’s Method can be difficult to apply because one has
to find suitable auxiliary functions. Here we give simple sufficient conditions
leading to a systematic design of auxiliary functions. This makes it possible
to construct strict Lyapunov functions via Theorem 3.1. We illustrate our
approach by constructing a strict Lyapunov function for an error dynamics
involving the celebrated Lotka-Volterra System, which plays a fundamental
role in bioengineering. Throughout the chapter, all (in)equalities should be
understood to hold globally unless otherwise indicated, and we omit the ar-
guments of our functions when they are clear from the context.

5.2 First Method: Iterated Lie Derivatives

Recall that if f : R™ — R™ is a smooth (i.e., C*) vector field and V : R® — R
is a smooth scalar function, the Lie derivatives of V in the direction of f are
defined recursively by

L}V(a:) = L;V(z) = %—Z(w)f(m) and
LAV (x) = Ly (LY 'V) () fork>2.
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We refer to the functions L’;V as iterated Lie derivatives. We next construct
a strict Lyapunov function for the system

&= f(z), veR" (5.1)

with f smooth and f(0) = 0, under appropriate Lie derivative assumptions.
Specifically, assume that (5.1) admits a global non-strict Lyapunov function
such that for each p € R™\ {0}, there is an i € N such that L%V (p) # 0.
If LyV(4(t,20)) = 0 along some trajectory ¢(-,xo) of (5.1), then we can
differentiate repeatedly to get

LiV(6(t,m9)) =0 Vt > 0and k € N,

so xg = 0. Hence, GAS follows from the LaSalle Invariance Principle. On the
other hand, it is not obvious how to construct a strict Lyapunov function
in this situation. This motivates our hypotheses in the following theorem, in
which a;(x) = (—1)iL§cV(x) for all i:

Theorem 5.1. Assume that there exists a smooth function V : R™ — [0, 00)

such that the following conditions hold:

1. V(+) is a non-strict Lyapunov function for the system (5.1); and
2. there exists a positive integer £ € N such that for each x ;é 0, there exists
an integer i € [1,£] (possibly depending on ) such that L}V (x) # 0.

Then we can construct explicit expressions for functions F; and G so that

-1
Vi(z) = Z}"j (V(2))Aj(z) + G(V(x)), where
s (5.2)
4@ = 3 s @an(@)

is a strict Lyapunov function for (5.1).

Proof. Since Condition 2. in Theorem 5.1 is satisfied for some ¢ > 1, it holds
for all larger integers as well, so we assume without loss of generality (to
simplify the proof) that £ > 3. Note for later use that a;,y1 = —a; for all ¢,
along the trajectories of (5.1).

Condition 2. from Theorem 5.1 guarantees that we can construct a positive
definite continuous function p such that

e.g.,

p(r) = min

—

ay(z) + Z a(x) : V(z) = r} .

m=2
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By minorizing p as necessary without relabeling and using Lemma A.7, we

can assume that
w(r)

)=
for some function w € Ko N C' and some increasing everywhere positive

function K € C'. We can also determine an everywhere positive increasing
function I" € C! such that

(5.4)

I'(V(z)) = (0 +2)|am(z)] +1 Vm € {1,....0+ 1} (5.5)
holds for all € R™. For example, take

£+1

Io(r) = (z+2max{2am ) +1:V(z) < }

m=1

and then majorize by an increasing C! function.
Let us introduce the following functions:

J V(x)
= Z Amt1(T) @ (x) —|—/ I'(r)ydr, j=1,2,...,4—1; (5.6)
m=1 0

Jj+1
No(z) = ai(z), and N;( Z a2, (x) +ar(x), j=1,2,...0—1. (5.7)
m=2

Since a1 (x) > 0 everywhere, (5.5) gives

My (z) = as(x)ar(z) — a3(x) — I'(V(z))ai(z)
—a3(z) - a1 (2) (5.5)
—N1($) .

IN ]

Also, for each j € {2,..., — 1}, we get

- Z a?n—l—l(x) + Z 1 (T)am (x) — F(V(x))al(x)

<= al@)+ Z lam+2(z)||am(z)| + as(z)]ai(z)
r(V(@))ai () (59)
<= a @)+ Z |am+2(2)||am (z)] + [as(z)]a1(z)
m=1

—[(€ +2)|as(z)| + 1] a1 (2).
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From this inequality and (5.5), we deduce that for all j € {2,....,¢ — 1},
J
; 2
My(z) < =Y apy(2)
m=1

(v J (5.10)
+% 7nZ:2 lam (z)| = [(€ + 1)]as(z)| + 1] a1 (2).

It follows from the Cauchy Inequality that for all j € {2,...,¢ — 1},

Mj(x) < =) ap, 1 (@) + T(V(@)y| Y an()

— [(f + 1las(z)| + 1]&1(x)

- : (5.11)
==Y ap(@) —ai(@) + T(V(2)),| D an(x)
m=2 m=2

—(t+ Dlas(x)[ar ().

From the definitions of the functions N;, we deduce that for all j € {2, ..., —

1},

M;(x) < —Nj(x) + D(V (@) Njoa (@), (5.12)
Set 2 (v)

and define the positive definite functions ki, ks, ..., ke—1 € C! by
ko_1(v) = 2K (v)w? ' (v) (5.14)

and
lep(v) = ko1 (0) 22" (0) (5.15)

forp=1,2,...,0—2.
Pick a C! everywhere positive increasing function kg such that

-1
ko(V () + ko(V (@) V(2) =) |kL(V () Mp(x)| + 1. (5.16)
p=1
Let .
Si(x) = Z kyp(V(z)) My () + ko (V () V(z). (5.17)
p=1

Then
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-1 -1
Si(x) =Y kp(V(@) My() + | D kyy (V@) My () | V(@)
p=1 p= (5.18)

1
+[ko(V()) + ko (V (@) V (2)] V().

It follows from (5.16) and the fact that V is non-positive everywhere that

£—1
Si(x) < Y kp(V (@) My (). (5.19)

p=1

Using (5.8) and (5.12), we deduce that
Sl(l‘) S —k‘1 (V(.Z‘))Nl(l‘)

/—1
£ k(@) [—Np<x> WD) Np1<x>} (5.20)

-1 £—1

D kp(V(@) Ny(a) + >k (V(2)) T (V(2)) )/ Np-1 ().

4
p=1 p=2

By (5.3) and (5.4), we deduce that

Neea(®) 2 S (5.21)
Therefore,
-2
Si(e) < —ke—1(V($));((“//((z)))) k@)% -

-2
+> k1 (V@) T (V(2)) /) Np(2).
p=1

From the triangular inequality cica < ¢f + icg for non-negative values ¢y
and co, we deduce that

v 22

2V (2)kp 11 (V(2))

4k (V (2))

(5.23)

< kp(V(@))Np(2) +
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for p =1,2,..., — 2 when z # 0. Summing the inequalities in (5.23) over
p=1,2,...,¢ — 2 and combining with (5.22), we deduce that for x # 0,

: w(V(@) | 5= PV @)k (V (@)
Sl(a:) < —k —1 V(Ji) — T . 5.24
VO Ty 2 anmw) (529
By our choices of the k,’s, we get
$1(x) < —kgl(V(x))%
v 1<V<x>>92<1—22*’“><V<x>>
+Z 1—-2¢—p—1
w(V(z
i
-y PO V@)V E)
Our choice of {2 in (5.13) now gives
: w(V(z)) n
Recalling our choice (5.14) of ky—1 now gives
Si(z) < —w* V(). (5.27)

All of the functions k, are C* and the right hand side of (5.27) is negative
definite. However, S7 is not necessarily a strict Lyapunov function because
S1 is not necessarily positive definite and radially unbounded. To obtain a
strict Lyapunov function, consider

Vi(z) =V(2)S1(z) + &(V(z))V(z) , (5.28)

where x € C! is an everywhere positive function with an everywhere positive
first derivative such that x(V(z)) > |Si(z)| + 1 for all # € R™. Then V¥ is
positive definite and radially unbounded because V*¥(z) > V(x) and

Vi) = V(2)S1(z) + V(2)Si(z) + [F' (V(2))V(2) + £(V(2)) ]V ()

vie)s (5.29)
—w? T (V(2)V ().

\ /\

The result readily follows from the formula (5.17) for Sp, by collecting the
functions involving V' to form the expression for V. ]
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5.3 Discussion and Extensions of First Method

5.3.1 Local vs. Global

While stated for systems on R™, we can also prove the following local version
of Theorem 5.1 [110]: Suppose that all conditions of Theorem 5.1 hold on a
given neighborhood of the origin E C R™. Then, there exists a neighborhood
of the origin Ev with E1 C E and functions F; and G such that (5.2) is a
strict Lyapunov function for the system (8.17) on the set Ei. The proof is
similar to that of Theorem 5.1, by taking F; to be a suitable open sublevel set
of V. Alternatively, we can prove the local version by using the construction
from [110], which in general leads to a strict Lyapunov function that differs
from the one we gave in Theorem 5.1.

5.3.2 Real Analytic Case

When V' and f are real analytic, Theorem 5.1 remains true if its Condition
2. is replaced by the assumption that there exist positive constants B and B
such that: There is an integer ¢ € N such that for each z € {p € R" : 0 <
Ip| < Bor |p| > B}, there is an integer i € [1, /] such that L;V(x) # 0. This
follows from the following simple observation from [110]:

Proposition 5.1. Assume that (5.1) is GAS, [ is real analytic, and Condi-
tion 1. of Theorem 5.1 holds with a real analytic function V. Then, for each
compact set E C R"™ that does not contain the origin, there exists £ € N such
that each point x € E admits an index i € [1, (] such that L}V (z) # 0.

Hence, to apply the local version of Theorem 5.1, it suffices to check its
Condition 1., and then check its Condition 2. on a set of the form BB, \ {0}
for some constant B > 0. Let us sketch the proof of Proposition 5.1.

Proof. We proceed in two steps.

Step 1. Fix any zo € E. Since the system is assumed to be GAS, there
must be a time t. > 0 at which LV (x(t.,x0)) # 0. (This is because if no
such t. existed, then

t

V(x(t,xo)) = V(zo) +/O LfV(a:(r, xo))dr =V (xp)

for all ¢ > 0 would contradict the GAS property.) Since V' and f are real
analytic functions, so is t — LV (¢(t, x)). Consider its expansion

o0

LV (9(t,20)) = Y0 L V(o) (5.30)

=0
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around t = 0. Since t +— LV (¢(t, o)) is not the zero function, there must
exist an integer i = i(xp) such that L}V(xg) £ 0.

Step 2. Suppose that the statement of the proposition were false. Then
there would exist a sequence x, € E and a strictly increasing sequence of
positive integers n, such that

LiV(xy) =0 Vi€ [l,n, —1], but L{V(x,) #0 . (5.31)

Since F is compact, we can assume that x, — z* for some non-zero z* € E.
(Otherwise, we can pass to a subsequence without relabeling.) By Step 1 of
the proof applied with o = 2*, we can find an integer J = J(z*) such that
LfV(x*) # 0. Since LfV is continuous, there exists a constant p € N such
that for each p > p, we have

LiV(x,) # 0.

This contradicts (5.31) once we pick p so that n, > J. The result follows. O

5.3.3 Necessity vs. Sufficiency

Conditions 1. and 2. from Theorem 5.1 are not necessary for GAS of the
system (5.1) [110]. To see why, consider the following example from [127]:

{x'l - (5.32)

Sﬁg = —T1 — ng(xg),

where B is the smooth function

B<s>:{gxp<—ﬁ>>zj

Then Condition 1. of Theorem 5.1 is satisfied with V (z1,22) = 22 + 3 since
V = —223B(x5), and the LaSalle Invariance Principle implies that (5.32) is
GAS to zero. However, Condition 2. of Theorem 5.1 does not hold since for
¥ = (01)7, we have L?}V(m*) =0forallieN.

5.3.4 Recovering Exponential Stability

When (5.1) is locally exponentially stable, the time derivative of (5.2) along
the trajectories of (5.1) will not in general be upper bounded by a negative
definite quadratic function. Moreover, it is not clear how to use (5.2) to
verify local or global exponential stability. However, we can use V*# to get
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another strong Lyapunov function W that can be used to verify exponential
stability. For example, if Conditions 1.-2. of Theorem 5.1 hold and (5.1) has
an exponentially stable linearization, then one can construct a Lyapunov
function V* and a1, as, ag € K4 such that

ar(jz]) < V(@) < as(le]) and V* < —as(fe)

hold for all x € R™ and, moreover, there exist positive constants §, a, and b
such that aq(s) = as? and as(s) = bs? for all s € [0,6] [60, Lemma 10.1.5].

5.4 Second Method: Matrosov Conditions

We again consider a general nonlinear system
t=f(z), zeX (5.33)

evolving on an open positively invariant set X C R™ that contains the origin,
where f(0) = 0. We use Theorem 3.1 in Chap. 3 to construct strict Lyapunov
functions for (5.33). Recall that Theorem 3.1 is a continuous time Matrosov
Theorem, which requires auxiliary functions, in addition to a non-strict Lya-
punov function. In general, it can be difficult to find appropriate auxiliary
functions to apply the Matrosov Theorem. Hence, our work sheds light on the
Matrosov Theorems as well, because it gives a new mechanism for choosing
auxiliary functions.

However, the most important features of our second method are that (a)
the result applies to systems for which the state space is only a proper subset
of R™ and (b) it may yield Lyapunov functions that are simpler than the ones
obtained from Theorem 5.1, and that also have desirable local properties such
as local boundedness from below by positive definite quadratic functions; see
Sect. 5.5.

To account for the restricted state space for (5.33), we use the following
definitions. A C! function V : X — R on a general open set X C R" con-
taining the origin is called a storage function provided there exist continuous
positive definite functions aq,ag : X — [0, 00) such that the following hold:

1. for each 4, a;(xz) — +o00 whenever |z| — 400 with  remaining in X’; and
2. ai(x) < V(z) <ag(z) forall z € X.

Condition 1. holds vacuously when X is bounded. A storage function V' is
called a non-strict (resp., strict) Lyapunov-like function for (5.33) provided
it is C* and L§V(x) is negative semi-definite (resp., negative definite). If,
in addition, for each ¢ and each ¢ € 90X, a;(q) — +o0o when ¢ — ¢ then a
non-strict (resp., strict) Lyapunov-like function is called a non-strict (resp.,
strict) Lyapunov function. In the rest of this subsection, we assume:
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Assumption 5.1 There exist a smooth storage function Vi : X — [0,00);
functions hi,...,hy € C®R") such that h;(0) = 0 for all j; everywhere
positive functions r1,...,rm € C®(R™) and p € C*(R); and an integer
N > 0 for which

VVi(z)f(x) < —ri(z)hi(z) — ... = rm(x)hi, (z) (5.34)
N—-1 m

and 3 [Lhhi@)]” = p(Vie)Vile) (5.35)
=0 j=1

hold for all x € X. Moreover, f is defined on R™ and there is a function
I € K such that _
|f(z)| < I'(Jz|) Vo eR". (5.36)

Also, V1 has a positive definite quadratic lower bound near the origin.

To simplify our notation, we introduce the functions

! , (5.37)

for all i > 2, where

for all ¢ > 2. We assume that f is sufficiently smooth.
The following is shown in [105]:

Theorem 5.2. If (5.33) satisfies Assumption 5.1, then one can determine
explicit functions ky, 2 € Koo N CY and an everywhere positive continuous
function pg such that

2 (ky (Vi) + Vi(z)) (5.38)

HMZ

with the choices

ZL% “hi(a) L (), i=2,...,N (5.39)

satisfies S(x) > Vi(x) and VS(x)f(z) < —po(z)Vi(x) for all x € X. If, in
addition, X = R™, then the system (5.33) is GAS.
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Proof. Sketch. Since R is everywhere positive and satisfies R(z) < r;(z) for
all z € R" and all i € {1,...,m}, we get

VVi(z)f(z) < —N71 by (5.34), and
(5.40)

VVi(@)f(x) < =Ni+ 300 L5 hl | Lyl
for i =2,...,N and = € X. In particular, we have:

L2 hl(l')

| N
R(x)
) |L§fhl($)] N (@)
1=1

for i = 3,4,..., N. Moreover, the fact that V7 is a storage function implies
that there exists a function a € Ko such that Vi(x) > a(|z|) for all z € X.

Therefore, we can use (5.36) to determine a continuous everywhere positive
function ¢ such that

VVa(z)f(z) < =Na(z +Z

Vi) f(z) < =Ni(z) +

" | L2k (2
Z\;R—%| < ¢1(Vi(2)) v Vi(z) (5.41)
=1
and .
Z\thz )| < 61 (Vi) vVi(w) (5.42)

for all x € X and ¢ = 3,..., N. The construction of ¢; satisfying (5.42) is
as follows; the requirement (5.41) is handled in a similar way. Since lehl is
sufficiently smooth for each i and [ and zero at the origin, we have

Z|thz )| < 2lGi(jzl) < FyVi()Gi(a™ (Vi(2)))

for some increasing everywhere positive function G; and constant £ > 0 in
some neighborhood O of the origin. We can also find a function Gs € K,
such that ;" |L3}hl(az)\/(g(\x\))1/2 < Ga(|x]) on R™\ O. Hence, we can take
¢1(r) = 1+ 7G1(a™'(r) + Ga(a™H(r)).

It follows that

VVi(z)f(z) < =Ni(z) + 1(Vi(2))/Nie1(z)/Vi(z (5.43)

for i = 2,..., N. We can determine an everywhere non-negative function p;
such that |V;(z)| < pr(Vi(z))Vi(z) for ¢ = 1,..., N for all x € X. Hence,
Theorem 3.1 constructs the necessary strict Lyapunov-like function. |
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5.5 Application: Lotka-Volterra Model

5.5.1 Strict Lyapunov Function Construction

We illustrate Theorem 5.2 using the celebrated Lotka-Volterra Predator-Prey
System

x=7x(1-%)—ax¢
{=Bx¢—AC

with positive constants a, 8 v, 4, and L. System (5.44) is a simple model
of one predator feeding on one prey. The population of the predator is (, x
is the population of the prey, and the constants are related to the birth and
death rates of the predator and prey. We assume that the population levels
are positive.

The time scaling, change of coordinates, and constants

2(t) =+ (£), vt =3¢ (L),

(5.44)

(5.45)
a=5L and d=2
¥ v
give the simpler Lotka-Volterra system
t=z(l—2x)— azy
{ y = azxy — dy. (5.46)
We assume that o > d, and we set
Ty = % and y, = é — % (5.47)

Then z, € (0,1) and y. > 0. Also, the new variables Z = z—z, and § = y—y.
have the dynamics

(5.48)

(
with state space X = (—x4,00) X (—y«, 00). We do our Lyapunov function
construction for (5.48), so we set

(5.49)

£(E.5) = [—[£+0@](5¢+x*)] '

ar(g + y«)

Let us check that the assumptions from Theorem 5.2 are satisfied with
m=1,N=2m=1, h(z,7) =, and

Vi@ g) =7 - (1+Z) +5-pn(1+ L), (5.50)
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One easily checks that V3 : X — [0,00) is a storage function. Along the
trajectories of (5.48), it has the time derivative

. i’ L y 2
Vi = i
Ty +X Ys +4y

= " [F+af)E + o) + 2 +ys) (5.51)

ay
T+ T Yu T

= —F[F + af] + agE = —F.

Also,
Lhi(2,9) = —[Z + og](& + z4).

Defining the A;’s as in (5.37), a simple argument based on the fact that V;
becomes unbounded as T approaches —z, or y approaches —y, provides a
constant d > 0 such that

> Nil@g) = d% (5.52)

on X; see Appendix A.3. Also, Lemma A.8 provides a positive definite
quadratic lower bound for Vi near 0. Hence, Theorem 5.2 provides the nec-
essary strict Lyapunov function for (5.48).

We now construct the strict Lyapunov function of the type provided by
the theorem. Notice that

Ni(F,§) = Lh3(&,9), Nao(i,9) = (Lyh (5 9))°,
‘/Q(i7g) = _hl(jvg)thl('ivg)v Lf‘/l(jag) S _Nl(i7g)7

and
o 2 L o
LiVa(%,9) = —(Lha(2,9))" — hi(Z,9)L3ha (2, 9) (5.53)
= _NQ(ja g) - hl(i,ﬂ)[;?hl(i‘, g)
Simple calculations yield
L3hy (2,§) = — (% + ap) (Z + 2.) — [& + a2
= —(m* + 27 + ag})i‘ — (x* + i")af/ (5.54)

= — (@« + 27 + af) Lhi(,9)
—0® (24 + ha(2,9)) ha (2,5) (7 + v )-

Substituting (5.54) into (5.53) gives
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LiVa(2,9) < —Na(Z,9) +

—~

(19| + y«) b3 (2, 9)
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o+ 21E| + algl) [ (2,9) || Liha (2,9)|

)
< N (&,9) + (z. + 2|2 + olg]) [p1 (2, 9) || Lrha (2, 9)]

Next, observe that

(£+L) @) =
%—ln(l—l—%)—i-;’;*—ln(l—i—i).

This, Lemma A.8, and the relation 1 + A% > 1(1 + |A|) give

6(%+%)Vl(i’g) > (_em’ﬂ ) ( evx_ >
e 7
+ +
Tk U
~2

vV
&l
~~
—
+

|’~2

Vv
£
N
i

~/~
=

_|_
S ETNG

~——
/N
=

_|_

Fl=
N—

Hence,
|z| < 144z, (@D 4nq

5] < 144y,e(F=Fa)@D)
Setting M(r) = (289, + 144ays) (7 73.)" therefore gives

Lf‘@(jvg) S _N2(‘%7g)
+2M(V1(53,?])) 1(Z,9) \/Ng Z,9)
—|—288052x*y*e(7L %)Vl(f’y)./\fl(a: 7).

Using the triangular inequality, we have

M(Vi)VNIVN;
< LING 4 (2892 + 144ay,)? 2T ViA,

where we omit the dependencies on (Z, §). Therefore,
L 1 . . L
Lf‘/Q(J?,y) < —5./\/‘2(7),?;)+¢1(V1(Z‘,y))./\/'1($,y),

where

G1(r) = 2 | (289z, + 14day, )* +1440° s, v, e taor,

Since Va(Z, ) = Z[Z + ag](Z + x.), we easily get

(5.55)

(5.56)

(5.57)

(5.58)
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Va(z,§)] < 2(2. +1)(1 + o) [§* + |2 + 3% + 7], (5.59)

and Lemma A.8 applied with A = &/z. gives

1/2 1/2
Vi vil® 11
<:2{{ 1]-+[—1] } < Z[max{——,—g}{Vﬁ%-Vf{
T T Ty X2
and similarly for y, where we omit the dependence of V; on (%, ). Combining
these estimates with (5.59) and setting d = 1 + x4 + y., simple algebra gives

-73*

Va(,9)| < e )1 +0) Sy 20T TR < (Va5 9) Vi 9),

where p; (r) = 640(x, 4+ 1)(a + 1)d*(1 4 r)3, by separately considering points
where V1 > 1 and V; < 1.
Then the strict Lyapunov function we get is

S(3,) = Va(@,5) + [ (Vi (&, 9) + 1]Vi(@9) + [, éu(r)dr. (5.60)

In faCtv S(i'v g) Z Vl (:Ea :Ij) and LfS(‘%a ?j) S _% [Nl (i.a g) + NQ(‘%v g)] are
satisfied everywhere.

5.5.2 Robustness to Uncertainty

We can use our strict Lyapunov function constructions to quantify the ef-
fects of uncertainty in the Lotka-Volterra dynamics. For simplicity, we only
consider additive uncertainty in the death rate A for the predator. Using
the coordinate change and constants (5.45), this means that we replace the
constant d with d + u in the dynamics (5.46), where u : [0,00) — R is a
measurable essentially bounded uncertainty, and where the constant d > 0
now represents the nominal value of the parameter. Later, we impose bounds
on the allowable values for |u|... We continue to use d in the formulas (5.47)
for z, and y.; we do not introduce uncertainty in the equilibrium values.
We first define an appropriately restricted state space for the dynamics.
Along the trajectories of (5.46), with d replaced by d + u, we have © + ¢ =
(1 — z) — (d + u)y. Hence, if |u|e < d/2, then we get £+ y < 0 when
r+y>1+ % (by separately considering the cases x > 1 and =z < 1).
Therefore, we restrict to disturbances satisfying |u|. < d/2 and the forward
invariant set S = {(z,y) € (0,00)? : z +y < B} containing (., y.), where

2
B=1+5+y.. (5.61)

The corresponding perturbed error dynamics is
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{

which we view as having the state space X° = {(%,7) : (z,y) € S} and a
control set U we will specify.

To account for the restricted state space, we use the following definitions.
Given an open subset D of a Euclidean space that contains the origin, we
say that a positive definite function @ : D — [0, 00) is a modulus with respect
to D provided @&(p) — +o0 as |p| — +oo or as dist(p,0D) — 0 (with p
remaining in D). We say that (5.62) is ISS with respect to u provided there
exist functions 8 € KL and v € Ko, and a modulus with respect to X% =
(=4, 00) X (—yx, 00), such that for each disturbance u : [0,00) — U and each
trajectory (&,9) : [0,00) — X” of (5.62) corresponding to u, we have

—[Z + ag)(Z + x4)
QZ(§ + ys) — uy

&

(5.62)

(@, 9)(1)] < B(al(@,§)(0)),t) +y(Julo) V¢ > 0. (5.63)

We define iISS for (5.62) in an analogous way; see Remark 5.1 below.
To simplify the statements of our results, we use the constants

(3+ 04)2 2] 2 . { Koxi Koxfyfaz }
Ky=2|——+ B, 0= , ,
0 |: 9 « min 3 S(x* 2\/_0)2

K = B?max {(3 + @)? + 2%, 2max{9, 3¢} }

min {32x*, xfazy*}

K— =
16[K + B2 max{9, 3a:2}]

- min{ K, 0}
dU=——7i—7—.
v and U= s TR EB)

We continue to use the functions V4 and V5 from the preceding subsection.
The following is shown in [105] (but see Sect. 5.5.3 for a specific numerical
example):

Theorem 5.3. The system (5.62) is 1SS with respect to disturbances u valued
in the control set UBy, and ilSS with respect to disturbances u valued in %Bl.

The proof of Theorem 5.3 entails showing that

is an iISS Lyapunov function for (5.62) when the disturbance u is valued in
%Bl, and that

Ux (&,7) = Ug (&, §)eHx (@D (5.65)

is an ISS Lyapunov function for (5.62) when u is valued in UB;, where V;
and V5 are as defined in Sect. 5.5. It leads to the decay estimates

U < —0-2E5Y) | By, 5.66
S E e (500
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where R
U = min {K, 9}

(which implies that Uy is an iISS Lyapunov function for the Lotka-Volterra
error dynamics (5.62)) when the disturbance u satisfies the less stringent
bound [u|s < £ and then

Ui < —JUx(Z,5) + Blu| . (5.67)

along the trajectories of (5.62) when u is valued in UB;, which gives the ISS
estimate. For a summary of the robustness analysis, see Appendix A.4.

Remark 5.1. A slight variant of the iISS arguments from [8] in conjunction
with (5.66) and the growth properties of Uk can be used to show that there
exist functions 8 € KL and 7 € K, a constant G > 0, and a modulus with
respect to X, such that for each disturbance u : [0,00) — [—d/2,d/2] and
each trajectory (,7) : [0,00) — X” of (5.62) corresponding to u, we have

(1@, ) < B(a((, §)(0)),) + @/0/ lu(r)|dr vt = 0. (5.68)

This is less stringent than the ISS condition (5.63) because it allows the pos-
sibility that a bounded (but non-integrable) disturbance u could give rise
to an unbounded trajectory. However, if u is integrable, then (5.68) guaran-
tees boundedness of the trajectories, and it also quantifies the effects of the
disturbance. We next illustrate these ideas in simulations.

5.5.3 Numerical Validation

To illustrate our findings, we simulated the dynamics (5.62) using the param-
eter values
a=2, d=1, 2, =0.5, and y. =0.25, (5.69)

corresponding to the parameter choices
a=y=F=A=05and L=2 (5.70)

in the original model. Hence, the dynamics are ilSS with respect to distur-
bances that are bounded by 0.5. We chose the disturbance u(t) = 0.49e~".
In Figs. 5.1 and 5.2, we plot the corresponding levels of predator population
¢ and the prey population x, which are related to x and ¥y in terms of the
coordinate changes (5.45).
If
z(t) = x. = 0.5 and y(t) — y. = 0.25,

then the coordinate changes (5.45) give
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Popitiation of Tredator

20F

10 20 30 40 30

Fig. 5.1 Population of predator ¢ with parameters (5.70) and u(t) = 0.49¢~*

Tomlation of Prey

30

05t

0.0 x L L A Time
0 10 20 30 40 50

Fig. 5.2 Population of prey x with parameters (5.70) and u(t) = 0.49e~*

L
¢(t) — 0.25% =0.5 and x(t) — 0.5L =1, (5.71)
which is in fact the behavior we see in the figures. This shows the robustness

of the convergence in the face of the disturbance u.
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5.6 Comments

Several authors have studied ways to construct strict Lyapunov under appro-
priate conditions on the iterated Lie derivatives, or using non-strict Lyapunov
functions. Two significant results in this direction are [5, 41]. The results of
[5] deal with ISS, and [41] with controller design by using CLFs for systems
that satisfy Jurdjevic-Quinn Conditions. The construction in [5] uses a weak
Lyapunov function and an auxiliary Lyapunov function V5 that satisfies cer-
tain detectability properties of the system with respect to an appropriate
output h(x).

More precisely, [5] assumes that there are two positive definite radially
unbounded functions V; and V5 and functions aq, as,y € Ko satisfying

Vi < —ai(ly]) and Vo < —as(|z]) +7(y]) , (5.72)

for all x € R™, where y = h(z). Note that V4 in (5.72) is typically a weak
Lyapunov function since |h(z)| is often positive semi-definite. The function
V5 in (5.72) is an output-to-state Lyapunov function [73] that characterizes a
particular form of detectability of x from the output y. The strong Lyapunov
function in [5] then takes the form

U(x) = Vi(z) + p(Va(2)),

where p is a suitable K function.

The main difference between our approach from Theorem 5.1 and [5] is
that our conditions appear to be stronger but easier to check than those in
[5]. While very general, the challenge in applying [5] stems from the need to
find V5. The auxiliary function can be found in certain useful cases, but to
our knowledge there is no general procedure for finding V5 in the context of
[5]. This gives a possible advantage in checking the iterated Lie derivative
condition from Theorem 5.1 and then using our construction (5.2). Another
difference between [5] and our methods is that our auxiliary functions are not
required to be radially unbounded or everywhere positive.

By contrast, the strict Lyapunov construction of [41] only uses the given
non-strict Lyapunov function V; and the iterated Lie derivatives of V; along
solutions of an auxiliary system with a scaled vector field. The results in [41]
seem more direct than those of [5], but the method of [41] is in general only
applicable to homogenous systems. (The translational oscillator with rotating
actuator or TORA example in [41] is inhomogeneous, but [41] does not give
a systematic method for inhomogenous systems.) To our knowledge, [102]
provides the first general construction for CLFs for general classes of Jurdjevic
Quinn systems that do not necessarily satisfy the homogeneity conditions
from [41].

Conditions 1. and 2. from Theorem 5.1 agree with the assumptions from
the strict Lyapunov function construction in [110, Theorem 3.1]. However,
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our proof of Theorem 5.1 is simpler than the arguments used in [110]. The
construction in [110, Theorem 3.1] proceeds by finding a non-increasing func-
tion A : [0,00) — (0,00) such that the function

-1 i
Ula) = V(@) |1+ V(@) = > Ly, V() (Lj;lV(x))?’ ] (5.73)

is a strict Lyapunov function for the system (5.1), where

In [86, Sect. 3.3], conditions similar to Assumption 5.1 were used to conclude
asymptotic stability of systems which admit a non-strict Lyapunov function,
via an extension of Matrosov’s Theorem. However, no strict Lyapunov func-
tions were constructed in this earlier work.

It is possible to extend Theorem 5.1 to periodic time-varying systems, in
which case we instead take

a (tvx) = _[‘/t(tvx) + VT(t7x)f(ta Z‘)]

and a; = —a;_1 for all ¢ > 2 and consider the non-negative function

¢

Z aZ(t,z) +ay(t,z),

=2

which is allowed to be zero for some x # 0 on some intervals of positive
length; see [104]. Section 5.4 is based on [104].

Our strict Lyapunov function construction for the Lotka-Volterra system is
based on [104]. The Lotka-Volterra model is used extensively in mathematical
biology. See [58, 79] for an extensive analysis of this model and generalizations
to several predators. While there are many Lyapunov constructions for Lotka-
Volterra models available (based on computing the LaSalle Invariant Set), to
the best of our knowledge, the result we gave in this chapter is original and
significant because we provide a global strict Lyapunov function.
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Chapter 6
Strictification: Basic Results

Abstract In the last three chapters, we gave general methods for construct-
ing strict Lyapunov functions for time-invariant systems. Several of these
methods have analogs for time-varying systems. In general, these involve
replacing the negative semi-definite function of the state in the right side
of the non-strict Lyapunov decay condition with a product of a negative
semi-definite function of the state and a suitable time-varying parameter.
We assume that the time-varying parameter satisfies a persistency of excita-
tion (PE) condition. The challenge is then to transform non-strict Lyapunov
functions satisfying this more complicated decay condition into explicit strict
Lyapunov functions. In this chapter, we provide methods for solving this
and related problems, including the construction of ISS Lyapunov functions
for time-varying systems. We apply our work to stabilization problems for
rotating rigid bodies and underactuated ships.

6.1 Background

As we noted in previous chapters, there are many situations where it is very
helpful to have explicit constructions for global strict Lyapunov functions.
For example, Lyapunov functions make it possible to estimate the basins
of attraction for attractive equilibria, and one often needs strict Lyapunov
functions for the subsystems in backstepping and forwarding. Also, a CLF
satisfying the small control property can be used with Sontag’s Universal
Formula to obtain an explicit asymptotically stabilizing feedback that is op-
timal when the CLF is viewed as the value function [149, 158]. Moreover,
strict Lyapunov functions are a key tool for robustness analysis.

In general, it is more difficult to construct strict Lyapunov functions for
time-varying systems than it is for time-invariant systems. In fact, when
the usual non-strict Lyapunov function construction methods are used for
time-varying systems, the right hand sides of the Lyapunov decay condition

141
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typically end up being identically zero for some values of ¢, which precludes
the use of the usual time-invariant strictification techniques. A simple one-
dimensional example of this phenomenon is the case where & = — sin®(t)z,
where the obvious candidate Lyapunov function V(z) = |z|*> gives V <
-2 51112(t);1:2 along trajectories. On the other hand, the right hand side is
only zero for times ¢ in the “thin” set {km : k € Z}, so it is reasonable to
expect the system to exhibit some stability properties. We will make this
thinness notion precise later in the chapter, using the idea of PE.

This chapter provides systematic methods for transforming non-strict Lya-
punov functions for time-varying systems into strict Lyapunov functions. We
refer to this transformation process as (time-varying) strictification. The idea
of using non-strict Lyapunov functions to study stability has been pursued
by many authors. For example, we saw in Sect. 2.2.2 how to use time-varying
versions of the LaSalle Invariance Principle in conjunction with non-strict
Lyapunov functions to prove stability; see [13, 77] for more details. In [119],
Narendra and Annaswamy proved that if a (possibly non-periodic ) system

&= f(t,x), v €R" (6.1)

admits a uniformly proper and positive definite function V', a constant T' > 0,
and an increasing continuous function + : [0,00) — [0, 00) such that

12t 2(t)) + L (¢, 2(t)) f (£, 2(t)) < 0; and
2. VEt+T,xz(t+T)) = V(t,z(t)) < —y(|=(t)])

hold along all trajectories z(¢) for (6.1) for all ¢ > 0, then (6.1) is uniformly
asymptotically stable. See [1, 2] for generalizations that relax the requirement
that the time derivative of V along the trajectories is negative semi-definite.

An alternative approach was pursued in [98]. The main result of [98] con-
structs an explicit global strict Lyapunov function for (6.1) provided one
knows a storage function V', a periodic function ¢, and an appropriate non-
negative function W(q(t), z) such that

Vitw) = S ha) + 5o 0f ) < WaHa)  62)

for all x € R™ and ¢ > 0. It assumes that W(q(t),z) is positive definite in
x for all ¢ in suitable non-empty open intervals of time; see Sect. 6.3 for the
precise hypotheses. Oftentimes, the function W(q(t), z) takes the form

W(q(t), z) = p(t)W () , (6.3)

where the non-negative bounded continuous function p is a PE parameter,
meaning: There are positive constants § and T such that

t+T
/t p(r)dr >4 (6.4)
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for all t € R. Throughout the sequel, we let P(T,d,p) denote the set of
all continuous functions p : R — [0, 00) that satisfy (6.4) for some positive
constants ¢ and T and p(t) < p for all ¢t € R. We also set P = U{P(T,4,p) :
T,6,p > 0}.

When a storage function satisfies an estimate of the form (6.2) with W
having the form (6.3), standard arguments imply that the system is UGAS;
see Remark 6.4. However, it is not clear how to construct global strict Lya-
punov functions for (6.1) in this case. Conditions (6.2) and (6.3) are natural,
because they are satisfied in many important cases. For example, consider the
class of nonholonomic systems in chained form, and suppose that we wish to
track a given periodic trajectory. In this case, applying the main result of
[65] often gives a storage function satisfying the preceding conditions.

6.2 Motivating Example

Consider the chained form system

£'K1 = U1
.’tg = U2 (65)
j?g = T2U1

with state space X = R3 and input space U = R?. We wish to find a feedback

for (6.5) that stabilizes the trajectories of (6.5) to the reference trajectory

2(t) = (—cos(t),0,0), in such a way that the dynamics for the error z, =

(T1e, T2e, T3e) = © — @, is UGAS and locally exponentially stable to 0. We

also want an explicit global strict Lyapunov function for the z. dynamics.
To this end, we pick the feedback component

up = sin(t) — e (6.6)
to obtain the error dynamics

ftle = —T1e
j?ge = U2 (67)
T3e = Toe(sin(t) — x1e).

We first consider the reduced system

(6.8)

Z3e = Toe sin(t)
L'CQE = Uus .

We apply backstepping with the new coordinate zo, = asin?’(t)a:ge + Zoe
where a > 0 is any constant, and then use the feedback component
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us = —3a sinz(t-) cos(t)zse — asin®(t) [—asin (t)zse + 22¢ sin(t)] (6.9)
—az9e — sin(t)zse
to get the closed-loop system
{ .i:ge =—a Sin4(t):733€ + 29, sin(t) (6.10)
Z9¢ = —G2ge — sin(t)xse -
(We discuss backtepping in the next chapter.) The time derivative of
V(t, x3e,22) = 5 |23, + 23] (6.11)
along the trajectories of (6.10) satisfies
V(t, @30, 200) = —asin®(t)a?, —az2, < —2asin*(t)V(t, 30, 200) . (6.12)

This is the special case of the decay conditions (6.2) and (6.3) with time-
varying parameter p(t) = 2sin*(t). However, it is not clear how to transform
(6.11) into a strict Lyapunov function for (6.10).

One consequence of the results of this chapter is that when a = 1, (6.10)
admits the global strict Lyapunov function

U1 (t, T3e, 226) = [477(77’ + ].) + P(t)] V(t, T3e, 225) (613)

where
P(t) = 2 [ ['sin?(r)drds; (6.14)

see Theorem 6.1 and Remark 6.2 with the choices p(t) = 2sin*(t) and T = 7,
and see Sect. 6.4 for other strict Lyapunov function constructions for (6.10)
that use different choices of a to get rate of convergence information. In fact,
we can check directly that

Ui (t, 03¢, 22¢) < =3V (t, 3¢, 22¢) (6.15)

along all trajectories of (6.10). Also, U; is a storage function.

Let us use (6.13) to get a strict Lyapunov function for the full system
(6.7) in closed-loop with the feedback (6.9). We continue to take the tuning
parameter ¢ = 1. Changing variables as before and again using the feedback
(6.9) transforms (6.7) into

.’b]e = —T1e
i3. = —sin® (¢)z3e + 22¢ sin(t) — 122 (6.16)
226 = —29¢ — Sin(t)xge — T1ed2e Sing(t) .

Along the trajectories of (6.16), the time derivative of U; (¢, z3, 22.) satisfies

Ul (tv T3e, ZQe) S _%V(ta T3e, ZQe)

6.17
Fom(3m + 2) [fwsel + zzel] el ore] - (6.17)
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One readily checks that

IN

2m {|$3€| + |22€|} {|Z‘2€||Z‘1e|} 8(?,77r7—+2)V(t7 T3e, 226) + 3277(371- + Q)x%ex%e

IN

8(3::—4_2)‘/(1‘5, T3e, ZQG)

+1287 (37 + 2)V (¢, T3¢, 22¢) T3,

by applying the triangular inequality pg < cp? + %qu where p and q are the
terms in braces and ¢ > 0 is an appropriate constant, and then using the facts

that {|z3c] + |22¢]}2 < 4V (¢, 23¢, 22¢) and 23, < 223, + 223, = 4V (t, w3¢, 22¢)
everywhere. This and (6.17) give the global inequality

0
Ui(t, T3¢, 22¢) < —ZV(t, T3¢, 22¢) + 1287(37 4 2)2V (¢, T3¢, 22¢) 23, -

Since V (t, x3¢, 22¢) < %Ul (t, T3¢, 22¢) everywhere, it follows that the time
derivative of

Us(t, T3¢, 22, 71e) = (1 + Ur(t, T3e, 22¢)) + [64(37 +2)2 4+ 0.5] 27,
along the trajectories of (6.16) satisfies

. T V(t,x3e, 22¢) 2
Us(t < —= — . 6.18
2( 73336’22673:16) =~ 41 + Ul(t,x?,e,ZQe) xle ( )

Since Us is also a storage function, it follows from (6.18) that Uy is a
strict Lyapunov function for (6.7) in closed-loop with the feedback (6.9).
Also, in a neighborhood of the origin, the right side of (6.18) is bounded
from above by a negative definite quadratic function of (z1e, T3¢, 22¢). Since
U, is bounded from above and below by positive definite quadratic func-
tions of (z1e, 3., 22¢) near the origin, this shows that the feedbacks (6.6)
and (6.9) globally uniformly and locally exponentially stabilize the reference
trajectory x,(t). We turn next to a general result that leads to the strict
Lyapunov function construction (6.13) and (6.14) as a special case. As be-
fore, all (in)equalities to follow should be understood to hold globally unless
otherwise indicated.

6.3 Time-Varying Strictification Theorem

Statement of Theorem

Throughout the sequel, we understand +/(0) for functions « defined on [0, o)
as a one sided derivative, and continuity of 7' at 0 to be one sided continu-
ity. The main result from [98] is a general method for converting non-strict
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Lyapunov functions, satisfying decay conditions of the form (6.2)-(6.3), into
global strict Lyapunov functions for the corresponding time-varying systems
(6.1). It assumes the following:

Assumption 6.1 We are given a C' storage function V for (6.1), a con-
tinuous positive definite function W(z), and a bounded continuous function
p: R —[0,00) such that

P10+ Lt p(e,0) < (W) (6.19)

hold for allt > 0 and x € R™.

Assumption 6.2 The functionp : R — [0, 00) from Assumption 6.1 satisfies
the PE condition (6.4) for some constants §,T > 0.

We continue to assume that f satisfies the regularity assumptions from
Chap. 1. Notice that any continuous periodic function p : R — [0, 00) that
is not identically zero admits constants T, > 0 satisfying (6.4). Assumption
6.2 also allows non-periodic p with arbitrarily large null sets, e.g., for fixed

r >0, set
pr(t) = max <0 _t sin® !
" T1+ ] T '

Taking large r gives arbitrarily large null sets.

Theorem 6.1. Consider the system (6.1) with state space X = R™. Let As-
sumptions 6.1 and 6.2 hold. Then one can explicitly construct a function
I' € C' N Ky and a positive definite C1 function \ such that

Vi(t,2) = T(V(t,2)) + A(V(t) /FT / p(r)dr ds (6.20)

is a strict Lyapunov function for the system (6.1). If V' and p both have period
T int, then so does (6.20).

Proof of Theorem 6.1

We first find an everywhere positive continuous function v and A € Ko, N C*
such that

iv(v(t, )W (2) > TA(V (¢, o)) (6.21)

everywhere. For example, first choose A € Ko N C! such that TA(az(|z])) <
W(z) on the bounded set aj'(1)B,, where ai,as € Ko are such that
ar(Jz]) <V (t,x) < ag(|z|) for all t > 0 and z € R™, and then choose
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sup famax {1, 22 g

V() =1 {w0<ar(loh<r} W (x)
4’ T = 0 .
Next note that
t t
/ / p(r)drds < T?p =: Py Vit >0, (6.22)
t—T Js

where p is a global bound of the PE function p(t). It follows that the function

I(r) = 2Py A(r) + [ v(s)ds satisfies the following conditions for all v > 0,
t>0,and x € R™:

I'(v) > 2Py A(v) and (6.23)

1

ZF/(V(t,a:))W(x) > TA(V(t,x)) . (6.24)

We now show that (6.20) with the preceding choices of I" and A satisfies the
requirements of the theorem.

To check that V¥ is a storage function, first note that our choice of Py in
(6.22) gives the inequalities

Vit,x) < I(V(tz)) + PuA(V (L x)). (6.25)
Combining (6.25) with (6.23) gives

r(vite) < Vi) < gF(V(t,x)). (6.26)

Hence, V* is a storage function because V is a storage function and I" €
KenC*
The time derivative of V#(¢,2) along the trajectories of (6.1) satisfies
. . t
Vit,z) =I"(V(t,z)V(t,z)+ {—/ p(s)ds + Tp(t)| A(V(t,z))
t—T

+PN (V(t,2))V(t, ),

(6.27)

where

P(t) = /tiT /stp(r)dr ds. (6.28)

Since we have P(t) > 0, N (V(t,z)) > 0, and V (t,z) < 0 everywhere, condi-
tion (6.27) gives

(6.29)
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Combined with (6.24), this gives

Since A and I' are both increasing, we conclude from Assumption 6.2 that
Vit,z) < —0A(a1(|z])) < 0 Yz #0, (6.31)

which is the desired strict Lyapunov function decay condition. O

Remarks on Theorem 6.1

Remark 6.1. If p(+) is a bounded continuous everywhere non-negative function
for which there exist constants 7}, > 0 and ¢, > 0 such that

p(t) +pt—T,) = ¢

for all t € R, then the formula (6.20) can be simplified by replacing the double

integral
/ / r)drds

in the formula (6.20) for the strict Lyapunov function with
t
/ p(r)dr.
=T,

To see why, choose A € C' N K4 and a C' everywhere positive definite
function v such that (6.21) is satisfied with 7" = 1, and define I" as before.
Then the new formula for V*# gives
Vi(t,x) < p(t)[ - I'(V(t,2))W (x) + AV (¢, 2))]
—plt — TYA(V (t,)) (6.32)
3pt) " (V (¢, 2)) W (x) — p(t — Tp)A(V (¢, 2)).

We easily deduce the negative definiteness of the right side of (6.32) from the
facts that p(t) + p(t — T,) > ¢, for all t € R and I''(r) > 0 for all » > 0.

Remark 6.2. The formula (6.20) can be simplified when V(¢t,2) = W(z). In
fact, in that case, we can take

Ar)=r, y(r)=4T, and I'(r) = (2P +4T)r.
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More generally, we can take I'(r) = r if W is proper and positive definite;
see the first part of the proof of Theorem 6.2, specialized to the case where
the disturbance is identically zero.

Remark 6.3. As noted in [98], we can extend Theorem 6.1 to cases where the
non-strict Lyapunov function V satisfies the more general decay condition
(6.2). One way to do this is to assume the following additional conditions:

1. V,q, and f are all periodic in ¢ with the same period T
2.V € C! is a storage function; and

3. W is everywhere non-negative, and there are two constants 7 and 7 with
0 <7 <7 <T and a positive definite function W so that W(q(t),z) >
W (z) for all t € [11, 2] and all z € R™.

Then we can again construct an explicit strict Lyapunov function for (6.1).
This can be done by applying Theorem 6.1 using any continuous periodic
function p(t) of period T' (which in general will be different from ¢) such that

fgp(s)ds >0, p(r) € (0,1] Vr € [11,72], and
p(r) =0on [0,T]\ [11, 2]

The proof is the same as before.

Remark 6.4. Notice that Theorem 6.1 goes beyond establishing that the sys-
tem (6.1) is UGAS, because it constructs an explicit strict global Lyapunov
function for the system. If we merely want to establish UGAS under the as-
sumptions of Theorem 6.1, then we can use the following argument from [139],
assuming there is a IC function a such that W(z) > «a(]z|) for all x € R™.
The details are as follows. By arguing as in [139, Proposition 13], we can find
a function p € C' N K4 such that the function V = p(V) satisfies

Vit,x) + Va(t, o) f(t,2) < —p(t)V(t,x) (6.33)

everywhere. We now argue as in [64]. Letting ¢t > to > 0 and k be the largest
integer kT < t, we get

to+t to+kT t
/ p(s)ds > / p(s)ds > k§ > (— - 1) J.
to to T

Integrating (6.33) therefore gives
V(t—f—to,x(t-i—to,to,xo)) < V(to,aco)ef(%fl)(S < V(to,xo)De*‘St/T

where D = ¢°. Since V is again a storage function, this gives the UGAS
condition. However, it is not clear from the preceding arguments how to
construct an explicit strict Lyapunov function for (6.1), which is one of our
motivations for studying strictification methods for time-varying systems.
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6.4 Remarks on Rate of Convergence

In our analysis of the dynamics (6.5), we found that for any constant a > 0,
we can find a change of coordinates so that the time derivative of

1
= (23, + 23] (6.34)

V(tax?)eaZQe) = 2[

along the trajectories of the system (6.10) in the new coordinates satisfies

V(t, x3e,22¢) < —2asin4(t)V(t,x36,zge). (6.35)

This can be shown to imply that (6.10) can be made exponentially stable
to the origin with arbitrary fast rate of convergence. We can carry out our
strictification approach in such a way that the rate of convergence information
is reflected in the strict Lyapunov function decay rate. One general result in
this direction is as follows.

We again consider our system (6.1) under our standing assumptions, and
we assume that there exists a weak Lyapunov function such that along the
trajectories of (6.1), we get

V(t,z) < —apt)V(t,x), (6.36)

with @ > 0 a given constant and p a PE parameter that is bounded by a
constant p. Choose 0 and T so that the PE condition (6.4) is satisfied.
Let

V(t,z) = DV (t,2), where R(t) = %/:T </ltp(m)dm) di . (6.37)

Reasoning as we did to get (6.27) gives

(/ tTp<m>dm) (6.39)

V(t, ) = RO [V(t,x) + R(t)V(t,m)]
[—ap(t) + R(:s)] V(t,z)
t (6.39)
— (/ p(m)dm) V(t,x)
t—T

—%GV(t7 3?),

R(t) = ap(t) —

Sl

and therefore

INIA

IN

where the last inequality is from (6.4). The Lyapunov function V decays
exponentially to zero with the decay rate %a, as desired.

An immediate consequence of (6.39) and the expression (6.37) for V is that
if there exist an integer £ > 1 and positive constants ¢; and cs such that
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alzf <V(tz) < colzl* (6.40)

for all (t,z) € [0,00) x R™, then the solutions of (6.1) exponentially converge
to zero with decay rate %a, by the following argument. Integrating (6.39)
on [to, t] along any trajectory of (6.1) gives

V(t,z(t)) < e TtV (ty, 2(t)) - (6.41)
Therefore,
V(t7x(t)) < e*%a(tfto)eR(to)*R(t)V(to,:C(to)) (6 42)
< e_%a(t_to)e%ﬁv(thx(tO)) ) .
where the last inequality used
T
0<R(t) < %ﬁ. (6.43)
Applying (6.40), dividing by ¢1, and taking kth roots gives
1%
()] < [} et ta(to)] (6.44)

which is the desired exponential decay condition.

Remark 6.5. The preceding construction readily generalizes to cases where
one has a non-strict Lyapunov Vi, a PE parameter p, and an everywhere
positive C? function L such that L(0) =1 and

Vi(tx) < —ap(t>%

along all trajectories of (6.1), as follows. Without loss of generality, we may
assume that L is non-decreasing. Then, for all v € (0, 1),

/v mdm < —/1 @dm = In(v). (6.46)

m m

(6.45)

We deduce that the continuous function
Y 2L(m)
k(v) = exp(/1 S dm),v>0 (6.47)
0, v=20

is C! and of class K. Indeed, (6.46) gives k(v) < v? for all v € (0,1), so
k'(0+) = 0, and
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as v — 0F.
Next, consider the function

Vit,z) = k(Vi(t,z)) . (6.48)

It satisfies V'(¢,0) = 0 for all ¢ > 0, and

V0 = 2080 ( /lvl(m 2L(m) dm) LOAGE) o o

m Vl (t,l’)
Vi) 9, (m) L(Vi(t, z)) Vi(t, z)

Vl(t,(l?)
< —exp </ Mdm) ap(t)
1 m

= —ap(t)V(t,x), x #0,

which is the decay condition we had in (6.36). Hence, applying the previous
result with the choice V (t,z) = k(Vi(t,x)) and k defined by (6.47) gives the
function

W(t,z) = eBOV(t,z), (6.50)
whose time derivative along the trajectories of (6.1) satisfies

)
Wi(t,xz) < —TQW(t,.’E). (6.51)

Using the fact that k € Ko, we readily conclude that W is a strict Lyapunov
(6.1). On the other hand, (6.51) does not imply that the solutions of the
system converge exponentially to zero, even when V; satisfies inequalities of
the type (6.40).

6.5 Input-to-State Stability

We next present extensions of Theorem 6.1 to systems with disturbances
based on ISS, and some further extensions for systems with outputs.
Throughout this section, we will assume that our nonautonomous system

&= f(t,x,u) (6.52)

has state space X = R” and input set U = RP, and that it satisfies our
usual assumptions from Chap. 1. For convenience, we also assume that f
is periodic in ¢, which means that there exists a constant 7" > 0 such that
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fG+T,z,u) = f(t,z,u) for allt > 0, x € R", and u € R™. However, most of
the results to follow remain true if the periodicity assumption on f is relaxed
to the requirement that f is uniformly locally bounded in ¢, meaning, for
each compact subset K C R” x RP, we have

sup {|f(t,z,u)| : (z,u) € K,t >0} < 4o0. (6.53)

The control functions for our system (6.52) comprise the set of all measurable
essentially bounded functions « : [0, 00) — R™; we denote this set by M(R™)
as before. For each tg > 0, g € R™, and « € M(R™), we let I > ¢ —
x(t,to, xo, &) denote the unique trajectory of (6.52) for the input « satisfying
x(tp) = xo and defined on its maximal interval I C [tp, 00). This trajectory
will be denoted by z(t) when this would not lead to confusion.

Recall that a C*! function V : [0,00) x R™ — [0, 00) is said to be of class
UBPPD (written V' € UBPPD) provided (a) it is a storage function and (b)
its gradient is uniformly bounded in ¢, i.e., there exists a function ag € K,
such that

YV (¢ )] < as(le]) (6.54)

for all ¢ > 0 and = € R™, where VV = (V,V,). Given a storage function
V € UBPPD and functions ay, as € Ko such that
ar(|z]) < V(t,z) < as(|z]) VE>0 and 2z € R™, (6.55)

we can assume that g and o are C', e.g., by taking as(s) = [; as(r) dr and
minorizing a; by a C! function of class K.,. We continue to use the notation

Vit = D) + () (1, w)

for functions V€ UBPPD. We later use the fact that
s o sup { |V (1,2, )| £ ¢ > 0, 2] < x(s), Ju] < s}

is of class K for each x € K, which follows from (6.53) and (6.54).
For each element p € P, we can define corresponding notions of non-strict
ISS and non-strict ISS Lyapunov functions, as follows:

Definition 6.1. Let p € P. A function V' € UBPPD is called an ISS(p)
Lyapunov function for (6.52) provided there exist x € Koo and p € Koo NCL
such that

ol = x(ju) = Vita,u) < —pOullel) v20.  (6.56)

An ISS(p) Lyapunov function for (6.52) and p(t) = 1 is also called a strict
1SS Lyapunov function.

Condition (6.56) allows )
V(t,z,u) = 0
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for those t where p(t) = 0. This corresponds to allowing V' to non-strictly
decrease along the solutions of (6.52).

Definition 6.2. Let p € P. We say that (6.52) is ISS(p), or that it is ISS
with decay rate p, provided there exist 8 € KL and v € K such that for all
to >0, zg € R", ug € M(R™) and h > 0,

to+h
|2(to + h, to, 2o, u0)| < B <|$0|’/ p(s) dS) + (Juolito.to+n1) - (6-57)

to
If (6.52) is ISS(p) with p = 1, then we say that (6.52) is ISS.

Notice that ISS(p) systems are automatically forward complete. We also
study dissipation-type decay conditions as follows:

Definition 6.3. Let p € P. A function V' € UBPPD is called a non-strict
dissipative Lyapunov function for (6.52) and p, or a DIS(p) Lyapunov func-
tion, provided there exist 2 € Ko, and p € Koo N C! such that

V(t,z,u) < —p(t)u(|]) + £2(|ul) (6.58)

forall t > 0, z € R”, and v € R™. A DIS(p) Lyapunov function for (6.52)
and p(t) = 1 is also called a strict DIS Lyapunov function.

As we saw in Sect. 6.3, the decay condition (6.58) in the special case where
the disturbance w is fixed at zero implies the existence of a (possibly different)
storage function that satisfies the standard decay condition

V(t,2,0) < —pu(lz]),

which gives UGAS. However, it is not clear how to use a DIS(p) or ISS(p)
Lyapunov function to construct a strict ISS Lyapunov function. In the next
section, we show how such constructions can be carried out explicitly. We use
the following elementary observations:

Lemma 6.1. Let T,6,p > 0 be constants and p € P(T,,p) be given. Then:
1.0< ftt_T (f:p(r) dr) ds < ? for all t > 0; and
2. the function
t+h
[0,00) © h — p(h) = inf p(r)dr
>0 J,

is continuous, non-decreasing, and unbounded.

The proof of Lemma 6.1 is a simple exercise.
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6.6 Equivalent Characterizations of Non-strict ISS

The following theorem from [91] collects the various equivalences among
ISS(p), ISS, and the corresponding non-strict and strict Lyapunov functions:

Theorem 6.2. Let p € P and f be as above. The following are equivalent:

1. f admits an ISS(p) Lyapunov function;
2. f admits a strict ISS Lyapunov function;
3. f admits a DIS(p) Lyapunov function;

4. f admits a strict DIS Lyapunov function;
5. f is ISS(p); and

6. f is ISS.

While the main implications of Theorem 6.2 can be shown in non-explicit
ways (e.g., using Lyapunov characterizations), a significant feature of our
proof is the explicit construction of strict ISS Lyapunov functions

Vit x) = V(t,z) +w(V(tx)) /:T (/:p(r) dr) ds (6.59)

for an appropriate function w € C' N K. The proof proceeds by showing
the following implications: 1. = 2. = 4. = 1., 3. & 4., 2. & 6., and 5. &
6.. For completeness, we provide the parts of the proof that involve strict
Lyapunov function constructions. We then discuss the other parts of the
proof in remarks. Fix T, J,p > 0 such that p € P(T, 6, p).

6.6.1 Proofs of Equivalences

Proof that 1. = 2. Let V be an ISS(p) Lyapunov function for f. Pick functions
a1, e € Koo N CY satisfying (6.55) and x € Koo and p € Koo N C? satisfying
(6.56). Set
5 - Tp
Qs(s) =max< =L, 17 (az(s) + u(s) +s) and
2(s) = max { 22,1} (aa(s) + u(s) + 5) 650
w(s) = fon(az’(s)).

Then Gg,d; " € Koo N CL. Since V(t,x) < @s(|z|) for all t > 0 and = € R”
and p € Ko, we get

2| > x(jul) = V(tz,u) < —p()u(ay " (V(t,2)) - (6.61)

Note too that w € Ko N C and
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w(az'(s))

0 < w(s)= _
=T e B 465 o) 6 DD g
(65 (5)) o1
T 4T max{Z2 1}/ (a5 (s) +1) ~ 2T°p
for all s > 0. Consider the UBPPD function
Vit,z) = V(t,z) + E(Hw(V(t, ), (6.63)
where . .
E(t) = /th (/S p(r) dr) ds. (6.64)
Then

Vit u) = [1+ &) (V(E,2)) ]Vt 2, u) (6.65)

+[Tp(t) — [} pp(r)dr]w(V(t,z)) .

When |z| > x(|ul), condition (6.61) gives

VE(t, z,u) < —p(t)u(ag  (V(t,2)))

+ [Tp(t) — ftt_Tp(r) dT} ﬁu(d;l (V(t,x)))

< —Zp(t)u(&f;l (V(t,x)))

([ v ar) gt v ea)
< (a3 (e (a]))) vt >0

Since p o d;l oa; € C'N Ky, it follows that V¥ is a strict ISS Lyapunov
function for (6.52). O
Proof that 2. = 4. Assume that f admits a strict ISS Lyapunov function V.
Let p, x € Koo satisty condition (6.56) with p = 1. Then the strict dissipative
condition (6.58) with p = 1 follows by choosing any {2 € K, satisfying

O(s) > V(t,z,u) + u(\x\)} Vs > 0.

> max {
{t>0,]z|<x(s), lu|<s}
Such an {2 exists by our conditions (6.53) and (6.55). Therefore, V' is itself a
strict DIS Lyapunov function for f. O
Proof that 4. = 1. Assume that f admits a strict DIS Lyapunov function V.
Let u, 2 € K satisfy (6.58) with p = 1. If || > x(|u|) = = 1(22(|u])), then
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1% <1 1% ( )
(t,2,u) < —gp(lz)), so V(t,z,u) < (| x])

for all t > 0. Therefore, V' is also an ISS(p) Lyapunov function for f, so 1. is
satisfied. O
Proof that 3. < 4. Since p € P is bounded, it is immediate that 4. implies
3.. Conversely, assume V' € UBPPD is a DIS(p) Lyapunov function for f
and aq, a9, 1, 2 € Koo satisfy (6.55) and the DIS(p) requirements. Define
G2, w € Koo NC' and V* by (6.60) and (6.63). As before, when ji = poday?,
we have

V(t2,u) < —p(MA(V () + 2(lul)
for allt > 0,2 € R™,u € R™. It follows from Lemma 6.1 and (6.62) that

Lt et (Vit,a) € {1, Z} W > 0and o € R, (6.66)
Since w = =i, we deduce from (6.65) that

VE< —p(t)a(V (¢, z)) + 202(ul)
FTp(ty(V(t,2)) — (g p(r) dr) w(V(t, 2))
< —dw(ar(|z))) + 2(Jul).

Since woa; € C'N Ky, it follows that VF is the desired strict DIS Lyapunov
function. |

6.6.2 Remarks on Proof of Equivalences

Remark 6.6. The implication 2. = 6. is standard. It follows, e.g., from [70,
Theorem 4.19, p.176], generalized to allow controls in M(R™). The converse
6. = 2. was noted in [39, Theorem 1], and can be deduced from results in
[12]. For details, see Appendix B.2.

Remark 6.7. The proof that 5. < 6. is the following straightforward conse-
quence of Lemma 6.1. Assuming 6., there are 8 € KL such that for all ¢y > 0,
zo € R”, up € M(R™), and h > 0,

|z(to + R, to, o, uo)| < B(|zol, Dh) + ¥ ([uolzo,t041))
< B(Jzol, ftﬁh (s)ds) + 7 (Juolito,tot+n1)-

Therefore, f is ISS(p) so 6. = 5.. Conversely, if f is ISS(p), then we can find
08 € KL such that for all ¢ty > 0, zo € R"™, ug € M(R™), and h > 0,
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[2(to + R to, 0, u0)| < 6 (|ol, Ji " ps) ds ) + (ol 1)
< B (Jol, 501)) + 7 (ol e 0 +10)

where p is the function defined in Lemma 6.1. By Lemma 6.1, B(s,t) =
B(s,p(t)) € KL, so 5. = 6., as desired.

Remark 6.8. If the functions V', as, u, p are sufficiently smooth, then the
particular function &y in (6.60) we have chosen implies that the function
VE(t, x) is also sufficiently smooth.

Remark 6.9. Our proof of 2. = 4. in Theorem 6.2 shows that if V is a strict

ISS Lyapunov function for f, then V is also a strict DIS Lyapunov function

for f. The preceding implication is no longer true if our growth requirement

(6.53) on f is dropped, as illustrated by the following example from [39].
Take the one-dimensional single input system

= f(t,z,u) = -+ (1+t)g(u—|z|),

where ¢ : R — R is any C! function for which ¢(r) = 0 for < 0 and ¢(r) > 0
otherwise. Then V(x) = 22 is a strict ISS Lyapunov function for the system
since

lz| > |u| = V < —2?,

but V' does not satisfy the strict DIS condition (6.58) for any choices of u
and 2. This contrasts with the time-invariant case where strict ISS Lyapunov
functions are automatically strict DIS Lyapunov functions.

6.7 Input-to-Output Stability

The ISS property estimates the decay of the state in terms of an overshoot
that depends on the essential supremum of the control. However, in many
applications, the current state may be difficult if not impossible to measure.
Instead, only output measurements are available, which gives the standard
model

i = f(t,z,u), y=H(z) (6.67)

where f is as before and H is locally Lipschitz. We assume for simplicity in
this section that (6.67) is forward complete and of period T > 0 in t¢.

Several generalizations of ISS for time-invariant systems with outputs are
used [73, 164, 170, 171]. It is natural to generalize the ISS condition by
assuming a decay of the output (instead of the state) with an overshoot
depending as before on the sup norm of the input. This is made precise in
the following definitions, which generalize the corresponding definitions for
time-invariant systems from [171]. In what follows, we set
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y(tO + ha th Zo, 11) = H(Z‘(to + h7 tO) Zo, 11))

for all tg > 0, o € R™", u € M(R™), and h > 0.
Definition 6.4. We say that (6.67) is input-to-output stable (I0S) provided
there exist € KL and v € K such that

|ly(to + h,to, zo,w)| < B(|xol, k) + v (Julieg,to+n))

for all tg > 0, o € R™", u € M(R™) and h > 0.
The corresponding Lyapunov function notion is as follows:

Definition 6.5. A smooth V : [0,00) X R™ — [0, 00) is called a (strict) IOS
Lyapunov function for (6.67) provided there exist functions aq,as,x € Ko
and k € KL such that

a([H(z)]) < V(t,r) < az(|z]) (6.68)
and .
V(t,x) > x(|ul) = V(t,z,u)
hold for all ¢t > 0, z € R™, and u € R™.

For the equivalence of the IOS property to the existence of an I0OS Lya-
punov function for time-invariant systems, see [171, Theorem 1.2]. Let sat{q}
denote the usual projection of ¢ € R onto [—1,+1], namely,

<
sat(r) = {r, Il <1

sign(r), otherwise.

IN

—k(V(t, ), |z|) (6.69)

The following IOS strictification result was announced in [90]:

Theorem 6.3. Let f and H be as above and assume p € P(T,0,p). Let
V :[0,00) x R® — [0,00) be a C! function that admits G1,42,%X € Koo and
ke C'N Koo such that

a1(|H(@)|) < V(t,z) < ao(lz]) (6.70)
and
V(t,z) > x(ul) = V(t,z,u) < —p(t)/%(V(t,x)) (6.71)
for all x € R™ and t > 0. Define w : [0,00) — [0, 00) by
w(r) = T%ﬁ/o sat{#'(s)} ds. (6.72)

Then

Vit,z) = V(t,z) + [/tiT (/:p(l)dl) ds} w(V(t,z))

is a strict 10S Lyapunov function for (6.67).
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Proof. Defining £ by (6.64) as before and choosing w from (6.72) again gives
(6.65). Since Tw(r) < &(r) and w'(r) > 0 for all r > 0, it follows that if
V(t,2) > (Jul), then

(
< —w(V (¢, )
Recalling Lemma 6.1 and the structure of V*#, and noting that w(r) < 755
for all » > 0, it follows that
3
V(t,z) < Vit,z) < 5V(t,gc) (6.73)

for all t > 0 and « € R™. Therefore, if V¥(t,z) > 2x(|u|), then V(t,z) >
x(Ju|), so (6.73) gives

Vit z,u) < —sw(V(t,x)) < —dw <W>

for all t > 0. Moreover, & (|H(z)|) < V#(t,z) < 2as(|z|) for all t > 0 and
r € R", by (6.70) and (6.73). We conclude that V¥ satisfies the strict 10S
Lyapunov function requirements with

3 3 g = g2r/3)

2 =2 d
20[2, X 2X an I{( (1+8)

oy =&y, g =

which proves the theorem. O

6.8 Illustrations

6.8.1 Rotating Rigid Body

We construct a strict ISS Lyapunov function for a tracking problem for a ro-
tating rigid body. Following Lefeber [78, p.31], we only consider the dynamics
of the velocities, which, after a change of feedback gives

w1 =01 +up
we = 0o + us (674)
w3 = wiws ,

where §; and 0o are the inputs and u; and us are the disturbances. We
consider the reference state trajectory
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wr(t) = (w1, war, ws)(t) = (sin(t),0,0) . (6.75)

The substitution
(;Jz(t) = W; (t) — Wir (t)

transforms (6.74) into the error equations

01 =61 +ug — cos(t)
W2 = 6 + uz (6.76)

Wy = (W1 + sin(t)]ws .

By applying the backstepping approach as in [65], or through direct cal-
culations, one shows that the time derivative of the class UBPPD function

—_

V(t,@) = = [0f + (@2 + sin(t)s)® + @3 (6.77)

\V]

with @ = (&1, @2, @3) " along the trajectories of (6.76) in closed-loop with the
control laws

01(t,w) = —@1 — Wals + cos(t)
S2(t, @) = —[1 +sin(t)d; + sin® ()] @2 (6.78)
—(2sin(t) + cos(t))ws
satisfies
V = —@2 — @y + sin(t)@s)” — sin?(t)@2

+wiug + [(IJQ + Sin(t)(:);g] Us

< 10?7 — LD + sin(t)@s]? — sin®(t)@3 (6.79)

N[ —

+3(ui + ud)
< —p®)a(V(t,0)) + £2(|ul)
with u = (u1,u2)" € R,
p(t) =sin?(t), ji(s) =s, and 2(s) = %82.
Therefore, V' is a DIS(p) Lyapunov function for (6.76) in closed-loop with

the control laws (6.78). In this case, p € P(m, 7/2,1). Setting

1 s
T=m and w(s)zg—T,u(s)zg—W
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and defining £ by (6.64), it follows that (6.66) also holds. Therefore, our proof
of Theorem 6.2 shows that

ViL@) = V(L) + [ [ (S per) dr) ds| w(v(t, @)
=[1+ & — Lsin(2t)| V(t, o)

is a strict DIS Lyapunov function and also a strict ISS Lyapunov function
for the system (6.76) in closed-loop with the control laws (6.78).

6.8.2 Stabilization of Underactuated Ships

We next consider a control problem arising from the dynamic positioning of a
ship that has no side thruster, but does have two independent main thrusters.
The thrusters are located at a distance from the center line in order to provide
both surge force and yaw moment. We find feedback laws that stabilize both
the position variables and the orientation around a periodic trajectory, using
only the two available controls. We also seek a strict Lyapunov function for
the corresponding closed-loop error dynamics. To keep our illustration simple,
we select a very simple family of reference trajectories.

6.8.2.1 Ship Model

Following [42], the dynamic equations of the ship are

0= M22yp - dug g L

mi1 mi1 mi1
N o _ma1 _ doo 6.80
v ur — 2 ( )

po= Ma=Mozg,,  dag gy 1 o
ms3s m33 mas33

The variables u, v and r are the velocities in surge, sway and yaw respectively.
The constant parameters m;; > 0 are given by the ship inertia and added mass
effects, and the parameters d;; > 0 are related to the hydrodynamic damping.
The available controls are the surge control force 7 and the yaw control
moment 73. However, we have no available control in the sway direction, and
the problem of controlling the ship in three degrees-of-freedom is therefore
an underactuated control problem.

When modeling the ship, the dynamics associated with the motion in
heave, roll, and pitch and terms of second order at the origin in the hy-
drodynamic terms are assumed to be negligible. We also assume that the
inertia and damping matrices are diagonal. This is true for ships having
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port/starboard and fore/aft symmetry. Most ships have port/starboard sym-
metry. Non-symmetric fore/aft of the ship implies that the off diagonal terms
of the inertia matrix are non-zero, i.e., moz # 0 and mgzo # 0, as well as
des # 0 and d3o # 0 in the damping matrix. These off-diagonal terms will be
small compared with the diagonal elements m;; and d;; for most ships. Non-
symmetric fore/aft will also give some extra cross-terms, due to Coriolis and
centripetal forces. Control design in the general case where the off-diagonal
terms are also taken into account is relatively simple for a fully actuated ship,
while it is still a topic of future research for the underactuated ship.
The kinematics of the ship are described by

& = cos(yp)u — sin(¢)v
y = sin(y)u + cos(y)v (6.81)
b=

where (z,y) and 1 give the position and orientation of the ship in the earth

fixed frame, respectively. To obtain simpler, polynomial equations, we use
the global coordinate transformation from [132], namely,

z1 = cos(¢)x + sin(y)y
29 = —sin(Y)x 4 cos(y)y (6.82)
z3 = 1
which yields
21 = U+ zaor
2o =V — 21T (6.83)
23 =7Tr.

To summarize, the overall system is

21 = u+ zor

29 =V — 21T

23 T

(6.84)
0= m22yp — g4 Lo
mi1 mi1 mi1
— —marg . doz g,
ma2 ma2
F= T Mmazgy,  das gy 1 g
mas33 ma33 m33

6.8.2.2 Trajectory Tracking Problem

We solve the problem of tracking the state reference trajectory

(le’ Z2p; Z3p; Up, Up, TP)(t) = (07 Oa —€ Sin(t)7 Oa 07 —€ COS(t)) ’ (685)
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where € is an arbitrary positive real number, and we also find an explicit
global strict Lyapunov function for the corresponding closed-loop system.
We find it convenient to use the change of feedback

T1 = M11V] — MooUT + d11u

(6.86)
T3 = Magla — (M11 — Maz)uv + dzar ,
where v and v are the new inputs. This gives
21 = U+ zor
29 =V — 21T
Z3 =7
s (6.87)
U = —prur — pav
ﬂ =11
=V2,
where p
m
pr=—2 and py = —= | (6.88)
Maog ma2

‘We also use the more convenient variables
4y = 29 + p%v,
Z3 = z3 + esin(t), and (6.89)
¢ =r+ecos(t),

which give the time-varying system

21 =u+ [Zg - p—lz‘v] [¢ — ecos(t)]
Zy = —21[¢ — ecos(t)] — Bul¢ — e cos(t)]
Zs =

0 = —pyu[¢ — e cos(t)] — pav

(6.90)

’llzl/l

¢ =y —esin(t) .

To summarize, the problem of tracking the reference trajectory (6.85) for
the system (6.84) is equivalent to the problem of globally uniformly asymp-
totically stabilizing the origin of (6.90). We carry out the stabilization and
Lyapunov function construction for (6.90) in five steps, as follows.
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Step 1. A Reduced System

We first consider the problems of (a) globally uniformly asymptotically sta-
bilizing the origin of
21 =uy + [Zg - p%v] [Cr —ecos(t)]
2y = —21[Gs — ecos(t)] — EruglCs — e cos(t)]
Zs = (s
b = —prug[Cr — e cos(t)] — pav

(6.91)

where uy and (; are new inputs and (b) finding a strict Lyapunov function
for the closed-loop system (6.91). We later use backstepping to handle the
strict Lyapunov function construction for the original dynamics (6.90).

We choose the feedbacks

uf(t,z1, 22, Z3) = —&zl — %ZQ[COS(t)-I-Zg,] and (f(Z3) = —eZ3. (6.92)

P1 P1

They result in

b= b2y %Zg[cos(t) + Zs] — ¢ <22 — p%v) [cos(t) + Z3]

P1
ZQ = —Ezzg[COS(t) + Z3]2 (6 93)
Zg = —EZg
b = —epa[z1 + eZ2(cos(t) + Z3)| [ cos(t) + Z3| — pav
or equivalently,
2.;1 = _Z_?Zl + piz COS(t)U + hl (ta v, ZQ) Z3)
0 = —pov — gpa cos(t)z1 + ho(t, 21, Z2, Z3) (6.94)
Ty = —27, [cos(t) + Z3]2
Zg = —&‘Zg )
where
€ P2
h1 (t, v, Lo, Z3) = —vl3 — 5(1 + —)ZQ(COS(t) + Z3)
P2 P1
ho(t, 21, Zo, Z3) = —&2py cos(t) Zo(cos(t) + Z3) (6.95)

—Ep2 [21 + eZs(cos(t) + Z3)] Zs .
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Step 2. Strict Lyapunov Function (21, v)-subsystem

For the (21, v)-subsystem of (6.94) in the absence of hy and hs, one can easily
check that the positive definite quadratic function

1
Vi(z1,v) = 5 (0321 + 7] (6.96)

is a strict Lyapunov function, since along the trajectories of this subsystem,
we have

Vi = pP521 —Qzl + iv cos(t)| — pav? — vepazy cos(t)
P1 P2 (697)

Il

|
N
—
|
RS
N
S

Therefore, when h; and ho are present, we have

3
Vi= —%Zf — pov? + pizihi(t,v, Zo, Z3) + vho(t, 21, Zo, Z3) . (6.98)
1

Using the triangular inequality, we obtain

3
: Py o P2 o pip2
Vi< _f2 2 2
T R

h3(t, 21, Zo, Zs)

6.99
2, (6.99)

hi(t, v, Zs, Z3) +

We next construct a global strict Lyapunov function for the system (6.94).

Step 3. Strict Lyapunov Function for (Z3, Z3)-subsystem

We first replace V7 with the function
Wl(Zl,U) =1In (Vl(Zl,U) + 1),

which is a positive definite and radially unbounded function. Its time deriva-
tive along the trajectories of (6.94) satisfies

3
; P2 2 P2 2
Wy < — 27 — v
P20 (Vi) + 1) 2(Vilzr,v) + 1) (6.100)
p1p2 hi(t, v, Zo, Z3) 1 h3(t,z1, Z2, Z3)
2 Vi(z1,v)+1 202 Vi(zp,v)+1

Since
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hi(t, v, Zo, Z3)| < i|ng|+5(1+p—2> 1Z,|(1+ | Zs]) and
| <3 & ( ) (6.101)
|ha(t, 21, Z2, Z3)| < epalz1]|Zs| + 2e%pa| Za| (1 + |Z3|)2
hold everywhere, the inequalities
h2(t,v, Zs, Z 2 2
Mt 22, Zs) 4572 1 2¢? <1+p—2) 73(1+|25))” and
Vi(z1,v) +1 P2 P1 (6.102)
h%(t Z1 Z2 Zg) 4
20T T L 4?72 4 8e4p3 22 (1 + 1 Z3)
Vilz,o) +1 = 3 P2 2( | 3|)
are satisfied and therefore
; p% 2 P2 2 2
Wy < — 27 — v+ Kq(e)Z
! 201 (Vi(z1,0) + 1)1 2(Vi(z1,0) + 1) 1e)Zs (6.103)

4
+Ka(e)Z3 (14 |Z3]) ",
where

K oP1+1 2 2\ 4
1(e) =2e*—— and Ks(e) =ep1po (1 + p—1> +4etps . (6.104)

P2
This gives

: 03 5 p2 2

W, < — 25— v

L T i)+ )Y 2(Vi(zL,v) + 1)
2K () Va(Za, Z3) (6.105)
2K (e)Va(Za, Z3) (1 + \/2Va(Za, Z3)) "

where

1
Va(Za, Z3) = 5[ 73 + Z3] . (6.106)
We deduce that
3
' P2 2 P2 2
Wy < — 52 _ "
' 2p(ViGw) )T 2V 0) + 1)

+2K1(e)Va(Z2, Z3) (6.107)

+16K2(6) [1 + 4‘/22(Z2, Z3)] ‘/Q(Zg, Zg) .

Next note that V5 as defined in (6.106) is a positive definite quadratic
function. It is also a weak Lyapunov function for the (Z3, Z3)-subsystem
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of the system (6.94), because its derivative along the trajectories of (6.94)
satisfies _ )
Vo = —2Z3 [ cos(t) + Z3]” —eZ3 . (6.108)

We next construct a strict Lyapunov function for the (Zs, Z3)-subsystem of
(6.94) by using V5. To this end, first note that if [ Z3| > 1| cos(t)|, then (6.108)
gives

2
. £ 9 e 2 ‘/2(227Z3)
< —- t) < — ) ————————— 1
Vo < 4(:05()7 4(1+€)COS()1+V,2(Z2’Z3) (6.109)
while if |Z3] < | cos(t)|, then
. 62
Vo < _ZZQQ cos?(t) —eZ2
2
< — 2t) (22 + z2
<Tiige) cos?(t) [Z3 + Z2] (6.110)
€ Va(Z2, Z3)
< - 2 (¢ ’ .
S 119 V1, 2z
Therefore, in either case,
~ e? Va(Za, Z3)
Vo < — % (¢ 4 6.111
2= 5079 Vi5iT %z, 29) (6.111)

for all t, Z5, and Z3.

We can now obtain the strict Lyapunov function for the (Z2, Z3)-subsystem
of (6.94) using the construction from Sect. 6.4. In fact, it follows from Remark
6.5 applied with

T =2m, p(t) = cos’(t), L(v)=0.5[1+v], and a= 8(1+¢)

that the time derivative of the function

WQ(tv Z2a Z3)

e2(2m+sin
— oxp (ZGEERE0 ) oxp (Vi (22, Zs)) Va( 22, Z)

(6.112)

along the trajectories of (6.94) satisfies

62

Wo < —— Wo(t, Zo, 2
2 > 16(1+5) 2(7 25 3)

2 2( -1
< _ 6.113
S 60T 9 exp(32 15z >€Xp (Va(Zy, Z3)) Va(Za, Zs3) ( )
2

)
(1+e)
2 Tm—1
ST (22((1 T D [L+3V2(22, 25)| Va(Z2, Z5) -
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Hence, W is a strict Lyapunov function for the (Z2, Z3)-subsystem of (6.94).

Step 4. Full Reduced System

We now show that
Wg(t, 21,0, 4o, Zg) =Wh (21, ’U) + Kg(f—?)Wz (t, Zs, Zg) (6.114)

is a strict Lyapunov function for the system (6.94) when we choose

K3(e)

_ 256(1+ )[Ku(e) + 9K>(e)] ( 52(”_1)) (6.115)

¢? S 32(1+e)
To this end, first note that we can find functions s,y € Ko such that

Vs (|(21,v, Zo, Z3)|) < Wisl(t, 21,0, Z2, Z3) < v(|(21,v, Z2, Z3)|)  (6.116)
for all ¢, z1,v, Z3, and Z3. We deduce from (6.113) and (6.107) that
Ws < —2(z1,v, Z9, Z3) (6.117)

along the trajectories of (6.94) in closed-loop with (6.92), where

2
‘Q(Z17U7ZQaZ3) = P2 |:p2

—_— —zz—l—vz}—i—SK e)[z2 + Z2
2(‘/1(2:1,1])_’_1) 01 1 2( )[ 2 3]

is a positive definite function.

Step 5. Backstepping

We now use our results for the reduced system to find stabilizing controls
and associated strict Lyapunov functions for the original system (6.90). We
apply the classical backstepping approach. Omitting arguments of some of
the functions, we can rewrite (6.90) as

f=ug+ [ Zo = So] G — ecos(t)] + Ry
Zy = —21[Cp — e cos(t)] — BruglCr —ecos(t)] + Ro
Zs=(p+Rs

0= —prus[Cy — ecos(t)] — pov + Ra

(6.118)
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where .
a=u—uy(t, z1,22,23), ¢ =(—(r(Z3), (6.119)

uy and (y are defined in (6.92), and the functions R, are defined as follows:
RI(Z%’Uaﬂaé =u-+ |:ZQ - p%v] C~ )

- — Z—;[ﬂ§+ usC +aly — e cos(t)]

(6.120)

Rs(t, 21, Zo, Z3,1,C) = —ty , and

)
0) =
)
Ru(t, 21, Za, Z3, 10, () = —p1[uC + usC + U] + e cos(t) prii
)=
Re(t, Zs)

= —esin(t) — (s .
It easily follows from (6.117) that the time derivative of

Walt, 21,v, Za, Zs,i1, () = Wi(t, 21,0, Za, Zs) + % @+ (6.121)
along the solutions of (6.118) satisfies

. ow, ow, ow,
Wy < —82(z1,v, Z2, Z3) + AR + =Ry + =R

821 8Z2 8Z3 (6122)
8W4
3 R4+ tfvy + Rs) -I-C[I/z + Re] -

Hence, choosing

L oWy OWypy ]
v =—u—Rs— on T 07 o (¢ — e cos(t)]
oWy
+—2p [Cf —ecos(t)] and
ov
oW (6.123)
— 41 1
= C R6+81 |: Z2+p2,U:|
8W4 P1 8W4 3W4 ~
+8Z2 {1%- (u+ujc)} 8Z3+p1 e [i+ uy]
gives ) o 3
W4 < —Q(Zl,U,ZQ,Zg,ﬁ,C) s (6124)
where
ﬁ(zl,v, ZQ, Zg, ﬂ, 5) = Q(Zl,’l}, ZQ, Zg) + ﬂ2 + 52 . (6125)

The function {2 is a positive definite function of (z1,v, Zs, Z3, @, 5) and there
are functions ay, o € Ko such that
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Component |

0 AL 5, G

0 s 4 10

Fig. 6.1 z; component of (6.84)

Oés(|(Zl,U,Z2,Zg,’lj,§)|) < W4(t7zlaUaZ27Z37ﬂa§)

. (6.126)
< (0% (|(21, v, Zg, Zg, ’l~1,, C)D .
Therefore W, is a strict Lyapunov function for the system (6.90). This com-
pletes the construction.
To validate our feedback design, we simulated (6.118) with the preceding
controllers, the model parameters

d
p1:@20.1 and pgzﬁ

= 0.5, (6.127)
mo9 ma2

the choice € = 0.1, and the initial state (1,2,1,2,1,2). In Figs. 6.1-6.3, we
show the corresponding trajectories for z1, zo, and z3, respectively from the
original transformed system (6.84). Our theory says that we should have

tlim (21,22)(t) = (0,0) and tlim |z3(t) + 0.1sin(t)| = 0.

This is the type of behavior we obtained in our simulations.

6.9 Comments

The idea of transforming non-strict Lyapunov functions into strict ones has
been explored by several other authors. A very different approach to stric-
tifying was pursued by Angeli, Sontag, and Wang in [8]. There it was as-
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sumed that the given classical system & = f(x,u) was zero-output (smoothly)
dissipative, meaning there exist a smooth, proper, positive definite function
W :R"™ — R and ¢ € K such that VW (z) f (z,u) < o(Ju|) for all z € R™ and
u € R™. Assuming that the system is also 0-GAS, one then obtains a proper
function Vg and k € K such that V' = k(1)) satisfies an estimate of the form

VV (@) f(z,u) < —a(|z]) + b([ul),
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where a is only positive definite and b € K. The desired ilSS Lyapunov
function of the original system is then V3 = W + V. The approach in [8] is
based on abstract optimal control representations of Lyapunov functions, but
it does not provide ISS Lyapunov functions.

Another method for synthesizing strict Lyapunov functions involves the
“change of supply rates” approach [167]. The idea is to consider supply pairs
for time-invariant systems

z = f(z,u). (6.128)

A supply pair for the system (6.128) is a pair (v, «) of Ko functions that
admits a storage function V so that

VV () f(z,u) < (ul) — afz])

for all x € R™ and u € R™. The main result of [167] is the following: If
(v, @) is a supply pair for (6.128) and & € Ko is such that a(r) = Ofa(r)]
as T — 07, then there is a function ¥ € Koo such that (7, &) is also a supply
pair for (6.128). As a corollary, we have the following [167]:

Corollary 6.1. Given two ISS time-invariant systems, we can find functions
a1, Q2,5 € Koo so that (0.549,a1) is a supply pair for the first system and
(7, &) is a supply pair for the second system.

Applying this corollary to ISS systems Z = f(z,u) and & = g(x,u), and
letting V1 (z) and Va(z) denote the corresponding storage functions, it readily
follows that the storage function V(z,2) = Vi (z) + Va(z) satisfies

Vi, z,u) < 5(lul) - %d2(|x|) —ai(|2)

along the trajectories of the cascade interconnection

{2 = f(z2) (6.129)

z = g(x,u)

This gives a way of building strict Lyapunov functions for certain systems
of the form (6.129), assuming V; and V5 are known. See [121] for analo-
gous change of supply results for discrete time systems, and [61] for related
results for time-varying interconnections satisfying appropriate small gain
conditions.

Definition 6.3 is a nonlinear version of the property used in [85] to ensure
UGAS of certain types of time-varying linear systems. Thus, the explicit
construction of a strict DIS Lyapunov function in terms of a given DIS(p)
Lyapunov function we presented extends [85], where only linear systems are
studied and no strict Lyapunov function is constructed. Our proof of Theorem
6.1 closely follows [98].

There is a large literature on controlling rotating rigid bodies. See [33, 117,
118] for the background and motivation for this problem. One motivation is
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that a given attitude for a rigid spacecraft having two controls cannot be
asymptotically stabilized by a pure state feedback, because Brockett’s Neces-
sary Condition does not hold [117]. The paper [118] gave smooth time-varying
feedbacks based on center manifold theory, Lyapunov techniques, and time
averaging, while [30] proved exponential stability based on a periodic switch-
ing between two control laws. Then [117] refined these results to give local
exponential stability based on a cascaded high-gain control result and a single
control expression. The novelty of our treatment of this model is the explicit
construction of a global strict Lyapunov function for the corresponding error
systems.

Our result for rotating rigid bodies is from [91]. Tracking problems for
underactuated ships have been solved in several works (such as [46, 63, 134]).
Also, tracking and practical stability have been proved in [133], which con-
structs a candidate global Lyapunov function for a suitable averaged closed-
loop system. In [112], global uniform asymptotic stability of the origin of the
ship model is achieved; using our strictification technique, strict Lyapunov
functions can be constructed in that case as well. Our backstepping approach
to the ship model is based on ideas from [31].



Chapter 7
Backstepping for Time-Varying
Systems

Abstract Backstepping is one of the most popular frameworks for designing
controllers for nonlinear systems. Its multiple advantages are well-known. It
leads to a wide family of globally asymptotically stabilizing control laws, and
it makes it possible to address robustness issues and solve adaptive control
problems. This chapter begins with a review of classical backstepping for
time-invariant systems. We then give several extensions that lead to time-
varying strict Lyapunov functions and stabilizing feedbacks for time-varying
systems. We first consider a general class of linear time-varying systems.
Then we provide stronger results for linear systems in feedback form. Finally,
we study nonlinear systems in feedback form and give conditions ensuring
globally uniform stabilizability by bounded control laws.

7.1 Motivation: PVTOL

To motivate our results, we first consider the plane with vertical take off
and landing (PVTOL) model; see, e.g., [149, Chap. 6] or Sect. 7.9 for the
literature on the model. In the absence of disturbances, the equations of the
PVTOL model are

b=6&
ég = —uy sin(0)
oo (7.1)
Z9 = uqcos(f) — 1
0=w
w=us,

where & and z; are the horizontal and vertical positions of the aircraft cen-
ter of mass, respectively; and 6 is the roll angle that the aircraft makes with
the horizon. The control inputs u; and ug are the thrust (directed out from

175



176 7 Backstepping for Time-Varying Systems

the bottom of the aircraft) and the angular acceleration (a.k.a. rolling mo-
ment), respectively. The coefficient —1 in the zo-dynamics is the normalized
gravitational acceleration.

Assume that we wish to track the following admissible trajectory for (7.1):

(5177",5277",zlyr,z'g,r,ﬁr,wr)(t) = (0,0,2003(375)7 —6 sin(3t),0,0) . (7.2)
The inputs corresponding to (7.2) are

urr(t) =1—18cos(3t) and ug,(t) =0. (7.3

~

Using the variables 5, =& — & () and 2, = z; — 2;0(¢) for i = 1,2, 0 =
0 —0,.(t), and ® = w — w,(t), and the change of feedback

121 = Uy — ulvr(t) , ﬂg = Uy — Uer(t) (74)

gives the error dynamics

b=b
52 = —[G1 + 1 — 18 cos(3t)] sin(f)
aoE _ (7.5)
Zy = i1 + 1 — 18 cos(3t)] cos(f) — 1 + 18 cos(3t)
b=a
W = .

We wish to find feedback stabilizers that render (7.5) UGAS to the origin.
To this end, we first consider the auxiliary system

b=6

52 = —[@1 + 1 — 18 cos(3t)] sin(vs)

2 =7

5 = [t 4 1 — 18 cos(3t)] cos(v2) — 1 + 18 cos(3t)

with %, and v as inputs. Assume for the moment that we have constructed
two control laws

s (t, &,&, 2, Zy) and was(t, &,6, 2, Zo)

that have period 27 in ¢ and that render the origin of the system (7.6) UGAS.
Then a variant of classical backstepping (which we review in Sect. 7.2.3) gives
a control law 4 (t, &1, &a, 21, 22, 0) that also has period 27 in ¢ such that
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El = 52
& = —[u1s(t,61,6, 51, %) + 1 — 18cos(3t)] sin(6)
ZLI = % (7.7)

Zy = [U1s(t, &1, €2, 21, ) + 1 — 18 cos(3t)] cos(A) — 1 + 18 cos(3t)
é = /’Ls(t7éla éQa 217 22? é)

is also UGAS to the origin. Repeating this argument gives a control law
ﬂQS(taé:l)gQ) Zla 227é7&})7

also having period 27 in ¢, such that the origin of (7.5) in closed-loop with
Uys(t, 51,52,21,22) and qu(t §1 fg,zl,zQ,G @) is UGAS. However, it is by no
means clear how to construct the necessary control laws 14(t, §1 52, 21, 22)
and vgs(t,§1,§2,21,22) to stabilize (7.6). We will return to this example in
Sect. 7.8, where we construct @1 and vos as a special case of a general back-
stepping theory for time-varying systems.

7.2 Classical Backstepping

Backstepping involves constructing stabilizing controllers for nonlinear sys-
tems having a lower triangular structure called feedback form. The backstep-
ping approach is not a single technique, but rather is a collection of techniques
sharing some key ideas. There is a backstepping technique based on cancela-
tion of nonlinearities, and another involving domination of nonlinearities. We
review these two methods next. Throughout the chapter, all inequalities and
equalities should be understood to hold globally unless otherwise indicated,
and we omit the arguments of our functions when they are clear from the
context. Also, we assume that all of the functions encountered are sufficiently
smooth.

7.2.1 Backstepping with Cancelation

We first recall the most important steps of backstepping by applying a basic
version of backstepping with cancelation (which is also called ezact backstep-
ping) to the following family of time-invariant systems:

T; = Tiv1 + filz1,20,..,25), 1<i<n—1
+1+ fi(z1, 22 ) (78)
jjn =u-+ fn(xlax% 7xn)
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where each z; € R, u € R is the input, and each function f; is assumed to be
zero at the origin and C*. Systems of the form (7.8) are said to be in strict
feedback form.

The key feature of (7.8) is that each &; depends only on z1,za, ..., 41
and is affine in x;11. The idea behind backstepping is to consider x5 as a
“pseudo-control” (which is also frequently called a “virtual input”) for the
x1-subsystem. Thus, if it were possible to simply replace xo with —z1 — f1(21),
then the z1-subsystem would become

i‘l = —xl (79)

which has the Lyapunov function Vj(z1) = %x% Since x5 cannot be replaced
with —z1 — f1(z1), we instead use the change of coordinates

Z1 =X

7.10
Z9 = T — 041(.731) ( )
where a(z1) = —x1 — fi(z1). This change of coordinates transforms the
(21, x2)-subsystem of (7.8) into
21 =—21+ 22
. — 7.11
{22:353+f2(21a22), (7.11)
where _
falz1,22) = falw1,w2) — & (w1)[wa + fi(1)]-
The time derivative of Vi (z1) along the trajectories of (7.11) satisfies
Vi=—-22+22. (7.12)

Assume n > 4. The backstepping now proceeds recursively. We view z3 in
(7.11) as a virtual input, and we use the new coordinate z3 = x5 — as(21, 22),

where oo (21, 22) = —21 — 20 — fo(21, 22). This gives the system
Z1=—21+2 _
29 = 23 + 0&2(21, 2’2) + fQ(Zl, 22) =23 — 21— 22 (713)

i3 = x4+ f3(21, 22, 23),
where
fa(z1,22,23) = f3(21, 22 + a1(z1), 23 + aa(z1, 22)) — Ga(z1, 22).

The time derivative of

1
Va(z1,22) = Vi(z1) + 5z§ (7.14)

along the solutions of (7.13) satisfies
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Vy = —z% + 2129 + 29(23 — 21 — 29) = —z% — z% + 2923. (7.15)

At the i-th step, the last component of the dynamics is
3= a1 + fi(21, 0 20) (7.16)

for a suitable function f;, and we introduce the variable

Zig1 = Tix1 — (21, .., 2i) (7.17)
where o;(z1,...,2) = —2zi_1 — 2 — f;(21, ..., ;) and
Vilz1, .y 2i) = lizf (7.18)
23
Then
%= ziv1 (21,0, 20) F Fi(21, s 26) = Zig1 — Zic1 — % (7.19)

and the time derivative of V; along trajectories of the (21, ..., z;)-subsystem
satisfies

‘-/; = — Z 23 + ZiZi+1- (720)
r=1

At the last step, we have

in =+ f,(21, 0 20) - (7.21)
Choosing B
U= n(21, -y 2n) = —2n-1— 2n — f (21, 2n) (7.22)
and
o= 5
Vi(z1y oy 2n) = 5 ;zr (7.23)
gives
z-:n = —Zn—1—"%n (724)
and

V==Y 2. (7.25)

r=1
Therefore, the system
21 =—21+2
Zi = Zig1 — Zi-1— 2i, 1=2,3,...,n—1 (7.26)

Zn = TZpn—1 " Zn
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is GAS. From the definition of the functions «;, it follows that (7.8) in closed-
loop with
u(z) = an(G(2), ..., Cu(@)) (7.27)

where z = (x1,..,2,) and

G(z) =2
Gi1(2) = zig1 — i (Cu(2), ..., Glx), i=1,2,...,n—1

is GAS.

(7.28)

7.2.2 Backstepping with Domination

The control law u(x) in (7.27) depends explicitly on the nonlinear functions
fi(x1, 29, ..., x;) because

Oéi(Zl, ey 2’7) = —Zij—1 — % — fi(zl, veey Zz)

for each i. Consequently, when the functions f; are unknown, the technique
does not apply. In [75, pp. 84-85], it is explained how backstepping can be
adapted to the case where the functions f; are replaced by

filt,z1, 20, oy iy u) = @i(x1, .y xi)TA(t,x, u) , (7.29)

where ¢;(z1,...,z;) is a (p x 1) vector of known smooth nonlinear functions,
and A(t,z,u) is a globally bounded (p x 1) smooth vector of uncertain non-
linearities.

We next provide a variant of [75, pp. 84-85] that constructs a state feedback
to prove UGAS of the uncertain system

i = 20 + @1(z1) T AL (t, 2, )
T; = Tit1 + goi(xl, . (EZ‘)TAZ‘(t,ZL',U), 1=2,3,...,n—1 (730)
B = U+ @n (21, ey Tn) T An(t, z,u)

with state space R™ in feedback form. We do not require the functions A; to
be bounded. Rather, we assume that they satisfy

S m (7.31)

for some known positive constant Ap;. Let B be an everywhere positive,
increasing function such that
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(7.32)

Sl

loi(z1, .y zs)| <

for each i € {1,2,...,n} and € R™. Our backstepping involves a change of
variables, followed by the construction of an appropriate set of dominating
functions.

7.2.2.1 Change of Variables

We introduce the notation &; = (x4, ..., ;) for i = 1,2, ..., n. Given arbitrary
positive constants ¢; and everywhere positive functions k; € C™, we use the

variables
Z1 = 21

zi=xi —oi—1(§-1)  Vi>2, (7.33)
where
0[1(51) = — [Cl + Iil(fl)] 21 and
i—1
80&1‘7 7.34
ai(&) = —[ei+ mil€))z — 21+ Y ?1(&71)%“ (7.34)
r=1 r
fori=2,...,n, and we let u = «,,(£,). We specify the functions «; later.
Elementary calculations yield
2 =20+ ar(@r) + gr(zr) T AL (L 7, 0)
Zi= zip1 + (&) + @i(&) T Ai(t, o, u)
—Zaallfllx,«, i=2,3,...,n—1 (7.35)
ox,
n—1 (904
. n—1
Zn = an(&n) + gon(fn)TAn(t,x,u) - o (§n—1)tr ,
r=1 r

or equivalently,

2= —[a +r1(z1)]z1 + 22+ o1 (@) T AL (2, u)
_ [Ci + :‘ii(fi)]zi —Zi—1+ Zit1 + Sﬁi(fi)TAi(t» x, U)

1—1
6051'_1 T .
_; axr (fi—l)gOT(fT) AT(tv'xau)7 v = 2,3,...,71— 1 (736)

2.571, - - [Cn + /fn(fn)jl Zn — Zp—1t Spn(fn)TAn(ta x, u)

n—1 ) -
- Z gx ' (En1)or (&) T ANz, u)
r=1 T

Z
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The tlme derivative Of the function
Va(z Zn) = = E 22 (7.37)
n\<l - <n 2 £ 7 .

along the trajectories of (7.36) is

n

Vi, = — Z [ci + Ki(&)] 27 + z101(z1) T AL(t, 2, )

i=1
n
+ E Zi
=2

From (7.31), we deduce that

%

1
0i(&) T Ailt, @, u) — 8;;,1 (&i—1)er (&) T AL(t, , u)] .

1

r

n

Vo <= e+ mil&)] 27 + Amlz1llpr (1)

= 1
5 i
+Z‘Z1| Anrlepi(&)][& - 1 (&i-1) |¢T(£r)|£r]'
=2
Using the inequality |&;| > |&,| for all » € {1, ...,4} and (7.32) gives
Vo < =Y lei+mil&))zf + Am Y lzll&lB(&N 1) (7.38)
i=1 i=1

where I'7(€1) = 1 and

i—1
L&) =1+
r=1

If the everywhere positive functions k; are such that

6(17;_1

(&—1)| fori=2,...,n. (7.39)

Y owill)zd = An Y lmllElB(I&N ) (7.40)
i=1 =1

then we obtain the desirable inequality

=3 e (7.41)
i=1

which implies the GAS of the system because V,, is a positive definite
quadratic function and the right side of (7.41) is negative definite. It remains
to construct positive functions k; that satisfy (7.40), which we do next.
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7.2.2.2 Construction of the Dominating Functions k;’s

We now construct everywhere positive functions k; that satisfy (7.40), by
induction.

Induction Assumption. For each k € {1,...,n}, there are k functions &; :
R? — [1,00) of class C™ such that

k
%Z (&:)2? >AMZ|ZZ||&|@ (&N T (&). (7.42)

i=1

Step 1. The result holds for k£ = 1 because we can choose an everywhere
positive function k1 € C™ such that

Fr1(21)2f > An27e(| ). (7.43)

Step k + 1. Assume that the induction assumption is satisfied at step k.
Choose an everywhere positive function ki1 € C™ such that

1 > Ay o2 iy 7.44
T k1 (Grt) 2 @t (S D () - (7.44)

The induction assumption gives

k41 k+1 k+1 +1

— ki(&)22 = —Zm (&)2F + = Zﬂi(&)zf
=1 k+1

Z AMZ |Zz||£z|90 |£’L z ZHZ 51

i=1
k+1

=Au Y |all&lB(l&) &) (7.45)
e

+— Z"iz gz

= A |2k 1€+ 1 [P Ekt1 D L1 (Er1)-

Using the triangular inequality ab < %az + b? for suitable nonnegative values
a and b, we deduce that

|2k 1 1€kt 1 [P Ert 1 ) D1 (Err1)

Rt 1 (Ert1) 21 Ann
AnApy Kt (Ek+1)

&1 @7 (|€kr1]) T (Ektn)

and therefore
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E+1 E+1 1 F
S Do mle)ed = Aw Bl TE) + 1 3 w6
i=1 =1
(7.46)
+ 2 k1 (Epr1) 241
nA? _
ey 6k PP (€ ) T2 41 (€rr) -
Since Tx4+1 = zp+1 + g (&) for all k > 1, we get
€611 = &> + (21 + ar(&))® < 22040 + & + 204 (&),
so our choice (7.44) of Kp41 gives
k+1 E+1 1 E
k+1zﬁv &Z >AMZ‘ZZH§7|<P |§z &i "’EZ"%
=1 i=1
7.47
+ o figer (k1) 204 (7.47)
2n A2 ([€k 2 4ok (€
— 2 UGl €PN 52 (64 ) 12, (€141) -
One can easily prove that there is a function U, depending on the functions
K1,- .., Kk but not on kg1, such that
, k
1€k1* +2|an(&)]” < Bll&) ) =7, (7.48)
i=1

by induction on the components of £. Therefore,

nA2 2|
1€l 42| k)(gk)l ) 2(|§k+1|)Fk+1(£k+1)

Kp1 (Eptt

(7.49)

nAL O Y, 2 —
< Mmk+1’E§k+1) * 2(|£k+1|)Fk2+1(§k+1) .

Since @ and 41 are also independent of k41, we can enlarge kg1 suffi-
ciently so that

k
nAz ) 2 y 2 _
2n A%y (€] +|ak)(§k)\ )(p2(‘§k+1‘) 2 (€pq1) < %Z . (7.50)

Kkt1(Ekt1

Combining this inequality with (7.47), we obtain

k+1 k+1
FELS €22 > An Y Iallals(i6) ). (7.51)
=1 =1

This concludes the construction of the functions ;, which establishes (7.41).
This proves the domination result.
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7.2.3 Further Extensions

In the system (7.8), each &; depends only on z1, o, ...,z;+1 and is affine in
Z;+1. This assumption can be relaxed. For example, we can extend the result
to systems

T; = gi(xl,xg, xz)hz(xlﬂ) =+ fi(xl,arg, ...,l‘i), 1<i<n-1 (752)

j:n - gn,($1a3327 Jjn)hn(u) + fn(xlax27 7xn) b)

where each x; € R, u € R is the input, each function f; is assumed to be zero
at the origin, each function g; is everywhere positive or everywhere negative,
and each real-valued function h; is a diffeomorphism satisfying h;(0) = 0.
The extension proceeds by choosing new coordinates 21, 22, . . ., 2, (which are
different from, but analogous to, the ones we chose in Sect. 7.2.1) that give the
system (7.26). In the first step, we take 21 = x1 and 22 = g1(w1)h1(22) + 21+
f1(w1) to get 21 = —z1+22 and 22 = Ma(21, 22)ha(w3)+ fa(21, 22) = 23— 21—
2o for appropriate functions Mz and f> with Mz being nowhere zero, and in
general, Zz = Mi(zl, 22y ey Zl)hl(JZH_l) + fi(zl, 22, - ) 2’1) = Zi4+1 — Ri—1 — %4
fori=1,2,...,n —1 for suitable functions M; and f;. We next give another
backstepping result, to help the reader understand later sections.
Consider a nonlinear time-varying system

z= .fm(t,ﬂ?, Z)
{ z=g(t,z,z)h(u) + fu(t,z,2) (7.53)

that is periodic with a given period 7" > 0 in ¢, where z € R"*, z € R, u € R,
h is a diffeomorphism satisfying h(0) = 0, and the function g is such that
there exists an everywhere positive continuous function +, such that

Ww(z,2) <g(t z,2) (7.54)

for all ¢, z, and z. We assume that f,, g, h, and f. are C', and that there
exists a function z,(t, x) that is periodic of period T in ¢ such that z5(¢,0) = 0,
and such that the system

i = fo(t, @, 25(t, x)) (7.55)

is UGAS to 0. Finally, we assume that a strict Lyapunov function V; is known
for the closed-loop system (7.55), with V; having period T in ¢. This gives
known functions a1, as € Ko and a known positive definite function Wi (x)
such that

a1 (jal) < Vi(t, ) < az(a]) (7.56)

and
D (t,2) + LA (t, @) f (w, 2 (t, 7)) < —Wi(x) (7.57)
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for all (t,x) € R x R™
Then
Va(t,z, 2) = Vi(t,z) + 5[z — 24(t, 2)]? (7.58)

admits functions as, oy € Koo such that
az([(z,2)]) < Va(t,z,2) < aa(|(z,2)]) (7.59)

for all t € R and all (x,z) € R™ x R. Also, its time derivative along the
trajectories of (7.53) satisfies
Vo = 90 (t,2) + D2 (t,x) fo(t, 2, 2) — M(t, 2, 2)
+[z = z:(t, 2)l[g(t, 2, 2)h(u) + f2(t, 7, 2)]
= Gt @) + G (ta) fu(t, @, 25(8, ) — M(t,z, 2)
—i—avl (t,x) [fz(t T, 2) — fz(t,x,zs(t,x))] (7.60)
e = 2t 2)lg 6 2, 2)h(w) + f(tr, 2)]
= -Wi(z) — M(t,z,2)
+[z — 25(t, )] [avl (t,2)F(t,z,2) + g(t,x, 2)h(u) + f.(t, z,2)]

where

F(t,x,z) / O/a (t,z,m(z — z5(t, z)) + 2z5(t, x))dm

and M(t,z,z) = [z — z5(t, 2)] 2 (L, x).
Since g is everywhere positive, the control law

uS (t7 :I/., Z)

— p1 (—[z—zs(t,m)]— (761)

%,2) = f2 (t,,2)+4(t,x)
g(t,x,z)

is well defined and yields
Vo = —Wa(t,x,z), where Wa(t,x,2) = Wy(z) + [z — zs(t, 2)]?.  (7.62)

Since Ws is periodic in ¢, we can find a positive definite function a such that
Wa(t, z,z) > a(|(z, z)|) everywhere, which gives the UGAS for (7.53).
7.3 Backstepping for Nonautonomous Systems

When adapting the backstepping approach to nonlinear time-varying sys-
tems, it is natural to consider the special case
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i =F(ta,z)
{2=pmu+h@xﬁ) (7.63)

of (7.53), where z € R"_ 2 € R, v € R is the input, p(¢) is a bounded
function, and F (¢, x, z) and h(t, z, z) satisfy

F(t,0,0)=0 and h(t,0,0)=0
for all t. There are several cases where strict Lyapunov function methods lead

to control laws that render (7.63) UGAS to the origin. We discuss these cases
next.

7.3.1 Chained Form Systems

One motivation for studying (7.63) involves the system

5:4 = &0
Z Z Zvl (7.64)
&=

in chained form of order 4 with inputs v; and vy. Assume that we want £ to
asymptotically track the function sin(¢) while &2, €3, and &4 converge to zero.
This is the problem of tracking the reference trajectory

(&1r, &2r &, &ar) (8) = (sin(?),0,0,0).
The time-varying change of variables
x1 =& — &1 (1) (7.65)
and the change of feedback
vy = cos(t) + ug (7.66)

result in

(7.67)
{tl = Uuz.

The system (7.67) can be globally uniformly asymptotically stabilized pro-
vided one knows (a) a control va(t, &2, &3, &4) that is periodic of period 27 in
t that renders
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€1 = &3 cos(t)
3 = &acos(t) (7.68)
§2 =02
UGAS and (b) a strict Lyapunov function v for the corresponding closed-
loop system that also has period 27 in t.
Indeed, assume that the control law and strict Lyapunov function vy are
known. Then, there exists a positive definite function Wi (&2, €3, &4) such that

the time derivative of 14 along the trajectories of (7.68) in closed-loop with
V2s (t7 £27 53, 54) satisfies

i < =Wi(€2,83,8) - (7.69)

Consequently, the time derivative of

l/2(t7$1,£2,£3,§4) = Vl(ta§2a§37£4) + %$%

along the trajectories of (7.67) in closed-loop with wvas(t, &2, €3, &4) satisfies

vy < —Wi(&2,€3,64)

(7.70)
+ [?)_Zi(tv £2a 537 54)53 + ?)_Z;(tv £2a §3a 54)52 + xl:l uy -
The choice
u1(2x17£27§37§4) = ) (771)
- {a—g(taﬁz,ﬁs,&)&, + o6 (t,82,83,84)62 + CE1]
results in
vy < —Wh(t,x1,82,63,&4) , (7.72)
where
WQ(t7 X1, 527 £3a 54) =
(7.73)

2
W1(§27£37£4) + [g_g(tvf%f?n&)&% + g_g(t7£2a§3a§4)§2 + xl:l

Using the periodicity of the relevant functions, we can easily prove that W,
is bounded from above and below by positive definite functions of z1, &, &3,
and &4. It follows that the origin of (7.67) in closed-loop with v (¢, &2, &3, &4)
and uq(t,x1,&2,E&3,&4) defined in (7.71) is UGAS.

Therefore, it suffices to stabilize the system (7.68) and build a correspond-
ing strict Lyapunov function for the closed-loop system. To globally uniformly
asymptotically stabilize (7.68), it suffices to do backstepping for systems of
the form (7.63). Indeed, if we can construct a globally asymptotically stabi-
lizing 27 periodic feedback for the special case
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&4 = w3 cos(t)
{9&2 = U'?)cos(t) (7.74)

of (7.63) with input U, then the argument from Sect. 7.2.3 provides a control
law that renders (7.68) UGAS to the origin.

7.3.2 Feedback Systems

A more general motivation for studying the systems (7.63) arises from sys-
tems in feedback form. Solving local tracking problems for feedback systems
frequently involves designing exponentially stable controllers for linear sys-
tems of the form (7.63). To understand why, consider the simple family of
systems

& =Ha(&)
&2 = Ha(&3) (7.75)
&=u,

where the functions H; are not necessarily differomorphisms. Dynamics of
the form (7.75) are said to be in feedback form or feedback systems.
Assume that there exists a bounded periodic trajectory (&i1.r,&2,r,&3.r)

such that . o o
gl,r t) = Hl 52,7“ t
{éQ,r(t) = Ha(&.,(t) . (7.76)

Then the dynamics for the error variables

§=&-&),j=1,..3 (7.77)

has the form

& = Ha(& + a0(t)) — Ha (o (1))
52 = Ha(E3 + E3.0(t)) — Ha(Es, (1)) (7.78)
& =u—E&3,(t) .

The linear approximation of (7.78) at the origin is

£ = M (€ ()
& =My (&.r()és (7.79)

{3 = u.

This system can be stabilized if the time-varying chain of integrators

o1 = Hy(§2,0(1))22

(7.80)
iy = Hy (&, (1)U
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can be globally uniformly asymptotically stabilized, and (7.80) is also of the
form (7.63). In fact, once we can stabilize (7.80), the argument from Sect.
7.2.3 provides a control law that renders the system (7.79) UGAS to the
origin, as well as a strict Lyapunov function for the corresponding closed-
loop dynamics, assuming (7.80) and its stabilizer have the same period.

7.3.3 Feedforward Systems

Another motivation for studying the systems (7.63) arises from feedforward
systems. As in the case of feedback systems, solving tracking problems for
feedforward systems often involves building exponentially stable controllers
for linear systems of the form (7.63). To understand why, consider the Euler-
Lagrange feedforward system

&=6

{2 = =& +esin(&z)

iln (7.81)
§a=v

with input v. For definiteness, we take ¢ = %. This is the so-called transla-
tional oscillator with rotating actuator (TORA) system [56]. One can readily
check that the trajectory

(&1, &2, &30, 60 0)(t) = (sin (%) , %cos (%) , %, %) (7.82)

satisfies
gl,r = gQ,r
. r=—8r+ 3 sin r
§2, §1r + 7 sin(&s ) (7.83)
53,7" = 54,7"
£4,r =0.

Therefore, (7.82) is an admissible trajectory of (7.81). The dynamics for the
error variables {; = &; — &; (¢) for j = 1,...,4 has the form

&=
& =6+ s + 0,0 - sin(, (1) (7.84)
£ ="

oy
W
Il

.
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To construct locally uniformly exponentially stabilizing control laws for
the system (7.84), we consider its linear approximation

& =6
{2 _ jgl 4 %cos (f3,r(t))é3 (7.85)
& =&
54 =

near the origin. Applying the backstepping approach to stabilize this system
involves several steps. In the first step, we find a control law

g2s(t7 gl)

such that . R ~
& = &s(t, &)

is UGAS. We then seek a stabilizing controller for the (51, 52)—subsystem with
&3 as the fictitious input. Clearly, these two steps are equivalent to considering

T1 = T2
{j:Q = —x1 4 § cos(&s,(t))u = —x1 + § cos (§) u, (7.86)

which again has the structure of (7.63).

7.3.4 Other Important Cases

If the continuous function p(¢) in (7.63) is bounded from below by a pos-
itive constant (or bounded from above by a negative constant), then state
feedbacks for (7.63) can be designed by combining the Lyapunov results of
[180, 181, 182]. However, if p(t) is neither everywhere positive nor everywhere
negative, and therefore can take the value 0 (which is the case for the systems
(7.74) and (7.86)), then constructing globally uniformly asymptotically sta-
bilizing feedbacks for systems (7.63) is much more difficult. In this situation,
neither the cancelation method nor the domination method applies, because
when p(t) = 0, the term p(¢t)u = 0 can neither cancel nor dominate a term
different from O.

We study two cases where this obstacle can be overcome. The first case
involves time-varying linear systems where p(t) is periodic and takes the
value 0 at discrete instants. We then study nonlinear systems (7.63) whose
z-subsystem with z regarded as a control can be stabilized by a virtual con-
trol having the form z4(t,z) = p?(t)us(t, ), and whose term h(t,x,z) is of
the form p(t)b(t,z, z). Here both ps and b are C'. We then show how in
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some cases, bounded control laws can be constructed through a variant of the
technique.

7.4 Linear Time-Varying Systems

Consider the linear time-varying system
X = A()X +p(t)Bu+ \(t) , (7.87)

where u € R, X € R", A : R — R"*" is continuous and bounded, B € R"
is constant, A : R — R" is a continuous disturbance, and p : R — R is a
periodic function.

Later, we consider the subfamily of (7.87) consisting of systems

1 = a1,1(t)x1 + p1(t)ze + A1 (f)
Zo = ag,1(t)x1 + ag2(t)x2 + p2(t)xs + Aa(t) (7.88)

En = an1(0)x1 + an2(t)ze + ... + ann(t)xn + pn(t)u + A (t)

in feedback form, where z; € R, u € R is the input, and the functions A; :
R — R are continuous. Our conditions will ensure that we can construct linear
time-varying feedbacks that render (7.88) ISS with respect to the disturbances
Ai-

Assumption and Technical Lemmas

Consider a function p : R — R that satisfies:

Assumption 7.1 The function p is continuous and periodic of some period
T, > 0. The set H = {t € [0,T}] : p(t) = 0} is finite and nonempty.

Let the elements of H be denoted by 0 < ¢; < ... <t < T,. We use the
positive constant

1
dm = Z min{t2 — tl, ceey tk — tk—l} (789)

and the sets
Eq=Ul_[tj —d,t; +d]n[0,T,] and F;=10,T,]\ Eq , (7.90)

where d € (0,d,,] is a given constant. The next lemma follows because p?(t)
is continuous and positive at each point of the compact set Fy:
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Lemma 7.1. Consider a function p : R — R that satisfies Assumption 7.1.
Let d € (0,d,,] be any constant. Then

Cq= grelgi P2 (s) (7.91)
s a positive real number.
Lemma 7.2. We have
T, 5

li —_— = .92
Sim, ; pz(a)—i—éda 0 (7.92)

for any function p : R — R that satisfies Assumption 7.1.

Proof. Fix any constants ¢ > 0 and

de <0,min{dm, é}],

where d,, is defined in (7.89). Then

/TpLda—/ Ldﬁ/ _ 0
o p*a)+o g, P*(a) +0 r, P2(a) +6

<ohd+ [ e (7.93)
F, P?(a) +0
€ )

where the last inequality used the facts that

de (0, i} and p2(a) > Cy

when a € Fj;. Therefore,

Ty 5 o

which proves the lemma. O

7.4.1 General Result for Linear Time-Varying Systems

Assumptions

Assume that the linear time-varying system (7.87) is such that Assumption
7.1 and the following are both satisfied:
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Assumption 7.2 There are known positive constants c; and £ and C* func-
tions L1 : R — R™, Ly : R — R"™, and Q : R — R™ "™ such that Q(t) is
symmetric for all t € R; the function

QLX) = XTQWX (7.95)
is such that ~
cl|X\2 < QX)) < 02|X\2 vX e R” (7.96)
and
|L1(t)] < £ and |L2(t)] < ¢4 (7.97)

hold for all t € R; and the time derivative of Q(t, X) along the trajectories of

X = At)X + Bv+ () (7.98)
in closed-loop with
v=L(t)- X, where L(t) = Li(t) + p(t)La(t) (7.99)
satisfies .
Q < —aQt, X))+ M) . (7.100)

Remark 7.1. A simple application of the triangle inequality shows that if
Q(t,z) takes the form (7.95) for some everywhere symmetric matrix Q(t),
and if there are positive constants ¢; satisfying (7.96) for all t € R and

Q < _CSQ_(ta X)

along all trajectories of X = A(t)X + Bv in closed-loop with (7.99), then the
time derivative of

Q. = eQ, where e = 4%

V)
2c3

along trajectories of (7.98) in closed-loop with the controller (7.99) satisfies
- Ca —
Qe < —5 Qe+ AP

for all disturbances . To see why, first notice that condition (7.96) gives
spectrum{Q(t)} C [c1,co] for all t € R and therefore X TQ(t)Q(H)X <
c3Q(t,X)/c1 everywhere. Therefore, along the closed-loop trajectories of
(7.98), the triangle inequality gives

Qe < e [~esQ(t, X) + 2XTQOAW)]
<e[-e3Q(t, X)+2{% XTQ HQMX + £[A®)[*}] (7.101)
< —GQc(t, X) + A

Therefore, by scaling Q and c3, we can take A = 0 in Assumption 7.2.
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We also assume the following:

Assumption 7.3 The function p(t) in the system (7.87) is C* and satisfies
Assumption 7.1.

Statement of Theorem

Theorem 7.1. Assume that the system (7.87) satisfies Assumptions 7.2 and
7.3. Then there exists a constant § > 0 such that the time derivative of

Q(t, X) = eROQ(t, X), where

t 252|B|2£2 (7102)
=—= ————————da | d¢
/ </z a1 (p?(a) +6)? )
along the trajectories of (7.87) in closed-loop with
u(t, X) = ﬂLl(t) X + Lo(t) - X (7.103)
p*(t) +90
satisfies
X~ 4eca ~
Q< -=2QtX) + 2P (7.104)
Moreover,

22 1 52
2|B|“L 2 2
c1e — X Qt,X) < eo|X 7.105
' xp( e /t Ty [pQ(a)+5] ) X1 ( ) X A )

for allt € R and X € R".

Discussion on Theorem 7.1

Remark 7.2. Assumption 7.2 is satisfied if the pair (A(t), B) is stabilizable by
a feedback K(¢)X that is C*° and uniformly bounded with respect to time,
assuming A and K have the same period. Therefore, this assumption is not
restrictive.

Remark 7.3. We will see in the proof of Theorem 7.1 that (7.104) is satisfied
provided § satisfies

T, 2
P ) Clchp
— —da < —/—=— . Nl
/0 (P?(a) +0)2°" = 10|BPL? (7-106)

The proof of Lemma 7.2 shows that (7.106) is satisfied provided
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clchd
_— 1
0 < 0 < 0|BPL (7.107)
where T
_ . C3Cilp
d= mln{740k32£2’dm}’ (7.108)

dp, is defined in (7.89), and Cy is defined in (7.91). However, in general, much
larger values for § can be found, which is important from a practical point of
view if very large controls cannot be used.

For instance, consider the case where p(t) = cos(t) and T, = 27. Then,
Appendix A.5 gives

Ty 52 27T 52
/o <p2<a>+6>2d“:/o (cos2(a) T o2

2 1
= 442 S — 7.109
5 /0 o) T3P (7.109)
_ mV/5(1+39)
T (14 6)3/?
Hence, (7.106) is satisfied when
22
€143
< = — . .
0 <34 235 B| LT (7.110)

On the other hand, we can easily show that d,, = T and Cyq = sin®(d). By
reducing c¢;, we can assume that

mCc3C1

e <
20k[B]2L2 =

™
T_d,. 111
1 d (7 )

Assuming (7.111), the formula (7.108) for d gives

2 9 czc1Ty
Cd = s (d) = Sin (m),

and therefore (7.107) gives

c1C3 . 9 we3C1
6 <dép= . 112
0<0=08=55ppzm5n <20k32£2> (7.112)
Frequently, we have
VA o
|BIL ~

in which case d4 can be significantly larger than ép.
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Remark 7.4. When Assumption 7.2 is satisfied, the decomposition of L(t) in
(7.99) as the sum of a function L;(¢) and a function p(t)L2(t) is not unique.
For instance, if L(t) = L1(t) + p(t)L2(t), then we also have

L(t) = Li(t) + p(t) La(2),

where Ly (t) = Li(t) + 5p(t) and La(t) = Lo(t) — 5. In particular, the trivial
decomposition L(t) = Li(t) + p(t)La(t) with La(t) = 0 and Li(t) = L(t)
is always possible. The flexibility in the choices of Li(t) and La(t) allows
different possible choices of the feedback (7.103).

Remark 7.5. If the function p(t) satisfies a PE property of the type

Tp
/ p?(a)da >0 (7.113)
0

but violates Assumption 7.1, then there might not exist a constant 6 > 0
such that (7.106) holds. Therefore, Assumption 7.3 cannot be replaced by
the less restrictive assumption that p(¢) is a C*° function satisfying the PE
property (7.113).

Proof of Theorem 7.1

To simplify the proof, we let L(t) = L1(¢) and La(t) = 0. The case where
L5 # 0 can be easily handled by performing the preliminary change of control
u = uy + La(t) and replacing A(t) with A(t)+ Bp(t)Lq (t). The system (7.87)
in closed-loop with (7.103) is

X =A{)X + B f(t()fléL( ) X + A(t)
(7.114)

=[A{#)+ BLT(t)]X — B L(t)- X + A(t) .

p2(t) +0
From (7.100) in Assumption 7.2, we immediately deduce that the time

derivative of @ along the trajectories of the system (7.87) in closed-loop with
(7.103) satisfies

2

Q

IN

_ 5
—c3Q(t, X) + —BWL@ XA (7.115)

26*
o o BILX + 2P

where £ is the constant from Assumption 7.2. It follows from (7.96) in As-
sumption 7.2 that

IN

—Cg@(t, X) +
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20%|BI2L? Q(t, X)
(P?(t) +0)?
On the other hand, the time derivative of the function @ defined in (7.102)

along the trajectories of the system (7.87), in closed-loop with (7.103), satis-
fies

Q< —esQ(t, X) + NOIER (7.116)

>~ —

Qt, X) = "0 [Q(t, X) + Q(t, X)R(1)] (7.117)

Moreover,

R(t) =

2 22 t 2 22
252| B2 1 / 202|B|2L (7118)
t

Ta@O) +0)? Ty Jir, (@) + 02

Combining (7.116)-(7.118) yields

~

(¢, X) < eR®) [ e X) + 2N

— I 20%|B|2L?
o <? | aoma 5)2(1@)]

N 2|B|2L? /t 52 d
—C —_— — 5 da
YT an, Jior, (02(a) +9)2

P

(7.119)
= eR(t)@(ta X)

+2e RO\ (1)]? .

Using the definition of @ and the non-positivity of R, we get

L ABPLe /Tp ”
—C a
TTaT, Jy (%) +6)? (7.120)

F2AND)[? .

~

Qt, X) < Q(t, X)

Using Lemma 7.2 and the inequality

Tp 62 Tp 6
————5da < / ————da,
/0 (p?(a) +9)? o P*a)+6

we can choose § > 0 so that

2|B|2L? /TP 52 1
d < —ca. 121
af, Jo W@ iar® < 5 (7-121)

This choice yields

403

O, X) < -2 X) + 20 (7.122)
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Finally, one can easily prove (7.105). This proves the theorem. O

Remark 7.6. A more restrictive condition on ¢ than the one in (7.107) guar-
antees that the time derivative of the storage function

/ / 262|B|2£2 ————ydadl Qt, X) (7.123)
¢ alp

along the trajectories of (7.87) in closed-loop with (7.103) satisfies

Q¢ X)

Q < —cQ+A? (7.124)

for suitable positive constants ¢ and ¢. The proof of (7.124) combines the
arguments from (7.114)-(7.116) with the formula

L[ soraaar =t [ s

which is valid for any continuous scalar function M. In some cases, it may
be more convenient to use the Lyapunov function (7.123) instead of (7.102).

7.4.2 Linear Time-Varying Systems in Feedback Form

Notation and Assumptions

We consider the linear time-varying systems (7.88), with the following nota-
tion. Let A= (M, .. ,/\j)T eRand A=A, € R". Let & = (a1, ... ,xj)T €
R and x = &, = (z1, . .. ,xn)—r € R™. Consider the systems

1 = a1,1(t)x1 + p1(t)ze + A1 (1)
&2 = ag,1(t)x1 + az2(t)xe + pa(t)xs + Aa(t)

(7.125)
iy = apa (D@1 + ay2(0)as + o+ g (O3, + s (a1 + A1)
for 5 =1 to n — 1, which we denote in compact form by
& = Aj(& + A5(1) - (7.126)

We introduce two assumptions:
Assumption 7.4 Each function a; ;(t) is C*> and periodic.
Assumption 7.5 FEach function p;(t) is C*° and satisfies Assumption 7.1.

We use T}, > 0 to denote the period of p;(t) for each i.
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Statement of Main Result

Our main result for (7.88) is as follows:

Theorem 7.2. Assume that (7.88) satisfies Assumptions 7.4-7.5. Then one
can construct n time periodic C*° functions g;(t), a time periodic everywhere
symmetric C°° matriz H(t), and constants h; > 0 such that

hl, < H(t) < hol, VtER, (7.127)
and such that the time derivative of the function
V(t,z) =z H(t)x (7.128)
along the trajectories of the system (7.88) in closed-loop with the feedback
u(t,z) = g1(t)z1 + ... + gn(t)xs (7.129)

satisfies .
V(t,z) < =V(t,z) +2|A@)* . (7.130)

Remark 7.7. An immediate consequence of (7.130) is that the system (7.88)
in closed-loop with the feedback (7.129) is globally ISS with respect to A.
Moreover, the explicit formula for V yields the explicit ISS estimate

()] < \/’7 —03(t+10) ¢ >+2|¢Ah—f° (7.131)

for all t >ty > 0 along the closed-loop trajectories.

Proof of Theorem 7.2

The proof proceeds by induction. We define the step j subsystems by

fJ 1=A ()£]+AJ 1()
(7.132)
& = Z ajr (), + pi(t)w; + A;(t)
r=1
if > 1 and
T = al,l(t)xl + 1 (t)w1 + )\1(15) (7133)
if j=1.

Induction Hypothesis. There are j time periodic C*° functions g; ;(t), a
time periodic everywhere symmetric C* matrix H;(t), and positive real num-
bers hy; and ho;j such that hy ;I; < H;(t) < ho;I; for all t € R for which
the following holds: The time derivative of
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Qi(t.&) =& H(t)g; (7.134)

along the trajectories of the step j subsystem in closed-loop with the feedback

w;(t,&) = g1,j(t)x1 + o 4 g5 5 (t); (7.135)
satisfies ’ i
Qi(t.&) <~ Qi) + 24,0 . (7.136)

Step 1. To show that the induction assumption is satisfied for j = 1,
consider the one-dimensional system

T = al,l(t)xl + v+ A (t) (7137)
with v as the input. Let Q,(t,z1) = $2% and

v(t, &) = — {al,l(t) + (g)n} ) . (7.138)

The system (7.137) in closed-loop with (7.138) is

: 5\"

xl(t) = — Z 1+ M (t) (7139)
Along the trajectories of (7.139), the time derivative of Q, (t, 1) satisfies

)n 22 + A\ (t)2y
) a2t + ) )" H ()" o} (7.140)
)" Qut,z1) + X (1)

Qu(t,a) = — (
=~ (

<

FNTS NSNS

by the triangle inequality cijco < %c% + %c% applied to the terms in braces.

We deduce that the system (7.133) satisfies Assumption 7.2 with ¢; =
2 =1, ¢35 = (5/4)", Li(t)z = v(t, &) as defined in (7.138), and Ly = 0.
Moreover, Assumption 7.5 ensures that the function p;(¢) satisfies Assump-
tion 7.3. Hence, Theorem 7.1 provides a constant é; > 0 such that the time
derivative of

Q1(t,&1) = e Wa? (7.141)
with . , -
1 462

Ri(t) = — ——2=L__d )dzz 7.142

1) nn/:nl<4 @) + 52 (7.142)

and £1 = sup,{|a1,1(t) + (5/4)"|} along the trajectories of

T = al,l(t)xl +p1()wr(t, &) + A (t) (7.143)
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with
§ n
wilt.€) = gua(®)rr and g1a(t) = —p1<t>a1;%(<tz>++(£) (7144
satisfies _
Q.(t, &) < — (3)" 7 Qu(t, &) +222(t) . (7.145)

Therefore the induction assumption is satisfied at the first step.

Inductive Step. We assume that the induction assumption is satisfied at
some step j € [1,n — 1]. Let us prove that it is satisfied at the step j + 1.
Consider the system

& = At + A1)
j+1 (7.146)
ij+1 = Z aj+17r(t)xr + v+ /\j+1(t) s

r=1

where v is the input. We can determine a globally asymptotically stabilizing
feedback for (7.146) using the following classical backstepping approach. Let
w;(t,&;) be the feedback provided by the induction assumption. The change
of coordinates ¢ = xj11 — w;(t,&;) gives

1 =a1,1(t)z1 +p1(t)z2 + A (1)
&2 = ag,1(t)x1 + az,2(t)x2 + pa(t)zs + Aa(t)

j (7.147)
g = aj Oz +pi ()W +w;i(t, &) + ()
i
Y= Z ajt1,r ()T + 0+ Ajp1(t) — iy
r=1

Therefore, the 1-subsystem becomes

i+l j
b= a1 +v+ A (t) = > Ge ()
r=1 (=1

J 4
=Y ge5(1) (Z ag,r(t)T, + pe(t)Tesrr + Mt)) (7.148)
=1

r=1
J+1

= be(Bar + v+ N () = Y gei(BNe(t)
r=1 =1

where
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br(t) = ags1n(t) — Gry(t ng agr(t (7.149)

—Dr— 1(t)gr 1,5 (t)
forr=2,3,...,j and

) {am,l(t) —15() = 4y ges(Haca (0, 7 = 1 -~

aj1,5+1(t) — pj(t)g;,;(t), r=j+1.

Let @j be the function provided by the induction assumption. Then the time
derivative of

Wita(t,&5,¢) = Q\j(tvgj)‘f'%wz (7.151)

along the trajectories of (7.147) satisfies

: 5\"77 ~ ,  0Q;

W= (3) Qs+ 2408+ R e
. ; ! (7.152)

0 | be(Bze + v+ A () = > g, (HAe(D)
r=1 =1
Choosing
5\" 0Q; A
oitgg) = - [2+(3) ]w G0 - D bl (1159
we obtain

. n_j o~
Wis1 < — (g) Qj(t, &) +2|14;(t)]* -

(3]

(7.154)
( g1t Zgi,j (t)Ae(t ) .
From the triangular inequality cijco < c% + %C%, we deduce that
Winn < = (3)"7 Q1. &) + 204500 = [1+ (3)" 7 w2
? (7.155)

J
% ( J+1 Z 9m )
m=1

We easily deduce that

Wisr < = (9" Wi (6,6,9) + mi |40 (01 (7.156)
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where ,
Kjt1 =2 +bup (1 + Z |gm,j( )) . (7.157)
m=1
Therefore, the function

ra) w; s

@y (b &) = Thitet) (7.158)
satisfies . ,

Qi1 < —(3)"7 Qi (6, &40) + [ (D (7.159)

along the trajectories of (7.146).
Moreover, there exist positive constants v; and 2 and a function I : R —
RU+AD*G+1) guch that

Qi1(t&m1) =T+ and y|&m* < Qu (8,€541) < v2l&ua [*-

The existence of v, follows from the periodicity of the functions g; ;(t). We
deduce that the system

& = Aj(t)& 41 + A;(t)
Jt+1 (7.160)

Tjp1 = Z a1, (O)Tr + Pjp1(O)w + Aja (t)
r=1

satisfies Assumption 7.2 with Lo = 0, and p;+1(¢) satisfies Assumption 7.3.
Therefore, Theorem 7.1 applies to the system (7.160). It follows that we
can find a constant §;11 > 0 such that if we set

Qjr1(t,&11) = 1 OQ, (t,€541), (7.161)
where
t t 2 52
Rjt(t) = _Tp_j+1 /t_Tle </g " (pjifg;)lff(lsm)z da) d¢  (7.162)
and
Jj+1 J
Ly = 2max {Z B0 + D 800150

(7.163)
2

5 n— J
2+<Z> ‘| ;gm+1 s

then the time derivative of @j+1(t, &i+1) along the trajectories of the system
(7.160) in closed-loop with
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w1 (t, 1) = 91,511 (H)21 + oo+ g4 (D) T4

(2 + G)_J) ” (7.164)

90, S
aﬂtgjpj +Zb 1
Ly

pit+1(t)
P3a(t) + 050

satisfies

BN n=j=1
Gis-(3)  @nbgaraaer. 1)

One can easily prove that there exist a function H;1(¢) and positive con-
stants hi j+1 and hg j41 such that

Qjs1(t,E41) = &l Hypi ()€1 and

(7.166)
hajrlin < Hjpa(t) < hgjraljn VieR.

Hence, the induction assumption is satisfied at the step j + 1. We conclude
by choosing V(¢,x) = Qn (¢, x).

7.4.3 Illustration: Linear System with PE Coefficients

We use Theorem 7.2 to construct a stabilizing controller and a corresponding
strict Lyapunov function for

@1 = p(t)ze + Ai(t) (7.167)

where p(t) = 20 cos(t). This system is of the form (7.88) and since p(t) is C*>
and satisfies Assumptions 7.1, it follows that Assumptions 7.4-7.5 are also
satisfied. Therefore, Theorem 7.2 applies to the system (7.167). Let us now
construct the feedback and strict Lyapunov function guaranteed to exist by
the theorem. First consider the auxiliary system

@1 = p(t)ze + A1 (t)

(7.168)
To = v+ %xl +)\2(t) R
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where v is an input, and set z = (1 .TJQ)T. When A1 = A2 = 0, one can apply
the classical backstepping approach to obtain exponentially stabilizing linear

control laws, as follows.

Step 1. Classical Backstepping

The time-varying change of coordinates
Xy = 29 + cos®(t)
transforms (7.168) into
i1 = —20cos*(t)z1 + 20 cos(t) Xo + A1 (t)
Xy =v+ Ta1 — 3cos?(t) sin(t)zy + 20 cos () [ Xz — cos®(t)1]
+cos® (H)A1(t) + Aa(t) .

When A\; =0 and Ay = 0, the time derivative of

1
G(a1, Xz) = 5lat + X3]

along the trajectories of (7.170) satisfies

G = —20cos*(t)x?
+X5[v+ 20 cos(t)zy + S21 — 3cos?(t) sin(t)zy
+20 cos* (£) (X — cos®(t)x1)].
Choosing

v(t, 1, Xo) = —20 cos?(t) Xo — 20 cos(t)z; — %$1
+3 cos?(t) sin(t)z; — 20 cos*(t) (X2 — cos?’(t)xl)

gives
G = —20cos*(t)x? — 20 cos?(t) X3
< =20 cos*(t) [23 4+ X3 ]
< —40cos*(t)G(z1, Xo).
Let

H(t,x1, Xo) = (/t i cos4(m)dm> G(x1, X2).

2

Then

(7.169)

(7.170)

(7.171)

(7.172)

(7.173)

(7.174)

(7.175)
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H = [cos*(t) — cos*(t — 5)] G(x1, X2)

+ (/:1 cos4(m)dm> G(z1, X5)

2

(7.176)
< [cos*(t) — sin* ()] G(z1, Xa2)

— (/tﬂ cos4(m)dm> 40 cos (t)G (71, Xa).

Since

K sin (2t
/ cos?(m)dm = il + sin(2¢) (7.177)
t_x 16 2

2

and sin(2t) > —1 everywhere, it follows that

H < [cos4(t) — sin?(t) — {15—” +20 sin(2t)} cos4(t)] G(x1, X2)

| :
|

Step 2. Nonzero Disturbances

sin®(t) + {157# —-1+20 sin(2t)} cos4(t)} G(z1, X2) (7.178)

sin' (£) + (15”27_42) cos4(t)] G(1, X2).

IA

It follows that when A\; and Ao are present,

15m — 42

H< — [sin4(t) +{ 5

([

+ (/t cos4(m)dm> X[ cos?(t)A1(t) + A2 (1)]

i
2

} cos4(t)] G(a1, Xs)

cos® (m)dm) 211 (t) (7.179)

us
2

along the trajectories of (7.170).
Using (7.177) and the global inequalities

15m — 42

5 >1 and sin®(t) + cos*(t) >

)

N =

we get
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- 1 3 sin (2t
< 500 X0 + (3 + T2 ) oo

. (?—g N sinéQt)> |X2[cos3(t)/\1(t) + Az(t)H (7.180)

1
< —Z[l‘% + X3]

(B 1) il + (32 + 5) 1l (0] + et

From the triangular inequality cico < 26% + %cg for suitable non-negative
values ¢; and co, we get

2 2
ns gt +xz) 2 (0 3) Mo+ (B4 3) (ol )

Next, observing that

1 1
3 (23 + X3] = Zg(ivl,Xz)

(7.181)
_ H(tv X1, XQ) > H(tv X1, XZ)
34 2sin(2t) T 3T 42
gives
. H(t X1 XQ) 37T 1 2
<o o) At
H= 12 * (16+2> 1@
- 2
+2032 4 D20 + e ()]} (7.182)
H(t, x1, X2) 3r 0 1\°
—_—— A2() + Mi(1)].
= EE +6 63 [A2(8) + A3(1)]
We now return to the original coordinates. The feedback
vﬁ(t, ZT1,%2) = v(t, x1, T2 + cosg(t)ml)
with v defined in (7.173) admits the decomposition
v¥(t, 1, 2) = Li(t) - o+ 20cos(t)La(t) -z, (7.183)
where Lq(t) -z = —%xl and
3
Lo(t) - = — [cos(t) + cos®(t)] o + |— cos*(t) — 1+ — cos(t) sin(t) | z1 .

20

Next we consider the function
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— 1

Qt, w1, 29) = —————H(t, 1, 22 + cos®(t)z1) . (7.184)
12(35 +3)

By separately considering the possibilities

1
|x1| > —5|a:2| and |z1] <

SN
NG N

our choice (7.169) of X gives 2% + X5 > %|z|? everywhere. Also,

— 1 37 1
Qt,z) > m (1_6 - 5) [.T? + (2 + COSs(t)xl)z] (7.185)

everywhere. One can then prove that the time derivative of Q(t,x) along the
trajectories of (7.168) in closed-loop with the feedback v¥(¢,z) satisfies

Q < —aQtr) + NP, and colt® < Q) (7.186)

where z = (z1, z2),

3 1
gz _1 1
16 2
g = ——=—— and c3 = 5——. (7.187)
144 (32 4 1)° I +2
We deduce from Theorem 7.1 and Remark 7.3 that the feedback
p(t)
u=———"—L1(t)x + La(t)x
(D) 40 1(?) 2(t)
20cos(t) 3
=P\ 1. t ¢ (7.188)
400 cos?(t) + 0 271 [COS( )+ cos™( )] 2
+ [~ cost(t) — 1+ 25 cos(t) sin(t)] =1
with § such that
2 2 3T 1
) 27 = =5 1
dt < — 162 7.189
/0 (400 cos?(t) + )2 ~ 5 144 (3 + 1)2 342 ( )

renders (7.167) ISS with respect to A; see (7.106). Inequality (7.189) holds if

[SIE

5 2
(35) m
SRR VA, VI N— (7.190)
/o (cos?(t) + 155)? 23040 (32 +1)°

Therefore, we can construct an upper bound for the admissible values of § > 0
using the proof of Lemma 7.2. We leave the construction to the reader as a
simple exercise.
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7.5 Nonlinear Time-Varying Systems

7.5.1 Assumptions and Notation
We consider nonlinear time-varying systems of the form (7.63). Throughout
the section, we assume that all of our functions are sufficiently smooth and:

Assumption 7.6 There is a known continuous function b(t,z,z) such that
h(t,z,z) = p(t)b(t, z, z) holds for all (t,z,z) € R x R™ x R.

Therefore, the system we consider is

&= F(t,z,z2)
Z2=pt)u+b(tz, z2)] .

(7.191)

Assumption 7.7 The functions |p(t)| and |p(t)| are uniformly bounded by
a positive real number P and two positive numbers T and vy such that

t+T
/ pA(s)ds >~y VteR (7.192)
t

are known. Also, p € C*.

Assumption 7.8 There are known functions V and o; € Ko, a positive
definite function W, and a function p, € C' such that

s (t, )| < aa(lz]) , (7.193)

ar(|z]) S V(t z) < as(|z]) , 88—‘;(75’1‘) < as(|z), (7.194)
ov ov

and E(t,x) + %(t,x)f(t,x,zs(t,x)) < —Wi(x) (7.195)

with
zs(t, @) = pz(t)ﬂs (t,x)
hold for allt € R and x € R™. Also, z5 has period T in t.

Assumption 7.9 There exists an everywhere positive non-decreasing func-
tion C such that

Z—Z(t,x) [F(t,z,a1)—F(t, z,a2)] < %W(m)—&—C([al—a2]2)(a1—a2)2 (7.196)

forallt e R, x € R™, a1 € R, and ay € R.
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7.5.2 Main Result and Remarks

Our main result for this subsection is the following:

Theorem 7.3. Assume that the system (7.191) satisfies Assumptions 7.6-7.9
for some constant T. Then for any positive constant T, the system is globally
uniformly asymptotically stabilizable by the feedback

us(t, x,2) = =Tp(t)[z — 2s(t, )] = b(t, 2, 2) + 2p(t) s (t, )

(7.197)
a0) | Jpe ) + ) F 0.2

A global strict Lyapunov function for the corresponding closed-loop system is

Ult,z,2z) =V(t,z) + K ({; + /tiT /gt p*(s)ds dﬁ] ZQ) , (7.198)
where Z =z — z4(t, ) (7.199)

and where K € Ko, is any function such that K' is non-decreasing and
1 T 1
K’ > —C| = — 2
(s) > W’C (Ts> + % (7.200)

for all s > 0.

Remark 7.8. Theorem 7.3 has the following important features:

1. It does not make any linear growth assumptions on F. The only growth
restriction on F is Assumption 7.9.

2. The PE property in Assumption 7.7 is not very restrictive; in contrast
with Assumption 7.1, the function p can be equal to zero on intervals of
positive length.

3. The control law zg, its time derivative along the trajectories, and the func-
tion h must be zero when p(t) = 0.

Requirement 3. has no equivalent in Theorems 7.1 and 7.2. We impose it
to allow nonlinearities, and to replace Assumption 7.1 by the weaker PE
property from Assumption 7.7.

Proof of Theorem 7.3

The variable defined in (7.199) gives
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{m:fma2+%m@)
Z = p(t)[u+b(t,z,2)] — 2.

Since

Zs = 2p(t)p(t)ps(t, )

+p2(t) { Ot

oxr

It
ot

(t,z) + (t,x)F(t,z, Z + z5(t,x))|

the choice u = u, from (7.197) gives the closed-loop system

T = .7-"(t, T, zs(t, ac)) + f(t, x, 7 + z5(t, ac)) — ]-'(t, x, 2(t, x))
Z = —-Tp*t)Z.

Set

N(t, Z) = g +/tiT /;pQ(s)dde] z?.

Then the time derivative of
Ut,z,2) =V (t,z) + K(R(t,2))

along the trajectories of (7.203) satisfies

U=V —-2K'(X(t,2)) {% + /ttT (/;p2(s)ds> dé} Tp?(t) 22
w8 2) [0 - [

sz(S)dS} z?

< -—Wi(x)+ %(t,x)[}"(t,x, Z + zs(t, ) — F(t,x, z5(t, x))]
t
—K'(X(t, Z)) 2> / p*(s)ds ,
t—T

by Assumption 7.8. Using Assumptions 7.7 and 7.9, we obtain

. 1

U< W)+ 5W(gc) +C(2%) 2% — K (X(t, Z))vZ* .
Since we assumed that K’ is non-decreasing, we deduce that

. T
U< —%W(x) +|C(Z2?) - K’(TZQ)W z% .

Recalling (7.200), we obtain

(7.201)

(7.202)

(7.203)

(7.204)

(7.205)

(7.206)

(7.207)

(7.208)
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. 1 1
< —= - =72
Uu < 2VV(gc) 5
Also, there are two functions as, ag € Ko such that
as(|(z,2)|) <U(t,z,2) = L{(t,x,z — zs(t,x)) < ag(|(z, 2)])

for all t € R and (z,z) € R™ x R, as desired. O

7.6 Bounded Backstepping

7.6.1 Assumptions and Statement of Result

We next show that when the following additional conditions are imposed, we
can construct bounded stabilizing feedbacks for our systems (7.191):
Assumption 7.10 There is a constant B > 0 such that

b(t,z,2)| < B, |us(t,x)] < B, and

Ops Ops _ (7.209)
< .
T o (t,z)F(t,z,2)| < B(1+|z|)

(t,z) +

hold for allt € R and all (x,z) € R™ x R, where us and b are from Assump-
tions 7.6 and 7.8.

Remark 7.9. If s satisfies Assumption 7.10 and p(t) satisfies Assumption 7.7,
then the choices -
M = max {1, P’B} (7.210)

and z, = p?(t)ps give
|2s(t, @) < M (7.211)

for all t € R and z € R".

We use the function

s) = sgn(s)/ols [1+max{o,%“ da, (7.212)

where sgn(s) = 1 (resp., —1) if s > 0 (resp., s < 0). The function {2 has the
following key properties:

1. 12 is of class C?;
2. 2(s) = s when s € [-2M,2M]; and
3. 2'(2) > 1 everywhere.
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‘We prove:

Theorem 7.4. Assume that the system (7.191) satisfies the Assumptions
7.6-7.10, and define M by (7.210). Then for any constant T > 0, the system
is globally uniformly asymptotically stabilizable by the feedback

2(z) — zs(t, )

us(t,z,z) = =T —b(t,z, 2
s(t ) p(t) ()1 + (2(z) — (L, 7)) (t )
24t a1, ) (7.213)
2 (2)
p(t) [Ous Ops
20 | ot (t,z) + o (t,z)F(t, z,2)

A global strict Lyapunov function for the corresponding closed-loop system is
Ult,z,2) = V(t,z) + K (vp(t, 2(2) — 24(t, x))) (7.214)

where K € C' is any Koo function with a non-decreasing first derivative such
that

K'(s) > 2% [1 +128v/1+ M2C (128\/1 + M2 \/11—25” (7.215)

for all s >0,

vp(t, Z) = %ZQ + ; (/;T (/Sth(a)da) ds) \/% , (7.216)

Z = 2(z) — zs(t, x).

and

Moreover, the inequality
lus(t,z,2)| < TP+ B+2PB+ PB(4M +2) (7.217)

holds for allt € R and all (x,z) € R™ x R.

7.6.2 Technical Lemmas

We present two technical lemmas that form the basis for our proof of Theorem
7.4. Consider the one-dimensional system

&
Ve

€= —q(t) (7.218)
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where ¢ is any everywhere non-negative C! function.

Lemma 7.3. Assume that there exist positive constants 01,02, and Ty such
that

0<gq(t) <4 and / s)ds > 02 VteR. (7.219)

Then the time deriwative of

ve(t,€) = —f +— (/ / dads) fi e (7.220)

along the trajectories of (7.218) satisfies

5y &2

q

Vq

Proof. The time derivative of v, along the trajectories of (7.218) satisfies

e g o L wae) S

Vg < Q(t)m—’_(q(t) T, ~/t—TqQ( )d>m (7.222)
- _ 1 t a)da L

=7 (/thﬂ ﬂ)m'

The lemma now follows from our choice of 5. O

Lemma 7.4. Let M be defined by (7.210). Then for all z € R, t € R, and
r € R", we have

o= (. 2)]2 < 64V1F M ¢1 2 2(2) (zsfzz?i))2, (7.223)

Proof. We consider two cases.
Case 1. |z| < 2M. Then £2(z) = z, so our bound (7.211) on z, gives

— T 2 ( (Z) Zs(tvx))z
(2 — 25(t,2))% < V1 + 9IM?2 NSRRIk (7.224)

Case 2. |z| > 2M. By (7.211), we get

(2= 2t 2)’ < (ol + |zt o)) < (ol + M) < 322, (7.225)

If 2M < |z| < 4M, then

[z — 24(t,2)]* < 25M3. (7.226)
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On the other hand, since |£2(z)| > |z| for all z, we have

(2(2) = 26(t,2))* > (120)] = M)? > (Jz] - M)? > M2

Since the function

is increasing on [0,00) , we get

(2z) —2(t,2)® M2
VI+(Q0) =zt x)2 — VI+ M2

o (7.226) gives

2 T e —zs<t z))*
[z — zs(t,@)]” < 25V1+ M \/1 SEERO)E

It remains to consider the case where |z| > 4M; in that case,

Izl (4 — 3
2=+ [

|z|—2M m3
= |z] —|—/ ——dm
0 14+m

It follows that

V

~
|

<
+

3&0

oL

3

’Q(z) — zs(t,x)’ >

V
[N
x
+
ﬁ

x
3
w
o,
3

el 1 2 3 g 1
2/ tmi+m’, / S0+ m)dm
0 0

1+ m?

and therefore
|(2(z) — zs(t,x)| > %|Z| + %zz

Recalling that (7.228) is increasing, we deduce that

(2(2) - zs<t x))? Lzl + &22)°
\/1 Q —Zs t 1’ \/1 |Z|+EZ2)2
(% =),

z7 .

V1+ (el + £22)°

(7.227)

(7.228)

(7.229)

(7.230)

(7.231)

(7.232)

(7.233)

(7.234)
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Using the inequality

22>

(Z - Zs(tvx))zv

N~

(which is valid because |z| > 4M, and therefore 122 > I M? + M|z|), we
obtain

(20) —zto)? G+ glel)?

2
VIHRGE) = 2l0P 21+ (He| + &22)2 (z = 2lt2) (7.235)

Moreover, since

9(7"2) > g on [1,00),

and since our choice (7.210) of M gives M > 1, we get

1y 1,2 2
Grale) @<[1|z|+iz2] )%

\/1+ (L]z] + &22)°

when z # 0. It follows that when |z| > 4 M, we have

, (2(2) = zs(t, ))?
Z— Zg t,l‘ < 64 ’

Finally, from (7.236), (7.230) and (7.224), we deduce that (7.223) is satisfied
in all three cases. This completes the proof of Lemma 7.4. ]

(7.236)

7.6.3 Proof of Bounded Backstepping Theorem

The inequality (7.193) in Assumption 7.8 implies that for any function K of
class Koo, there are two functions as, ag € Koo such that

a5(|(z, 2)|) S U(t 2, 2) < a(|(z,2)]) (7.237)
for allt € Rand (z,2) € R™ xR. Also, the time-varying change of coordinates
Z = Q(z) — z(t,x) (7.238)

transforms the system (7.191) into
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€r = f(t,x, .Q_l(Z + Zs(tvx)))

. (7.239)
Z = Q' (2)p(t)[u+bt,x,z)] — 2s(t,x) .

This system in closed-loop with us(t, z, 2) defined in (7.213) yields

9(2) zs(t, )
\/1 + _ZS(tv'T)P

It
ot

7 - _

+ 2p(t)p(t)ps(t, x)

s

oy (LF(tw2)| = 2(t ) (7.240)

(t,z) +

+p?(t)

_ 2 z
- _Tp (t) 1+22 °
Therefore, we have the closed-loop system

— f(t €, Qil(Z + Zs(tax)))

(7.241)

According to Assumption 7.8, the time derivative of V' along the trajectories
of (7.241) satisfies

V< -W(x)
(7.242)
+ 9% (¢, x) [F(t, 2, 27YZ + 25(t, ) — F(t, , z5(t, 2))] -
Using Assumption 7.9, we deduce that
V< -iw
< W) (7.243)
+C ([Q‘l(Z +25) — 25]2) [27YZ + 25) — 25)?,
where we omit the dependence of z; on (¢, z).
Next notice that (7.223) gives
Q" UZ + 2,(t,2)) — 25(t,2))° < 641+ M 7.244
(@2t —2t)’ < 0VTE I (12m)
Combining this inequality and (7.243), we obtain
V< -1iw(a)
VA (7.245)
+64v1+ M2C | 641+ M .
( \/1 + Z2> V1+ 22

On the other hand, Lemma 7.3 with the choice q(t) = Yp*(t) implies that
the time derivative of v, (¢, Z) along the trajectories of (7.241) satisfies
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. Y 72
(7)< ——— 2 7.246
P( )— T \/1_'_—22 ( )

where 7 is the constant in Assumption 7.7. It follows that the time derivative
of U defined in (7.214) along the trajectories of (7.241) satisfies

. Z2
U< —1iW(z)+ {64\/1 +M2C (64\/1 +M27)
= Nz
(7.247)
T Z?
K (vt 2)) |
Since K is non-decreasing and v,(t, Z) > 1Z2, we have
. Z2
U< —1iW(z)+ {64\/1 +M2C (64\/1 +M27)
= Vit 22 (7.248)
—K' (122) ﬂ} 272 .
2 T V1+2?
From (7.215), it follows immediately that
. 1 z?

Therefore, the proof of Theorem 7.4 will be complete once we establish
(7.217). It is easy to prove that the first three terms in the right hand side of
(7.213) are bounded by Y'P, B, and 2PB, respectively. Also, the definition
of 2 gives "

, 1+ |z
2 = s
by separately considering the cases |z| > 4M + 1 and |z| < 4M + 1 (because
if |2] > 4M + 1, then 2'(|z]) > 14 4(|]z| —2M) > 1+ E—‘ and 2'(|z]) > 1
everywhere). This property combined with the last inequality of Assumption
7.10 bounds the last term of the right hand side of (7.213) by PB(4M + 2).
This concludes the proof of Theorem 7.4.

Vz € R,

7.7 Two-Dimensional Example

The two-dimensional system

iz ram)
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satisfies Assumptions 7.6 and 7.7 with b = 0, p(t) = (t), Ny=m P =1,
and T = 27. Choosing pis(t, ) = — cos(t)z, zs(t,x) = — cos3(t)x, and
K 1
V(t,z) = exp / cos?(s)ds 5;102 , (7.251)
t=73
one can check readily that Assumption 7.8 is satisfied. In particular,
ov ov
W(t’ x)+ G_x(t’ z)[ — cost(t)x] = V(t,2)[ cos(2t) — 2 cos*(t)]

= —%V(t, z)[1+ cos?(2t)] (7.252)
1 1

< —Z < -2

< 2V(t,x) < 4x

and |%—‘;(t,m) cos(t)| < e%|z| hold for all (¢,z) € R2. Hence,

1
Z—Z(t,x) cos(t)(a1 —az) < §|x|2 +2(ay — ag)Qe7r , (7.253)

by the triangle inequality. We easily deduce that Assumption 7.9 is satisfied
with W(z) = 222 and C(s) = 2¢™ for all s € R.
Therefore, Theorem 7.3 applies. It follows that the control law

us(t,z,2) = — cos(t)[z + cos?(t)x] (7.254)
+2sin(t) cos(t)z + cos(t) [sin(t)z — cos®(t)z]

globally uniformly asymptotically stabilizes the system (7.250). Taking

K(s) = (%e —&—%)

a global strict Lyapunov function for the system (7.250) in closed-loop with
(7.254) is

K 1
U(t,z,2) = exp (/ cos2(5)ds> §x2
i

2

+4e;: L {% + /t ;ﬂ ( /g t COSQ(s)ds> dﬁ] [z + cos3(t)z]?

1 1
467r +1

21 + —sm 2t)+7 ] [z + cos®(t)x]? .
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7.8 PVTOL Revisited

We now use our results to construct the necessary control laws 15 and vag
to stabilize (7.6). This will complete our stabilizing feedback construction for
the PVTOL model from Sect. 7.1. We prove the following:

Theorem 7.5. Choose any positive constants € and 1 such that

tan (3)

1
Then the feedbacks
1-18 3t)|[1 — s)|—21—Z2
e = | cos( )HCOS(UCOS;”Q N=2-% 4 (7.256)
2s
o (&)’ ()l
V2s (t7£17£2> = arctan _Tp(t) - D)
1(£. 3 & 3
2 (52)\j 1+<‘Q(£2)+ p2(t)\/1i_£~%> (7257)
e 2p(t t -
& p(t) - p(t) &

1+ 2@ o@+e)n1+8

(a—2)°

and p(t) = —1 + 18 cos(3t) render (7.6) UGAS to the origin.

with

s
2(s) = sgn(s)/o

The rest of this section is devoted to the proof of Theorem 7.5. We will
presently show that |veg| < % everywhere. Assuming this to be true for the
moment, we get cos(vas) > cos(2) > 0 and therefore we can select (7.256) in

2
(7.6) to get

&=6

€ = [~1+ 18 cos(3t) + &1 + 2] tan(vny) (7.259)
21 = 22

52 = —21 - 22.

Since the Z-subsystem of (7.259) is globally exponentially stable and since
lvas| < %, this leads us to consider the problem of iimding a control law u
bounded by tan (%) and an iISS Lyapunov function U for the system

f=6

i (7.260)
& = [—1+ 18cos(3t) + du
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with disturbance d. Later we use the iISS Lyapunov function to prove UGAS
of the full closed-loop system (7.259).

7.8.1 Analysis of Reduced System

7.8.1.1 Zero Disturbances Case

To find the ilSS Lyapunov function U for (7.260), we use the simplifying
notation x = & and z = . Moreover, for the time being, let d = 0. Then
we obtain the two-dimensional system

{ Z. _ p(t)u. (7.261)

This system is of the form (7.191). Therefore, to determine stabilizing
bounded controls for (7.261), we use Theorem 7.4. Before applying Theo-
rem 7.4 to (7.261), we show that this system satisfies Assumptions 7.6-7.10.

It satisfies Assumption 7.6 with b = 0, and it satisfies Assumption 7.7 with
P =54, T =27 and v = 324w. We choose

/JJS(t,I) = —&‘ﬁ and Zs(t,I) = —€p2(t)\/% (7262)

where € > 0 is such that (7.255) holds. Let V' (¢t,z) = /1 + v(t,x) — 1, where

1 1 t t x?
yt,:c:—:r2+—(/ (/sanda>ds>7
( ) 2 27 t—2m s ( ) V 1+ z2 (7263)
= le + &S’(t)i2
2 V1422
and
S(t) = 1637 + 27 sin(6t) — 128in(3t) . (7.264)

According to Lemma 7.3, we have

ov ov x?
= 4+ 2= < 1626 . ,
5 (t,x) o (t,x)zs(t,z) < —162¢ e (7.265)

It follows that

W 2y + Yt )elt, 2) < —81e v
ot 7 Ox TR = V1+22/1+v(t,z) (7.266)
—W(SL’) )

IA

where
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22
1422’
because |S(t)| < 691 for all ¢ € R, and ¢ satisfies (7.255). This allows us to
prove that Assumption 7.8 is satisfied. In addition,

W(z) = 8le—— (7.267)

a: [1 L eS(t) (1+2+7}

8V )1/1+w2
—(t,.]?) =
Ox 2\/1+v(t,z)
(7.268)
< [1+6915]| | < 2v/2 _2V2
G + 122 © Vita?
This easily gives
R1% 2 8 8
—(t < ——2° = —W(x). 7.269
<8x(’x)> S 172 T @ (7.:269)
Therefore, we deduce from the triangular inequality that
1 4
g—‘;(t,x)(al —az) < §W(x) + E(al —ag)? (7.270)

which implies that Assumption 7.9 is satisfied with C = 81 . Finally, one
can easily prove that Assumption 7.10 is satisfied with B = ¢ and therefore
Theorem 7.4 applies to the system (7.261).

From Theorem 7.4 and the fact that M =1 (because (7.255) is satisfied),
it follows that for any 7" > 0 satisfying (7.255), the control law

Q(2) +ep(t) \/117

Q’(z)\/l—i— (26) +ep2(t ()¢117)2 (7.271)

z  2p(t) p(t)

_E\/l + 22 2'(2) 6(2/(2)(1 +22)V1+ 2

with (2 defined by (7.258) globally uniformly asymptotically stabilizes the
origin of the system (7.261). Moreover, the proof of Theorem 7.4 implies that
if we take v, (¢, z) as defined in (7.216), namely,

w(t,2) = 270+ o (/;W (/:p Q(Q)da> ds) J% (7.272)

us(t, z,z) = =Tp(t)

.y +7S(t) z
2 Vit 22

S(t) defined in (7.264), and K € K such that
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2 S
K'(s) > —— |1+ 128V1 + M2C ( 1281 + M2
() 2 20T [ ( * Vit 25)] (7.273)
1 N 512v2| '
T 3247 8le |

then the time derivative of

Ult,z,2) = I+ v(t,a) — 1+ K (V,, (t, Q2(z) + ep? (t)ﬁ)) (7.274)
along the trajectories of (7.261), in closed-loop with (7.271), satisfies

. 2
U< -1 [W(m)+—ﬁz+p] : (7.275)

where Z = 2(z)—25(t, x). Let us choose K (s) = Ks. By (7.217), the function
us defined in (7.271) satisfies |us(t, x, 2)| < 547 +433¢. Noting that 1" satisfies
(7.255) and observing that (7.255) implies that

tan (%)
- 542

we get
3
lus(t, z, z)] < tan <§> . (7.276)

We therefore take vo, = arctan(us).

7.8.1.2 Nonzero Disturbances Case

Returning to the system (7.260) when d is present, we immediately deduce
from the previous analysis that the time derivative of

Ultér ) =1+ 0(t,6) = 1+ Ky (1,00t 1,62)) (7.277)

with

&1
\/14 &2

along the solutions of (7.260) in closed-loop with u(t, &1, ) defined in (7.271)
satisfies

o(t, &1, &) = (&) +ep(t) (7.278)

U < _%W(él) -

N =

o161, E) + %(t,él,&)dus(t,él,éz) . (1.219)
2

where
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. 0?

T it

We have

ou (t,&1,&) = K% (tv 0 (ﬂémé)) o (52)

&, ~oz
o =z
— K |11 7rs(@ 2ot ) 1 (7.280)
(1 =+ 92(t7§17£2))§
Xg(t7£1a£2)g/(£2) :
Since S(t)| < 691 everywhere, we deduce that
|2(1.6.8)] < Milo(t.&1,8)2/E) (7.281)
where My = 2K(1 +6917), and therefore
o . - - o
TG (b6 < Ml b EIREI (25
2

where My = M, tan (3/2). Next, using (7.255) one can easily prove that
lo(t, &1, &2)| < |92(€2)] + 19% < [2(&)| + 1.
It follows that

’%“’é’é”us(t’éfﬂ < My[|@)| +1]2@)dl . (7.283)

2

This inequality combined with (7.279) yields

U < —gWE) - 56(.6,6) + Mo[10)| + 1)@ (E)ld) . (7.284)

N =

Therefore, the time derivative of
Ut,&1,6) =n (1 +U(t&, 52)) (7.285)

along the closed-loop trajectories of (7.260) satisfies

oo ZaW(E) ~ 5666, 6) + Ma[| (&) + 1@ (E)ld]

< 72 (7.286)
1 + U(t7£17§2)

Next, observe that

(1&] - 20m)°
T (6] - 2MP?

|2'(&)] = 1+maX{0 } < 1+1&] < 1+]02(&)] .
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It follows that

—W (&) - Lo(t, &, &) + Ma[|2(&)] + 1)2(d|

U < i
B 1+ U(t7£17£2)

, (7.287)

and therefore

~ 2
*%W(él)f%é(t,él,éz)Jer[ Q&) +ep?(t)— 21— +sp2(t)+1} |d|

- 14U (t,€1,€2)

< TEWE)—FotE &)+ Mo [Jo(t.€1.6)|+361e+1]%|dl (7.288)
- 14U (t,€1,€2)

< —1W (&) —26(t,€1,€)+2Ma0® (t,€1,€2) +4]|d|

— J 2, £ Z .
1+V(t7§1)+K<%92(t7£1752)+75(t) %)

It follows that one can determine a constant M3 such that

—iW(&) - %92(15,51,52)

U< :
1 ¢ £ K L1o2(t.é é TStM 7.289
+V( agl) + <2Q ( 751’52) + ( ) 14+02(¢,81,82) ( )
+Masl|d| .

This implies that U is the desired iISS Lyapunov function.

7.8.2 UGAS of Full System

Standard arguments (analogous to those in [8] but generalized to time-varying
periodic systems) now provide a € Koo, 3 € KL, and a constant M > 0 such
that for each k € NU {0} and ¢y > 0 and each trajectory &(t) of (7.260) with
initial time tg, we have the iISS estimate

t+2km

a (1€t +2km)[) < B(E(to + 2km)],t — to) + M d(r)|dr  (7.290)
to+2km

for all ¢ > ¢y and all exponentially decaying disturbances d. Specializing to the
case where d = Z converges exponentially to zero and k = 0, (7.290) readily
gives a Ko function M such that [£(2)] < M(|&(to)]) for all t > to > 0 along
the closed-loop trajectories. Also, for each pair (e, b) of positive constants, we
can find a positive integer K such that

|€(t +2k7)| < & when min{t—to,k} > K and |(£(to), 2(to))| < b.

Therefore, we get the uniform global attractivity condition \é (r)| < € when
r > T+ to and [(£(to), Z(t0))| < b, where T' = K(1 + 27) depends only on ¢
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and b. We deduce that the origin of (7.259) in closed-loop with vas(, &1, &2)
is UGAS. This proves the theorem. a

7.8.3 Numerical Example

To validate our feedback design, we simulated (7.6) in closed-loop with
the feedbacks (7.256) and (7.257), using ¢ = 1/54% and the initial state
(51,52,21, Z2)(0) = (0.5,0.5,1,1). We report the corresponding error trajec-
tories for the positions and velocities in Figs. 7.1 and 7.2. Our simulation
shows the rapid convergence of the tracking error to zero and therefore vali-
dates our findings.

7.9 Comments

Backstepping is a powerful method because it applies to general classes
of nonlinear systems and simultaneously constructs Lyapunov functions
and stabilizing feedbacks. Some pioneering works on backstepping include
[19, 138, 179]; see [75] for other important references. Introductions to back-
stepping can be found in several articles and textbooks. In [70, 183], results
similar to the one we presented in Sect. 7.2.3 are presented. In [148, Chap. 6],
backstepping with cancelation is introduced. In [149, Chap. 6], strict feedback
systems (which comprise a family of systems that is slightly more restrictive
than the family (7.52)) are studied. Time varying versions of backstepping
are given in [181]. A first result on bounded backstepping for time-invariant
systems is in [44]. An extension to time-varying systems is given in [99]. This
last extension borrows some key ideas of [66]. Our approach differs from this
earlier work because of our global strict Lyapunov function constructions.

The literature on the PVTOL model is sizable. Some of this work uses the
more general VI'OL model

% = —uq sin(f) + euz cos(h)
i = uqg cos(f) + cug sin(f) — 1

92“)27

where the positive parameter ¢ represents the sloping of the wings of the
aircraft. The model appears to have originated in [56], which developed an
approximate input-output linearization method that led to asymptotic stabil-
ity and bounded tracking. For a nonlinear small gain approach to the model,
see [174]; and see [96] for an extension of [56] based on flatness. In [149, Chap.
6], the PVTOL model is stabilized by time-invariant feedback. See also [80],
which uses an optimal control approach to design state feedbacks that give
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Fig. 7.1 Horizontal position and velocity components of (7.6)

robust hovering control of the PVTOL model. For internal model and output
tracking approaches, see [95] and [38], respectively. Finally, see [129] for a
PVTOL set up where the state is measured using a visual system that pro-
duces a delay, and [43] for state feedback designs for PVTOL models with
delays in the input for cases where the velocity variables are not available for
measurement. By contrast, our treatment of the PVTOL model is based on
constructions of global strict Lyapunov functions.
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Fig. 7.2 Vertical position and velocity components of (7.6)

Chained form systems of the type (7.64) have been studied extensively.
See for example [146] where they are used to control nonholonomic wheeled
mobile robots and cars with multiple trailers. The TORA dynamics (7.81)
has been studied by many authors; see for example [149]. The physical model
consists of a platform connected to a fixed frame of reference by a spring.
The platform can oscillate in the horizontal plane, and friction is assumed
to be negligible. There is a rotating eccentric mass on the platform that is
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actuated by a DC motor. The rotating mass yields a force that can be con-
trolled to dampen the oscillations of the platform. The control variable is the
motor torque. There are several stabilizing control designs in the literature,
where stability for the TORA dynamics is shown using non-strict Lyapunov
functions and the LaSalle Invariant Set [149).



Chapter 8
Matrosov Conditions: General Case

Abstract In Chap. 3, we saw how to explicitly construct global, strict Lya-
punov functions for time-invariant systems that satisfy Matrosov type con-
ditions. The strict Lyapunov functions were expressed in terms of given non-
strict Lyapunov functions and the auxiliary functions from the Matrosov
assumptions. The method relied on a special structure for the upper bounds
on the time derivatives of the auxiliary functions.

In this chapter, we present a more general strict Lyapunov function con-
struction for time-varying systems, under less stringent Matrosov Conditions.
We apply the construction to systems that satisfy time-varying versions of
the Jurdjevic-Quinn and LaSalle Conditions. We illustrate our results in a
stabilization problem for a time-varying system with a sign constrained con-
troller.

8.1 Motivation

To motivate our general Matrosov construction, we first consider a specific
dynamics where we require a stabilizing controller and a corresponding global
strict Lyapunov function construction, under a sign constraint on the con-
troller (i.e., an everywhere positive or negative control). There are many re-
sults on sign restricted controllers; see, e.g., [81] for universal controllers for
cases where the feedback stabilizer is constrained to be positive. The papers
[34, 69, 147] provide stabilization results for families of linear systems whose
inputs satisfy a sign constraint. For example, [69] proves that any stable
controllable linear system & = Az + Bu with det(A) # 0 is globally asymp-
totically stabilizable by an everywhere positive (or negative) control. On the
other hand, to the best of our knowledge, there are no explicit global strict
Lyapunov function constructions available in the literature for the associated
closed-loop systems, even for the simple system

231



232 8 Matrosov Conditions: General Case

{”?"1 = 22 8.1)

o= —x1 — |u| .

In this section, we construct a nowhere positive globally stabilizing con-
troller, and a corresponding global strict Lyapunov function, for the dynamics

i1 = cos?(t)xy (8.2)
dg = — cos?(t)xy + cost (t)u . '
Choosing the C* controller
u(z) = — max{0, 23}, (8.3)
with x = (21, 22), gives the closed-loop system
i1 = cos?(t)xo (8.4)
#g = — cos?(t)ry — cos*(t) max{0, 23} . '
One can easily check that
1
Vila) = 5P (85)

is a weak Lyapunov function for (8.4). In addition, through the LaSalle In-
variance Principle and comparing the dynamics with that of a rotation, one
can conclude that the origin of (8.4) is UGAS, because (8.4) is periodic [148].

However, it is by no means clear how to construct a global strict Lyapunov
function for (8.4). On the other hand, it is possible to show that (8.4) admits
the global strict Lyapunov function

Vit z) = <%>3 {f/(t,x) +5\/§\/mv2(t,x)}
] (8.6)
A2 vy )
where
V(t,z) = 6Vi(x) + Va(t,z) + Va(t,z) + C(t, ),
Va(t,z) = 21, Va(t,z) = cos*(t)zize, and (8.7)

Clt,z) 27T(/f%/ cos® dﬁdm)H_T(l())

In fact, the functions V5 and V3 in (8.7) are the auxiliary functions in the
Matrosov Conditions; see Sect. 8.7 for the derivation of (8.6). We now turn
to our general procedure for constructing strict Lyapunov functions under
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more general Matrosov Conditions, which will include the strict Lyapunov
function construction (8.6) as a special case.

8.2 Preliminaries and Matrosov Assumptions

As seen in Chap. 1, the Matrosov Theorem provides a useful framework for
establishing UGAS, using a non-strict Lyapunov function and other auxiliary
functions that satisfy appropriate decay conditions along the trajectories of
the system. As such, Matrosov’s Theorem can be viewed as a way to cir-
cumvent the need for constructing strict Lyapunov functions. However, strict
Lyapunov function constructions are very useful for robustness analysis and
feedback design, which motivates the search for strict Lyapunov functions
under Matrosov’s conditions.

In this chapter, we provide a global, explicit, strict Lyapunov function con-
struction under Matrosov-like assumptions that are more general than those
of Chap. 3. The greater generality comes from our allowing time-varying
systems, as well as less stringent requirements on the time derivatives of
the auxiliary functions. We use the following conventions and notation. Un-
less otherwise stated, we assume throughout the chapter that the functions
encountered are sufficiently smooth. We often omit the arguments of our
functions to simplify notation, and all equalities and inequalities should be
understood to hold globally unless otherwise indicated. We consider the time-
varying nonlinear system

= f(t,z) (8.8)

with £ € R and z € R", where we assume that f is locally Lipschitz in z,
uniformly in ¢t. We always assume that (8.8) is forward complete. To simplify
the statements of our results, we use the notation

ov ov

when V : R x R” — R is C', whenever no confusion can arise. The following
definition is a slightly modified version of [148, Definition 5.14]:

Definition 8.1. A continuous function ¢ : [0,00) x R™ — RP? is decrescent
(in norm) provided there exists a function 7" € K, such that

[¢(t,x)] < T(|z|) (8.9)

holds for all x € R™ and all ¢ € [0, c0).
We use the following assumptions:

Assumption 8.1 The function f in (8.8) satisfies f(t,0) =0 for allt € R
and is decrescent, and a non-strict Lyapunov function Vi for (8.8) is known.
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Assumption 8.1 provides two functions a1, as € K4 such that
o (lz]) < Vit z) < aq(|z]) (8.10)

for all x € R™ and all t € [0, 00); we assume that these functions are known.
We refer to the conditions of the next assumption as Matrosov Conditions.

Assumption 8.2 There is an integer j € N, decrescent functions V;

[0,00) x R™ — R fori = 2,3,...,7, positive semi-definite decrescent func-
tions N; : [0,00) x R — R for i = 1,...,4, continuous functions x; :
[0,00) x R? xR*™! — R fori=2,...,j, and continuous positive semi-definite

functions x.; : R® x R~ = R fori=2,...,5, such that

|X7;(t,$,7“1, e ,7“7;_1)’ S X*i(as,rl, ...,7"7;_1) (8.11)
for all z € R™, t € [0,00) and non-negative values r1,r9,...,7i—1,
X«i(2,0,...,0) =0 (8.12)

for all x € R™, and

DV1 S —Nl(t,l‘) 5
DVy < —Ns(t,x) +X2(t,x,N1(t,x)) ,

DV3 < —Ns(t, z) + x3(t, @, Ni(t, z), N2(t, z)) | (8.13)

DV} < —Nj(t,l') +Xj(tvl'le(tax)7'~~7Nj71(tax))v

hold for allt € [0,00) and all x € R™, where Vi is from Assumption 8.1.

The decrescency conditions in the preceding assumption provide a function
M, € Ko such that

Y Nilt,z) + Y |Vilt,z)| < My(Jz]) (8.14)

i=1 i=1
holds for all ¢t € [0,00) and all z € R™.

Remark 8.1. All of the results of the forthcoming sections will use Assump-
tions 8.1 and 8.2, as well as some other conditions. While the function Vj
from Assumption 8.1 is a non-strict Lyapunov function and therefore every-
where non-negative, the auxiliary functions Va,...,V; from Assumption 8.2
do not have to be non-negative-valued. Also, the functions y; in the Matrosov
Conditions are quite general, but they give the specific triangular form (8.13)
where X; is independent of Nj, ..., N; for each i.
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We use the following lemmas from [111]. For their proofs, see Appendix
Al

Lemma 8.1. Let n > 1 and ¢ > 2 be integers and Y, : R*79"1 = R be a
non-negative continuous function such that

Xx(x,0,...,0) =0 Vo € R™. (8.15)

Then, one can determine a continuous everywhere positive mon-decreasing
function p,. and a function ¢, € K such that

q—1
X (T, 7150y Tg—1) < (Zm) p«(lz) (8.16)

k=1
for all x € R™ and all non-negative values r1,...,7q—1.

Lemma 8.2. Let wy,ws : R™ — R be any continuous positive definite func-
tions, and let V : [0,00) x R™ — R be any storage function. Let N € N be
arbitrary. Then one can construct a real-valued function L € CV such that
L(0) =0, L(s) > 0 for all s > 0, and

L(V(t,z)) < wi(z) (8.17)

and
|L'(V(t,2))| < waz) (8.18)

hold for all (t,z) € [0,00) x R™.

Lemma 8.3. Let 2 : R™ — R be a continuous function. Then, the function
¢ :[0,00) — R defined by

+1 psi+1 sn_141
¢(r) :1+for 091 ...fo‘?N 1 {SUP{zeR":\z\gsNﬂ‘Q(z)' dsy ...dsy
is everywhere positive, of class CN, and non-decreasing and

12(x)] < ¢(|=])

for all x € R™.

8.3 One Auxiliary Function

The objective of this section is to familiarize the reader with the technique
used throughout the chapter. We explicitly construct a family of strict Lya-
punov functions in the simple case where (8.8) satisfies the conditions of the
classical Mastrosov theorem. In this case, Assumption 8.2 is satisfied with a
single auxiliary function V5.
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Theorem 8.1. Assume that (8.8) satisfies Assumptions 8.1 and 8.2 with j =
2. Also, assume that there is a known positive definite function w such that

Ni(t,x) + Nao(t,x) > w(z) (8.19)

for allt € [0,00) and all x € R™. Then, one can determine two non-negative
functions p1 and p2 such that the function

W(t,z) = p1(Vi(t,z))Va(t,z) + p2 (Va(t,2)) Va(t, z) (8.20)

is a strict Lyapunov function for (8.8).
Proof. Let

Sa(t,z) = Vi(t,x) + Va(t,x) and Sy(t,z) = p2(Vi(t, 2))Sa(t, ), (8.21)

where py € C is a positive definite function to be specified. From Assumption
8.2,
DS, = DV; + DV < —Nj — No + x2(t,x, N1) . (8.22)

Using (8.11) and (8.12) from Assumption 8.2 and Lemma 8.1, one can de-
termine an explicit function ¢ € Ko, and an explicit everywhere positive
non-decreasing function p such that

Ixa(t, 2,m1)] < d(r1)p(|z]) (8.23)

for all x € R™ and r; > 0. This inequality and (8.19) yield

DSa < —w(x) + ¢(N1)p(|z]) and

(8.24)
DSy < —pa(Vi)w(@) + p2(V1)d(N1)p(|x]) + pa(V1)Sa DV

We consider the following two cases:
Case 1. N1 < p2(V7). Since ¢ is non-decreasing, it follows that the inequal-
ity p2(Vi)O(ND)p(Jz]) < pa(Vi)o(pa(Vi)) ([ is satisfied.
Case 2. N1 > p2(V1). Then pa(V1)p(N1)p(Jx]) < N1p(N1)p(|z|) is satisfied.
It follows that

p2(V)o(N)p(lz]) < Nip(N)p(l2]) + p2(Vi)d(p2(Vi))p(jz])  (8.25)

for allz € R™ and t € [0, 00). Letting o be the function from (8.10) provided
by Assumption 8.1 and M, be the function satisfying (8.14), Lemma 8.2
provides a positive definite function ps such that

) < (o™ (52055 ) g i

(8.26)
1

Ip5(V1)] < () -1
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for all (¢,x) € [0,00) x R™. For such a choice, (8.25) gives

p2(Vi)o(N1)p(|z]) < Nip(N1)p(la]) + %m(Vl)w(ﬂ?) (8.27)
for all (¢,z) € [0,00) x R™. Combining (8.24) and (8.27), we obtain
DSy < —%m(Vl)w(ﬂ?) + Nig(N1)p(|]) + po (V1) SaDVA (8.28)
From (8.14) and (8.26) and the inequality DV; < —Nj, we obtain

DS,

IN

—3p2(Vi)w(z) + N1 (My(Jz]) + 1) p(|2]) + |DV4|

(8.29)
< —3p2(Vi)w(z) + [o(Ms(|]) + 1) p(l2]) + 1] | DVA] .

The function I1(s) = ¢(Mp(s)+1)p(s) + 1 defined on [0, 00) is everywhere
positive and non-decreasing over [0, 00). This and (8.10) imply that

DSy < —3pa(V)e(e) + I (a7 (V) IVl (5.30)

For an arbitrary positive integer N, Lemma 8.3 constructs a non-decreasing
everywhere positive CN function Iy such that

max {2, I (a; (1))} < Ta(r) Vr>0. (8.31)
Hence, we obtain the inequality
1
DS, < —§P2(V1)W(x) + I>(V1)|DVA| . (8.32)

The formula for W in (8.20) with

%fg (1) dl + pa(r), 7 #0
0, r=20

pi(r) =
and po satisfying (8.26) is
Vl(t,a:)
Wit = [ RO+ pa(o) i)
0

+p2 (Vi (t,2)) Va(t, x) (8.33)

Vi (t,a:)
:/ Lo() di + Sy (t, )
0

so (8.32) implies that DW < —2ps(Vi)w(z). We deduce from (8.10) that
there exists a positive definite function 7o such that $po(Vi)w(z) > 72(x).
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Moreover, W satisfies W (t,z) > I3(0)Vi(t, ) + p2(Vi(t,2))Va(t, z) for all
t € [0,00) and x € R™. Using (8.14) and (8.10), we obtain W(t,xz) >
I5(0)ay (|z]) — p2(Vi(t, x)) My(|z|). From (8.26) and (8.31),

a1 (|z])
I(0) > 2 and po(Vi(t,z)) < M (e]) £ 1

and therefore W(t,x) > aq(]z|). Finally, one can easily prove that W is
decrescent in norm. It follows that W is a strict Lyapunov function for system
(8.8). This completes the proof. O

8.4 Several Auxiliary Functions

We next extend Theorem 8.1 to the case where instead of only one auxiliary
function, there are several auxiliary functions.

Theorem 8.2. Assume that the system (8.8) satisfies Assumptions 8.1 and
8.2, and that there is a positive definite function w such that

ZJ:Ni(t,x) > w(z) Ve € R” and t € [0, 00). (8.34)

i=1
Then, one can construct non-negative functions p; such that

Wi(t,z) = > pi(Vi(t, ) Vilt, 2) + p1 (V1) (8.35)

i=2
is a strict Lyapunov function for system (8.8).

Proof. We prove Theorem 8.2 by induction on the number of auxiliary func-
tions in Assumption 8.2. The case of one auxiliary function follows from
Theorem 8.1. Assume that the result of Theorem 8.2 holds whenever its as-
sumptions are satisfied with j — 2 auxiliary functions with j > 3. Let us
prove that it holds when the assumptions are satisfied with j — 1 auxiliary
functions. To this end, consider a system (8.8) satisfying the assumptions of
Theorem 8.2 with j — 1 auxiliary functions V3, Vs, ..., V;, where j > 3. We
construct a new set of j — 2 auxiliary functions for which the assumptions of
Theorem 8.2 are satisfied.

By assumption, the non-strict Lyapunov function V; and the j—1 auxiliary
functions Va,...,V; are known, so we can define the function

Salt,x) = Vi(t,x) . (8.36)



8.4 Several Auxiliary Functions 239

By Assumption 8.2 and (8.34),

J J
DSa < _ZN'L‘+2Xi(t7x7N17"'7Ni71)
i=1 =2
; (8.37)
S—W(J?)—FZ (thl,...,Nl_l).
=2

Using the inequality (8.11) in Assumption 8.2 and Lemma 8.1, we can con-
struct an explicit function ¢ € K and a non-decreasing everywhere positive
function p such that

J
in(tvvalv'u i— 1
=2

It follows that

1
< ¢<ZN> (|z|) . (8.38)

j—1
DS, < —w(x +¢<ZN> () . (8.39)

By following the proof of Theorem 8.1 verbatim from (8.24) to (8.28)
except with N7 replaced by

j—1
>N
i=1
we can determine a positive definite function p, and an everywhere positive
increasing function I, € C! such that the time derivative of

Sb(t7$) :p*(Vl (tvx))sa(tvx) (840)

along the trajectories of (8.8) satisfies

DSy < _lp*(v1 (ZN) (V1) — —r (V\)DVy . (8.41)

Let
Valt, ) = Sult, ) + 5TV (6, 2))V; 1 (6, 2).

Then,

J
Do < an (Ve (Z ) TP )
LT, (A)V; 1 DVA + 3 Tu(V)DV; 1 -
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We can use (8.10) and (8.14) to determine an everywhere positive increasing
function Iy such that

1

3 (Vi) + 2F4(V1)V 1| < Lp(Vh) . (8.43)
It follows that the time derivative of
%1 (t ZE)
vp(t, ) = v (t, x) +/ Iy di (8.44)
0
along the trajectories of (8.8) satisfies

Dy < —ip.(Vi)w (Z N) (V1) + 31.(Vi1)DV;—1 . (8.45)

Using Assumption 8.2, we deduce that

j—2
DVb < _§p*(V1 + (Z Nz)

+§Fﬂ(‘/l)xj—l<tamava s 7Nj—2) :

(8.46)

One can easily prove that vy is decrescent in norm, and use (8.14) to determine
a function M, € Ko such that

Jj—1 Jj=2

ZNi(t,w)Jr%p*(Vl(t,ff))w(ff)JrZ Vilt, 2)| + v (t, 2)| < Myn(|z]) (8.47)
i=1 i=1

for all (t,xz) € [0,00) x R™. It follows that the system (8.8) satisfies the

assumptions of Theorem 8.2 with the j — 2 auxiliary functions Va,...,V;_o
and . By our induction assumption, we can therefore explicitly construct a
strict Lyapunov function for (8.8). This gives the theorem. O

8.5 Persistency of Excitation

We next weaken the requirement (8.34) by assuming that the function

zjj Ni(t, z) (8.48)

i=1
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can be equal to zero at some instants ¢ for some choices of = # 0. Our strategy
is to replace the positive definite lower bound on (8.48) with a time-varying
lower bound involving PE.

Theorem 8.3. Assume that the system (8.8) salisfies Assumptions 8.1 and
8.2 for some j > 2. Let p: R — R be any continuous everywhere non-negative
function for which there are positive constants T, pm, and pyr satisfying

t
/ p(l)dl > py, and D(t) <pm VteR. (8.49)
t—1

Assume that there is a positive definite function p such that

> Ni(t,x) > p(t)u() (8.50)

i=1

for all x € R™ and t € R. Then, one can construct non-negative functions p;

such that '
j

Wit z) = Z (Vi(t,2)) Vit z) + pr (Va(t, @)

+pjs1(Vi(t,z) (/ / dlds)
t—1 Js

is a strict Lyapunov function for system (8.8).

(8.51)

Proof. We construct a function Vj41 such that the condition (8.34) of Theo-
rem 8.2 is satisfied with the auxiliary functions Va, ... Vj41. Since p is positive
definite, Lemma 8.2 provides a positive definite real-valued function v € C*
such that

p(x) > y(Vi(t,z)) and |y (Vi(t,2))| <1 (8.52)

for all (¢,x) € [0,00) x R™. Consider the function

<~/t 7/5 dlds) (Vi(t,2)) (8.53)

which is decrescent in norm. The time derivative of C' along the trajectories
of (8.8) satisfies

pe ot - ( [ tj(l) )+ ([ [ ) 2 (H)DV

Using (8.49) and (8.52), we deduce that
DC < 15(t)u(x) — pmy(Vi(t,z)) + m2par| DV . (8.54)

Next notice that the time derivative of the function
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J
Vig1(t,z) = O(t,x) + mppVi(t,z) + 7 Z Vi(t, ) (8.55)
i=1

along the trajectories of (8.8) satisfies

J
DV < mp(t)u(@) = pmy (Vi) + par| DVA| + Tpry DVi + 7Y DV .
=1

Using the fact that DV is non-positive and Assumption 8.2, we deduce from
(8.50) that

DVj1 < 7p(t)u(x) — pmy(Vi) =7 Y N;

i1
J
+T2Xi(t7$7N1a-~-aNi—1) (856)
1=2
J
< —Njn +TZXi(t,$,N1,.~.7Ni71) )
i—2

where Nji1 = pmy(Vi). Moreover, using (8.14) and (8.52), we can easily
determine a function My, € Ko such that

j+1 j+1
S ONitx) + Y |Vilt,z)| < Myn(|2]) - (8.57)
=1 i=1

It readily follows that Theorem 8.2 applies, so we get a strict Lyapunov
function for the system (8.8) with the features of (8.51). O

8.6 Applications

We next use our general Matrosov constructions to extend the Jurdjevic-
Quinn and LaSalle results from Chapters 4 and 5 to time-varying systems.
For simplicity, we assume that there is a constant T > 0 such that all of the
functions of (¢, ) in this section are periodic in ¢ with the same period T'.

8.6.1 Jurdjevic- Quinn Theorems

The Jurdjevic-Quinn approach to time-invariant systems applies to control
affine dynamics © = f(x) + g(z)u that admit a storage function V : R™ —
[0,00) and a smooth scalar function ¢ such that
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LiV(z) <0 Vz € R" and

(8.58)
[LfV(z) =0 and LyV(z) =0 and 2 #0] = Lsg(z) <0 .
To extend this work to forward complete time-varying systems
& = f(t,z) +g(t,x)u (8.59)

with t € R, x € R", w € R™, and f(¢,0) = 0 for all ¢, we assume:

Assumption 8.3 The functions f and g are locally Lipschitz in x, and the
system & = f(t,x) satisfies Assumption 8.1 for some function V.= V;. Also,
there exist a C' decrescent function 1 : [0,00) x R — R, a function ¢ € Ko,
an everywhere positive non-decreasing function I' € C1, and a non-positive
function Ba(t,x) such that with the choice

0 0
Bilast) = S (62) + S (6,2)f (1,2), (5.60)
we have
0 0
L)+ S ee)

S BQ(t7x) + (b <_Bl(xat) + '—Z(t,x)g(t,x)

for allt € [0,00) and = € R™.

Remark 8.2. The inequality (8.61) is a time-varying analog of the latter con-
dition in (8.58).

Proposition 8.1. Assume that the system (8.59) satisfies the preceding con-
ditions. Choose the functions

Vl(tvx) = V(tax) ) VZ(tvx) = w(tvx) ’ (8'62)

2
Ny (t,z) = —By(z,t) ’ g(t,z)| (8.63)
No(t,z) = —Ba(t,) | (8.64)

00 gl o) VA6 D) . (865)

Then (8.59) in closed-loop with the control law

X2(t7x7r1) =

u=— [g—g(t,x)g(t,x)} : : (8.66)

satisfies Assumption 8.2 with the choices (8.62)-(8.65).
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Proof. The time derivatives of V1 and V5 along the trajectories of (8.59) in
closed-loop with (8.66) satisfy V3 = —N; (¢, z) and

-
%= 2+ Wi [f(m) ~alt.e) |Gt alt.0) ] ~(8.6)
We deduce from (8.61) and (8.64) that

> I(|=])
(8.68)

+ H—tm x)

This allows us to conclude. O

Remark 8.3. If the functions V; and V5 constructed in Proposition 8.1 also
satisfy conditions of Theorem 8.3, then we can construct a strict Lyapunov
function for (8.59) in closed-loop with (8.66).

8.6.2 LaSalle Type Conditions

In Chap. 5, we constructed strict Lyapunov functions for systems whose GAS
can be deduced from LaSalle Invariance. We now extend the results to time-
varying systems, assuming as before that there is a constant 7" > 0 such that
all of the functions of (¢,z) to follow are periodic in ¢ with the same period
T.

Proposition 8.2. Assume that the system (8.8) satisfies Assumption 8.1,
and set

bi(t,x) = DVi(t,z) and bit1(t,x) = Dbi(t,x) for all i>1. (8.69)

Given any integer j > 2, define the functions

Vi(t,l‘) = —b,;_l(t,ac)b,;(t,x) for all 7 € {2, . ,]} s (870)
Ni(t,2) = —bi(t,x), Ni(t,x) =b2(t,x) for all i>2, (8.71)

and
Xi(t, TyT1yeeny Ti—l) = (\/7“7;_1 + T1) ‘bi+1(t, .Z‘)‘ . (872)

The preceding functions satisfy the requirements of Assumption 8.2.

Proof. The definition of Ny gives

DVi(t,z) = —Ni(t,z) < 0, (8.73)
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and for all 4 > 2,

DV; = —b?(t, x) — bifl(t, x)bi+1(t, x)

(8.74)
< = Nift,2) + (VN1 (@) + Nilt,2) s (8,2)]
This immediately gives the requirements of Assumption 8.2. g

Remark 8.4. As in the Jurdjevic-Quinn case, if the functions V; constructed
in Proposition 8.2 also satisfy conditions of Theorem 8.3, then we can use
them to construct a strict Lyapunov function.

8.7 Sign Constrained Controller

Let us show how the strict Lyapunov function construction from Sect. 8.1
follows from our general Matrosov approach. We must show that

i xT) = ﬂ ’ (7 x . .
Vit x) (16 1+ V12(a:)]> {V(t, )+ 5v2/1+ Vi () Valt, )} o)
+(10\/1§74+1)4[(1 +Vi(2))" - 1],
is a global strict Lyapunov function for
i1 = cos®(t)x2
{ To = — COSz(t)xl — COS4(t) max{O, xg} ’ (876)

where

Vo(t,x) = 21, Va(t,x) = cos*(t)z1z2, and (8.77)
Clt,) = 3 (f} o 1, cos® (O)dtdm) TE5L

It is tempting to try to build a strict Lyapunov function for (8.76) from the
arguments of Sect. 8.6.2, using the non-strict Lyapunov function

Vi) = 5l (8.78)

However, such an approach would not apply, because the Lie derivative of
V71 along the vector field of (8.76) is identically equal to zero on the set
R x (—00, 0) and therefore all the successive derivatives of V4 along the trajec-
tories of (8.76) are identically equal to zero on the set R x (—o00,0). However,
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we can find auxiliary functions satisfying Assumptions 8.2, and then verify
that the assumptions of Theorem 8.3 are satisfied, as follows.

8.7.1 Verifying the Assumptions of the Theorem

Consider the positive definite quadratic function V; (x) in (8.78). Its derivative
along the trajectories of (8.76) satisfies

V1 = —Nl(t,l‘) 5 (879)

where
Ny (t,x) = cos*(t)x3 max {0, 22} >0 . (8.80)

We next choose the auxiliary functions
Va(t,z) = 2, and Vi(t,2) = cos*(t)xixo (8.81)
and the non-negative functions
Ny(t,z) = — cos?(t) min {0, x5} and N(t,z) = cos®(t)a? . (8.82)
Along the trajectories of (8.76), we have the time derivatives

Vo = cos?(t) max {0, z9} + cos?(t) min {0, 2}

8.83
< —No(t, ) + N1, 55
and
Vs = —4cos®(t) sin(t)z; 2 + cos? (t) cos®(t) oy
+ cos*(t)x1 (— cos?(t)x1 — cos(t) max{0, z3}) (8.84)
= —N3(t,x) + [~4 cos(t) sin(t)x1 + cos?(t)z2] cos?(t) w2 .
— cos®(t)x max{0, 23} .
It follows that
Vs < —Ns(t, ) + 5|z|| cos?(t)za| 4 cos®(t)|z1 | max{0, 23} (8.85)
< —Ns(t, z) + 5v2/Vi(@)| cos® (x| + V2 Vi (@) N4t 2) .
Using
| cos?(t)xa| = | cos?(t) min {0, 22} + cos?(¢) max {0, z2} | (8.56)

< Ny(t,z) + N/ (¢, )
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we obtain

VZ’) < _N3(t7x) + X3 (tvval(tvx)7N2(t7x)) ) (887)

where

Xa(t,2,71,72) = VANV @) {5+ VI rf + VI Vi(m)rs . (3.89)

Since x3(t, z,0,0) = 0 for all (¢,x) € [0, 00) x R it follows that Assumptions
8.1 and 8.2 hold.
In addition,

3

Z N;(t, ) = cos(t)z3 max {0, 22}
i=1 (8.89)
— cos?(t) min {0, x2} + cos®(¢)x?

> cos (t)p(x) |

in terms of the positive definite function

‘u(x) = a;‘% — min {O, .132} + x% maXx {07 1}2}

3 3
2 |5 . |5
— min{0 + m 0 8.90
a:l—i—l x§’|( in { ,.132}) T+ |2 ax {0, z2} ( )

|
T
|23
Hence, Theorem 8.3 applies and so a strict Lyapunov function can be con-
structed for the system (8.76).

— 2
$1+1

8.7.2 Strict Lyapunov Function Construction

We now construct the strict Lyapunov function whose existence is guaranteed
by the theorem. Set

S(t,x) = Vi(x) + Va(t,z) + V3(t,x) and

Vi (2)
C(t,z) = 277 (/t 27T/ cos® dfdm) 1+§/12(m) ,

where Vi (z) = 1|z|?, and V5 and V3 are from (8.81). The inequalities (8.83),
(8.87), (8.89), and (8.90) imply that

(8.91)
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. (p4
S < —cosb(t) (x% + 2 3 )

1+ a3 (8.92)
1
+x3(t, 2, N1(t, x), Nao(t, ) + N (¢, z) .
For all z € R?, we have 2V?(x) < 2 + 3, hence also
T drd V@
T+ 3] = it i = T— 20"
1+ |23 1+az7  2+5 247 +a; — 1+ VE(2)

This gives

ey )
o= <)1+V1() (8.93)

+x3(t @, N (t,2), Nao(t,2)) + N/ (¢, 2) .

Also,
1 Vi (x) I Vi (x)
C= 0056(25) V@) 2 (/t . cos6(€)df> V2@
1 ¢ ¢ 2V1 (J?)
Tor (/ ,, O (Dddd ) v )
hence
ot BEL L ([ ) VB
¢ <eo 0oy 3 (L, o 0%) it (3.94)
Vi (x) 5 Vi(z)
< cosﬁ(t)1 TV2(x) 161 +1V12(m) ;
since V1 < 0 everywhere.
Let Si(t,x) = S(t,z) + C(t,x) and
So(t,z) = Si(t,z) + 5v2/1 + Vi (2)Va(t, x)
= Vi(z) + C(t,x) + cos*(t) 122 (8.95)
+ (1 +5v2/1+ Vl((E)) o)
Then
G <2 Vi() + xs(t, @, Ni(t, ), Na(t, @) + N/t 2)  (8.96)

T 161+ VR (2)

and
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. 5 V12(x) 9
<2 _hw
%= 161+V12(x)+X3(ta$aN1(t,a:),N2(t,x))+N (t.2)
Vi
+5\/§7 (t,2) + 5v2/T 1+ Vi (@)Va
21+ ila) 2T+ Vi)V
5 V@)
o (8.97)

+ [VaVTA@) (5+ VNG ) +1] N0, )

Nl(t,l‘)
+5V2y/ Vi () Na(t, ) — 5\/§mv2(t7 z)

15V2 /11 Vilz [ No(t,z) + N4, )} .
It follows that

. 5 Vi(z)
Sy < —— 12
=161+ V2(x)

+ VIV (5+ Vi) +1] Nt a)

_ Nl(t,.ﬁ) T - 1/4 T
5\/572 1+V1($)V2(t7 )+ 5v2/1+ Vi(z)N,*(t, )
5 VP L snta)

ST V@)
+ [VE{VVi@) (5+ Vi) + 5T+ Va(@) | +1] Nt ),

where the last inequality followed from

Ve M)

< B5Ni(t,x
11 Vi(2) <5t

and grouping terms. Using the inequality Ni(t,z) < 4V?2(x), we deduce that

: 5 Vlz(‘r)
< - 1\
Sz < 16 1+ V2(x)

{f{\/vl ) (5 +2Vi(x)) + 5¢/1+ Vi(2) }+1]N11/4tx)

This readily gives

+ 5N1(t,x)
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So < —%% +(10vV2+ {1+ Vl(x)}%Nll/4(t,x) + 5N, (t, ).
Let ) s
Si(t,x) = <%%> (Sa(t,) + 5Vi ()} . (8.98)
Then

5 vz o\
< —(=
b<-(5r7m)

5 2 8 1/4
{ (—6 2) } {(10\/§+ 1)(1+17)3/2N,/ } (8.99)

6(16) (17(524-5‘/1)]\/'1 .

By Young’s Inequality
3 1
ab S Za% + Zb4

for a > 0 and b > 0, applied to the terms in braces in (8.99), we deduce that

. 1/5 V2 | 1/4
< _ (2"t z 2
5= ] (161+V12(x)> 1 (10VZ+ 0+ v N )

5\° v
—6(—) — SN .
6(16) (1+V2)1 21

Recalling the formula (8.95) for Sy, noting that Vi(z) + C(¢,2) > 0, and

reorganizing terms, we get

. 1/5 v \*' 1 4 6
S0 -1 (Br) +00vE+ D) ()N,

3
5 1%
+6(16> m ’COS4(t)371.T2+ (1+5\/§\/1+V1) 371|N1 .

Using
‘0054(t)x1x2 +(1+ 5\/5\/m)x1‘
Vi(z) + (1 +5v2/1+ W (x)) V2/Vi(@) (8.100)

< 13(1+ Vi(2))

IA

A

we deduce that
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S < (1561+V(1 ()x))4

4 5\ Vi)
£ 00V 4+ ) (14 @)+ 75 3 m] Ni(t.z)

2( o 4 4
(B t) b o

Let

(10v2 + 1)*
14

= {avl(x) +C(t,x) + [1 +5v2 (1 + \/Vl(@)] 1

+cos4(t)331332} (#{%)3

T (10\/1_# [(1 +Vi(x)" — 1] .

Sa(t, ) = Ss(t, ) + [(1+Vi(2)" =1

(8.101)

Then

' Vi@ \*
Sy < _i (% 1+1Vl2(:c)> ) (8.102)

Also, the inequalities (a + b)? < 2a? + 2b% and

‘6‘/'1(x)+C(t,x) {1+5\/_(1+\/‘/1—>]2x1+cos )x1x2’
8V1(x)+w+5[1+5\/§(1+\/m)}

(1+5v2) + 7+ 58Vi(x) <125[1+Vi(z)] < 250 [1+ VP(x)]

IN

IN

and the formula for Sy give

2 4 x
Sy(t,z) > —250 (156> %(1—1—‘@(@)

OB (1w - 1)

10v2 4+ 1)4
> 250w + 2D (1w 1) > i)
Since the right side of (8.102) is negative definite, it follows that Sy is a strict
Lyapunov function for the system (8.76). Since S; agrees with the function
V¥ defined in (8.75), this proves our assertions. O
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8.8 Comments

The novelty of Matrosov’s Theorem lies in its use of a non-strict Lyapunov
function and a (not necessarily positive definite) auxiliary function to prove
UGAS [97]. Different generalizations of the Matrosov Theorem involving an
arbitrary number of auxiliary functions have been reported [86]. However, the
proofs in [86, 97] do not construct strict Lyapunov functions. Rather, they
conclude uniform asymptotic stability by directly considering the trajectories
of the system. For another application of the Matrosov approach to robot
manipulators, see [128].

This chapter is largely based on [111]. However, the material in Sects. 8.6
and 8.7 appears here for the first time. Sect. 8.6.2 is an extension of the main
result of [110] to time-varying systems. Similar conditions were used in [86,
Sect. 3.3] to conclude uniform asymptotic stability of time-varying systems.



Part IV
Systems with Multiple Time Scales



Chapter 10
Rapidly Time-Varying Systems

Abstract In the first nine chapters, we considered continuous time and dis-
crete time systems with a single time scale. We turn next to continuous time
systems with two continuous time scales, one faster than the other. Sys-
tems of this kind are called either rapidly time-varying systems or slowly
time-varying systems. The presence of multiple time scales significantly com-
plicates the problem of constructing global strict Lyapunov functions. In this
chapter, we provide a systematic method for rapidly time-varying systems.
Our main method involves transforming Lyapunov functions for the corre-
sponding limiting dynamics into the desired strict Lyapunov functions for
the original rapidly time-varying dynamics. We illustrate our findings using
a one degree-of-freedom mass-spring system.

10.1 Motivation

Consider the following one degree-of-freedom mass-spring system from [36]
with constant parameter o > 0, which arises in the control of mechanical
systems with friction:

Itl = T2
—o1(at)ze — k(t)z1 +u (10.1)
—{o2(at) + o3 (ozt)e_ﬂl’i(“)} sat(xg)

T

where z1 and x5 are the mass position and velocity, respectively; u is a dis-
turbance; o1, 02, and o3 denote everywhere positive time-varying viscous,
Coulomb, and static friction related coefficients, respectively; (1 is a posi-
tive constant corresponding to the Stribeck effect; u(-) is a positive definite
function also related to the Stribeck effect; k denotes a positive time-varying
spring stiffness related coefficient; and sat: R — R denotes any continuous
function having these properties:

275
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. sat(0) = 0;
. €sat(§) >0 VEeR,;

1
2
(10.2)
3. limeyoosat(§) = +1; and
4

lime oo sat(§) = —1.

‘We model the saturation as the differentiable function
sat(z2) = tanh(Bax2), (10.3)

where (3 is a large positive constant. Note for later use that [sat(z2)| < fa|z2]
for all zo5 € R.

We assume that the coefficients ¢; vary in time faster than the spring
stiffness coeflicient so we restrict to cases where o > 1. The constant o
produces a more general class of time-varying systems, in which there are two
continuous time scales, one faster than the other. This captures the realistic
scenario where the wear and tear due to friction is faster than the degradation
of the spring stiffness. Our precise mathematical assumptions for (10.1) are:
k and the o;’s are (globally) bounded C! functions; y has a bounded first
derivative; and there exist constants ¢; with &7 > 0 and &; > 0 for i = 2, 3,
and a o(s) function s — M (s) such that

/tz (ai(t)—&;)dt‘ < M(ts—t), i=1,23 (10.4)

t1

for all t1,ts € R satisfying t5 > t;. Although the o;’s are everywhere positive
for physical reasons, we will not require their positivity in the sequel.

It is natural to ask: Can we find a constant o > 0 and design a class
of functions VI such that for each constant o > a, VI is an ISS Lya-
punov function for (10.1)? We will answer this question in the affirmative in
Sect. 10.6.3. In fact, our construction of the V[®’s will follow from a general
constructive approach for rapidly time-varying systems from [108].

10.2 Overview of Methods

A standard method for guaranteeing stability of nonautonomous systems is
the so-called averaging method. In averaging, the exponential stability of an
appropriate autonomous system implies exponential stability of the original
dynamics, when the time variation is sufficiently fast [70]. Such results were
extended to more general rapidly time-varying systems

& = f(t,at,z), teR, 2€R", a>0 (10.5)
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in [136], where uniform (local) exponential stability of (10.5) was proven for
large values of the constant a > 0, assuming a suitable limiting dynamics

i = f(t,z) (10.6)

for (10.5) is uniformly exponentially stable. We specify the choice of f below.
Notice that (10.1) is a special case of (10.5) when the disturbance u is set
to 0. The main arguments of [136] use partial averaging but do not lead to
explicit strict Lyapunov functions for (10.5); see Sect. 10.8 for a more detailed
discussion of the literature.

In this chapter, we discuss a different approach, based on [108]. Instead
of averaging, we explicitly construct a family of global strict Lyapunov func-
tions for (10.5) in terms of more readily available Lyapunov functions for
(10.6), which we again assume is asymptotically stable. We consider the case
where (10.6) is UGAS, in which case our conclusion is that (10.5) is UGAS
(but not necessarily exponentially stable) when the constant o > 0 is suffi-
ciently large. The significance of the problem lies in the ubiquity of rapidly
time-varying systems in a host of engineering applications (involving, e.g.,
suspended pendulums, Raleigh’s Equations, and Duffing’s Equations from
[70, Chapter 10], and systems arising in identification in [136]) and the value
of explicit strict Lyapunov functions in robustness analysis and controller
design. The Lyapunov functions we construct are also ISS or iISS Lyapunov
functions for

& = f(t,at,x)+g(t, at,x)u (10.7)

under appropriate conditions on f and g; see Remark 10.2.

10.3 Assumptions and Lemmas

Consider the systems (10.5) and (10.6) where f and f are continuous in time
t € R, C!in x € R™, satisfy

flt,at,0)=f(t,0)=0 “ER, a>0, (10.8)

and are forward complete for each constant a > 0. Throughout this chapter,
we assume the following uniform growth condition on f: There exists p € Ko
such that |f(¢,at, )| < p(|z|) everywhere, and likewise for f.

Recall the UGAS property, the Converse Lyapunov Function Theorem and
the classes of functions KL, K, K, which we reviewed in Chapters 1 and 2.
In particular, we call (10.6) UGAS provided there is a § € KL such that

|¢(t;t0,$0)| < ﬂ(|$0|,t — to) Vit >to > 0and zg € R", (109)
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where ¢ is the flow map for (10.6). We call (10.6) uniformly globally expo-
nentially stable (UGES) provided there are constants D > 1 and A > 0 such
that (10.9) is satisfied along all of its trajectories with the choice

B(s,t) = Dse ™. (10.10)

Recall Lemma 2.2, which constructed strict Lyapunov functions for exponen-
tially stable time-varying systems & = f(¢,x) using an integral of the flow
map. The following compatibility condition is also useful:

Definition 10.1. Given ¢ € K, the dynamics (10.6) is said to be §-compatible
provided it admits a function V € C!, functions 61,62 € Koo, and constants
¢ € (0,1) and ¢ > 0 such that:

L Vi(t,€) + Ve(t,€) f(t, &) < —2d2(|¢]) for all £ and ¢;
2. [Ve(t,)] < 8(1€]) and | F(t,€)] < 6(€]/2) for all € and £; and
3.0(s) < cs for all s > 0;

and 61([¢]) <V (¢,£) < d2(]¢]) for all € and t.

Remark 10.1. The bounds on |V;| and |f| in Condition 2 of Definition 10.1
are asymmetric. If (10.6) satisfies the UGES requirements of Lemma 2.2 for
some positive constants K, c1, ¢z, and cs, then one easily checks that it is
§-compatible with §(s) = (c3 + 2K)s and ¢ = (c3 + 2K)~2, by taking the
V' constructed in the lemma. On the other hand, by taking different choices
of § (including cases where § is bounded), we can also find non-UGES 6-
compatible dynamics; see Sect. 10.6.1.

We also treat the nonautonomous control system
&= F(t z,u) (10.11)

which we always assume to be continuous in all variables, C! in 2 with
F(¢,0,0) = 0, and forward complete. Its control set is U = R™, and its
solution for a given control u € M(R™) and given initial condition z(¢y) = zo
is denoted by t — ¢(t; to, o, u). Recall the definitions of ISS and iISS from
Chap. 1. If (10.11) is ISS, and if the ISS estimate for (10.11) can be satisfied
with a function 8 € KL having the form (10.10), then we say that (10.11) is
input-to-state exponentially stable (ISES). We say that a function V : [0, c0) X
R™ — [0, 00) is uniformly positive definite provided there is a positive definite
function ag such that V(t,z) > ao(|z|) everywhere. We let UPD (resp.,
UBPPD) indicate the class of all uniformly positive definite (resp., uniformly
bounded proper and positive definite) functions V' : [0,00) x R" — [0, 00).
Recall the ISS and iISS Lyapunov function definitions from Chap. 2.
Since (10.11) has an ISS Lyapunov function when it is ISS (by the ar-
guments of [169]), the proof of [8, Theorem 1] shows that if (10.11) is
ISS and autonomous, then it is also iISS, but not conversely, since e.g.,
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& = —arctan(z) + u is iISS but not ISS. The next lemma follows from argu-
ments used in [8, 39, 157]:

Lemma 10.1. If (10.11) admits an ISS (resp., iISS) Lyapunov function,
then it is ISS (resp., iISS).

A simple application of Fubini’s Theorem gives
t t t
/ / p(t,)dlds = / (r—t+7)p(t,r)dr (10.12)
t—1 Js t—T1
for each continuous function p and each constant 7 > 0, which implies:

Lemma 10.2. Letp: R xR — R : (t,1) — p(t,1) be C* in t and continuous.

Then
d t t
%/ /p(t,l) dids
e toty (10.13)
= rp(tt) — [L p(t,0) di + / / % 1,1) das
t—71 Js
and
t t 7_2
< - .
/t_T/s p(t,1) dlds| < 5 tirilg;(ﬁ|p(t,l)| (10.14)

hold for all t € R and all constants T > 0.

For what follows, a function N : [0,00) — [0,00) is said to be of class M
(written N € M) provided

lim nN(n) =0. (10.15)

n—-+00

10.4 Main Lyapunov Function Construction

We consider the system
& = f(t,at,x) +u, z€R" ueR" (10.16)

with constant parameter o > 0, but see Remark 10.2 for results on the more
general control systems (10.7). Our main assumption will be: There exist
0 € K, a UGAS ¢-compatible dynamics (10.6), N € M, and a constant
1o > 0 such that for all z € R", all r € R and all constants 1 > 1o,

r+%} _
[t - oy al <5 ()

n

< <|x|> N(n) . (10.17)

The main result in [108] says:
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Theorem 10.11. Given a system (10.5), assume that there exist 6 € K, a
d-compatible UGAS system (10.6), two constants ng > 0 and K > 1, and a
function N € M such that (10.17) holds whenever n > no, © € R™ and r € R
and such that:

9
2ta) < K

|f(t, at, )] < 5(%) VteR, x € R", a> 0.

%(t,at,x)’ < K , and
' (10.18)

Then we can construct a constant o > 0 such that the following are true: (a)
For all constants a > o, (10.5) is UGAS and (10.16) is iISS. (b) If 6 € Koo,
then (10.16) is ISS for all constants o > «. (¢) If (10.6) is UGES, then
(10.5) is UGES for all constants a > « and (10.16) is ISES for all constants
a > a.

By (10.8), the condition

||

|f(t,at,z)] < 6 <7>

in (10.18) is redundant when ¢ is of the form d(s) = 7s for a constant 7 > 0,
since 7 can always be enlarged. Two important features of Theorem 10.11
are that it applies to cases where (10.6) is UGAS but not necessarily UGES
(cf. Sect. 10.6.1), and that its proof leads to explicit global strict Lyapunov
functions for (10.16) in Theorem 10.12. Later we give a variant for cases where
0f/0z is not necessarily globally bounded. The strict Lyapunov function
provided by the proof of Theorem 10.11 is as follows:

Theorem 10.12. Let the assumptions of Theorem 10.11 be satisfied for some
d €K, and V € C! be a Lyapunov function for (10.6) satisfying the require-
ments of Definition 10.1. Then we can construct a constant o > 0 such that
for all constant values o > a,

Vi, e) = v (t,g— @ftt_% JHFE L al) — f(& D} dl ds)

is a global strict Lyapunov function for (10.5) and an iISS Lyapunov function
for (10.16). If we also have § € Koo, then VI is also an ISS Lyapunov
function for (10.16) for all constant values a > .

Proofs of Theorems 10.11 and 10.12

We only provide a sketch; see [108] for the complete arguments. Throughout
the sequel, all inequalities and equalities should be understood to hold glob-
ally, unless we indicate otherwise. Let us first outline our method for proving
the theorems. First, we give the proof of Theorem 10.11 for the special case
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where (10.6) is UGAS and ¢ € K, which includes the proof of Theorem 10.12
when § € K. We then indicate the changes needed if 6 € K is bounded.
Finally, we specialize to the situation where (10.6) is UGES, in which case
we can take 0(s) = 7s for some constant 7 > 0, by Lemma 2.2. This will show
the ISES assertion of Theorem 10.11.

Assume first that (10.6) is UGAS and § € K. We prove the ISS property
for (10.16) for large constants a > 0. Let 19 > 0 be as in the statement of
the theorem, and fix

a=n?
with n > 19, u € M(R™), and a trajectory z(t) for (10.16) and u, for an
arbitrary initial condition. Set

2(t) = 2(t) + Ra(t,z(t)), (10.19)

where

Ru(t,z) = —g/t_wn/sl{f(l,ofl,x)—f(l,a:)}dlds.

Since we are assuming our dynamics to be forward complete, this is well
defined. Taking

p(t, 1) = f(Ln°Lx(t) — f(l,x(t)),
10.13) multiplied through by —n/2 gives
( ) p ghby —n/2¢g

(t) = f(t2(0) + [f(t,2(t) — f(t, ()] + %/f_z p(t, 1) di

{/tt /: (%(l,nzz,x(t)) - g—f(l,x(t))> dlds} (10.20)

x [f(t,n?t, () +u(t)] + u(t).

M

Let V, 81, and &, satisfy the requirements of Definition 10.1. Let V denote
the time derivative of V(¢,z) along the time-varying map z(¢) in (10.19).
Using Condition 1. from Definition 10.1 with ¢ = z(¢) and (10.20),

V < —e8(J2()]) + Vet 2(t)) (f(t2(t) — F(t, (1))

LIV (2, 2(1)) / p(t, 1)l

t=2/n

_1Ve(t, 2(1)) V:Z/n /: (g—i(l,rﬂl,x(t)) - %(l,x(t})) dlds]

x (f(t, 7t () +u(t)) + Ve(t, 2(t) u(t).



282 10 Rapidly Time-Varying Systems

Using (10.17)-(10.19) and Condition 2. from Definition 10.1, we get

V < =28 (|2(t)]) + K3(2(0))| Ralt, 2(0)] + 18(2(0)N (n) 8(1(t)|/2)
+8(2(0)]) )]
+2K3(12(0){3(12(0)1/2) + (@)}
< e (2()]) + 6(/2(1)]) [u(t)
+3(12(0)) (25 + 2N m) {6 () + o)1}

where the last inequality used

Ra(t.x(t)] < B[, [lpt.0]dlds < 2§ (@) . (10.21)
Also, (10.19), (10.21), and Condition 3. from Definition 10.1 give
@) 2 a0l - Ea®)] = Ya()] (10.22)
when 7 > max{2¢,n}. The fact that 6 € K now gives

V< (—é+ 1K+ %N(n)) a(l=())

(10.23)
+ (%K +IN() + 1) 5(|z()Dlu(t)l.
Choosing x(s) = §9(s/2) and recalling that ¢ € (0,1), we get
Ul < x(z@®)) = |ulee < x(2l2(1)]) (10.24)

= V< (<% 4+ 2K +aN ) 2(=0).

Setting
Vel 2) = V (t,2+ Ra(t,2)),

we see that the time derivative V = Vi(t, z)+ V. (t, z)z of V (¢, z) along (10.16)
satisfies .
V= Vt2) + VI 2) {1 ot 2) + u(o)). (10.25)

It follows from (10.15) and (10.24) that when the constant « (and so also 7)
is sufficiently large, we get

ul < xial) = Vit w) + VI 2) [t atw) + ) < —567 (1)

and the uniform proper and positive definiteness of V¢ follows from (10.21)
and (10.22). Hence, V1 is an ISS Lyapunov function for (10.16), so (10.16)
is ISS for large «, by Lemma 10.1, as claimed. The UGAS conclusion is the
special case of the preceding argument where u = 0. When § is bounded, the
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iISS assertion follows from the part of the preceding argument up through
(10.23), once we bound the coefficient of [u(t)|. Then V[* is an iISS Lyapunov
function for (10.16) for sufficiently large «, so (10.16) is iISS for large «, by
Lemma 10.1.

It remains to consider the special case where (10.6) is UGES. Choose any
function V' that satisfies the requirements of Lemma 2.2 for (10.6) for suitable
constants ¢; > 0. Choose any trajectory x(t) for (10.16) for any choice of the
control u € M(R™), starting at an arbitrary initial state x(to) = xo. Then

2K (t)|

IRa(t,z(t))| < V>t . (10.26)

Defining z(t) by (10.19) and arguing as before except with the preceding
choice of V gives §(s) = (c3 + 2K)s, & = (c3 +2K)~2, and therefore

V<~ + 3K + 3N () Dl=()]?
+[4K + 3N(n) + 1] DIl [u(b),
where D = ¢35 + 2K.

Taking Y(s) = g5, it follows as in the UGAS case that if [u|o < X(|z(t)])
for all ¢ and 7 is large enough, then (10.22) gives

AOF _ Vi)

- |
V < —
- 4 4deco

Integrating over ¢ and recalling the properties of ¢; and co and (10.26) now
gives

)] < /32 (1 + %) l2(to) [exp (-t_to) , (10.27)

C1 882

so if (10.6) is UGES, then (10.5) is also UGES when the constant « > 0 is
large enough. Also, standard arguments (e.g., from the proof of [169, Lemma
2.14]) imply that (10.16) is ISES. This completes the proof. O

Remark 10.2. A slight variant of the proof of Theorem 10.11 shows the ISS
property for (10.7) under suitable growth assumptions on the matrix-valued
function g : R x R x R™ — R™*™, Some growth condition on ¢ is needed and
linear growth of ¢ is insufficient, because © = —x+xu is not ISS. One method
for extending the theorem to (10.7) with g € C! is to add the assumption
that there is a constant ¢y > 1 such that

lg(t at,2)[| < o+ 5(%)
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forall t € R, z € R™, and a > 0, where § € K, satisfies the requirements of
Definition 10.1 for some Lyapunov function V for (10.6). Using the new Koo
function

co(s/2)

4{00+M}

in the first part of the proof of Theorem 10.11, we conclude as in the earlier
proof that (10.7) is ISS for large enough o > 0. If § € K is bounded, then
we instead conclude that (10.7) is iISS when the rapidness parameter « is
sufficiently large, using a slight variant of our earlier argument.

x(s) = (10.28)

10.5 Alternative Strictification Result

The strict Lyapunov function construction from Theorem 10.12 is based on
transforming a strict Lyapunov function for the limiting dynamics (10.6). It
is natural to inquire whether we can instead use a suitable generalization of
the strictification approach from Chap. 6 to transform a non-strict Lyapunov
function for (10.5) into a strict Lyapunov function for (10.5). In this section,
we show how such a strictification can indeed be carried out. The possible
advantages of this alternative result are that:

1. it does not require (10.5) to be globally Lipschitz in the state;

2. it allows the time derivative of the non-strict Lyapunov function to be zero
or even positive at some points; and

3. it does not require any knowledge of limiting dynamics.

See Sect. 10.7.2 below for details. For simplicity, we focus on systems with
no controls. Our key assumption is:

Assumption 10.1 There exist functions V € C* "UBPPD and W € UPD,
a C' function
O :]0,00) x R" = R,

a bounded continuous function p : R — R, and positive constants ¢ and T
such that:

1. Vi(t,x) + Vo (t,2) f(t, at, ) < =W (t,x) + p(at)O(t, x);
2. fk(;frl)Tp(r)dr =0;
3. W(t,x) > cmax{|O(t, x)|,|O:(t, z) + O (t,z) f(t,at, z)|}; and

4. V(t,z) = c|O(t, )]

forallt>0,z€R", a>0, and k € Z.
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For any choices of s € [at — aT,at] and t > 0, Condition 2. of Assumption

10.1 gives
at 7(s) at
/ p()dl = / p()di + / p()dl, (10.29)
s s 7(at)

where

T(u) = min{kT : k € Z,kT > u} and
7(u) = max{kT : k € Z,kT < u}.

The proof of (10.29) is based on the facts that both endpoints of the interval
[min{7(s), 7(at)}, max{7(s), r(at)}] are integer multiples of T, and that the
integral of p over any interval whose endpoints are integer multiples of T is
Zero.

Our strictification result is as follows:

Theorem 10.13. If Assumption 10.1 holds, then there exists a constant o >
0 such that for each constant o > «,

Ull(t,z) = V() (ft L~/ p(al) dzds) ot z) (10.30)

is a global strict Lyapunov function for (10.5). In particular, (10.5) is UGAS
for all constants o > «.

Proof. Set
Ull(t, ) = Ut 2) + ULt 2) £ (¢, ot @)

forallt > 0, x € R™, and a > 0. Recalling Conditions 1. and 3. in Assumption
10.1 and using (10.13) with p(¢,!) independent of ¢ gives

Uled(t,2) < =W (t,z) + p(at)O(t, z) — p(at)O(t, x)

(ft 7 p(al)dl) O(t,z)

S}z JL plat)al ds)

+

el

-

(10.31)

x (%2(t,2) f(t, at,x) + 22 (t, 7))

ox

—~

W)+ ) It p(al)dl’ Ly (t, z)

+%

S [ plad)di ds’ LW (t, )

along trajectories of (10.5). Taking pmax to be any uniform bound for |p(1)]
over R, we conclude from (10.29) that

at
/ p(l)dl) < 2Tpmax Vs € [at — oT, at] (10.32)
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forall t > 0 and o« > 0.

Hence,
t L 2T
/ p(al)dl’ = — / p(l)dl’ < Zf Pmax
t—T A | Jot—aT o
and
t ¢ at at
/ /W“)dlds =$/ / p(1) dids
t=T Js at—aT Js .
< % Supsé[(xt—(xT,at] / p(l)dl‘ (1033)

< 2T2pmax
- «

for all ¢ > 0. These estimates combined with (10.31) give

for all t > 0 and = € R™, provided

4T 4 1)pmax
o > AT Dpmax (10.34)
c
Since W € UPD, this gives the desired decay estimate. Also, (10.33) and
Condition 4. in Assumption 10.1 give the uniform proper and positive def-
initeness of Ul®l for large enough constants o > 0, hence the conclusion of
the theorem. O

10.6 Illustrations

We illustrate Theorems 10.11 and 10.12 through several examples, starting
with a case where (10.6) is UGAS but not necessarily UGES. We next con-
sider a class of systems (10.5) from identification where the limiting dynam-
ics (10.6) is linear and exponentially stable. For these systems, we provide
formulas for strict Lyapunov functions for (10.5) that have the additional
desirable property that they are also ISS Lyapunov functions for (10.7) for
suitable functions g. In this situation, the strict Lyapunov functions are ex-
pressed in terms of quadratic Lyapunov functions for the limiting dynamics.
Finally, we apply our results to a friction model for a mass-spring dynamics
we discussed in Sect. 10.1. In all three examples, the limiting dynamics has
a simple Lyapunov function, so our results give explicit Lyapunov functions
for the original rapidly time-varying dynamics. The novelty of our treatment
of these examples lies in our global strict Lyapunov function constructions;
see Sect. 10.8 for a detailed comparison with the literature.
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10.6.1 A UGAS Dynamics that Is Not UGES

Consider the following scalar example from [108]:
i = f(t,at,z) = —o1(z)[2 + sin (t + cos(o2(2))) | {1 + 10sin(at)}  (10.35)
where 01,09 : R — R are C! functions such that ¢ is odd,

sup {|o} (z)| + |o1(2)oy(z)| : 2 € R} < o0,

o1 € K on [0,00), and of(s) < 0 for all s > 0. One easily checks that the
hypotheses of Part (a) of Theorem 10.11 are satisfied, using

f(t,z) = —o1(2)[2 + sin (t + cos(o2(2)))],
Vt,z) = V(z) = /0 o1(s)ds,
§(s) = 3301(2s), and N(n) =60/n* for large 7.

This allows cases such as o1 (s) = g2(s) = arctan(s); in that case, the limiting
dynamics (10.6) is UGAS but not UGES because |#(t)] < 27 along all of
its trajectories x(t). Condition 1. from Definition 10.1 is satisfied because
01(28) < 201(s) for all s > 0, which holds because of(s) < 0 for all s > 0.
Theorem 10.12 then gives the following iISS Lyapunov function for (10.16)
for large a > O:

V(£+5\/aal(§)/ . /,u(f,l)sin(al)dlds), (10.36)
tfﬁ s

where
H(E,1) = 2+ sin(l + cos(0(€))-

It is a global strict Lyapunov function for & = f(¢, «t,z), and it is also an
ISS Lyapunov function for (10.16) in the special case where § € Ko, €.g., if
o1(s) = sgn(s)In(1 + |s|) for |s| > 1 and o2(s) = arctan(s).

10.6.2 System Arising in Identification

We next consider the system
i = flat)m(t)m' (t)x +g(t,ot,z)u, (10.37)

with state z € R™ and inputs u € R™. We assume:
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Assumption 10.2 The following conditions are satisfied:

1. f: R — R is bounded and continuous and admits a o(s) function M and
a constant f* < 0 for which:

i fr= limT_,+OO o fT f(s)ds; and

. |f Frds| < M(ty —t1) if ta > 1.

2. m: R — R" is continuous and |m(t)] = 1 for all t € R, and there exist
constants o', ', ¢ > 0 such that for allt € R, a > 0, and x € R™, we have:
i. oI, < [ m(r)ymT (r)dr < §'1,; and
ii. |lg(t, ot z)|| < B{1+ /|zl}.

3. g:RxRxR" — R™™: (t1 2)— g(tl,z) is continuous and is C in
x, and there exists a constant K > 1 such that

’agij

<K
or -

(t,at, x)

forallz € R", t >0, and a > 0, and each component g;; of g.
The particular case of (10.37) in which

has been extensively studied in systems identification; see Sect. 10.8 for the
historical background. However, the well-known results do not provide ex-
plicit ISS Lyapunov functions for (10.37). To provide ISS Lyapunov functions
of this kind, we use the limiting dynamics

&= f(t,x) = frmt)ym' (t)z (10.38)
and the following key lemma from [108]:

Lemma 10.3. Let Assumption 10.2 hold and set

P(t):{Z;* 4i~4\f* }1 +/7c T atas. (1039

Then V(t,x) = " P(t)x is a strict Lyapunov function for (10.38) for which
2V/a! satisfies the requirements of Lemma 2.2.

For the proof of this lemma, see Appendix A.1. We readily conclude that
the corresponding rapidly varying dynamics

i = flat)ym(t)m' (t)z
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Fig. 10.1 First component of state of (10.37) with choices (10.40)

satisfies the hypotheses of Theorem 10.11 with ¢ of the form §(s) = 7s for a
suitable constant 7 > 0. In fact, we can take the function V' we constructed
in the preceding lemma. Remark 10.2 now gives:

Corollary 10.1. Let (10.37) satisfy Assumption 10.2 and let V be as in
Lemma 10.3. Then there exists a constant ag > 0 such that for each con-

stant o > «p,
- @ /f_T/ (f(al) = fF)m(Dm " () dl ds] a;)

is an 1SS Lyapunov function for (10.37).

vielt,z) =V (t,

To illustrate the ISS property, we simulated (10.37) with the choices

n=m=2, m(t) = (cos(t),sin(t))", f(s)=cos(s)— 1, (10.40)
g(t,at,x) = I, a =100, and u(t) = (.005,0)"

and obtained the trajectories in Figs. 10.1 and 10.2. The simulations illustrate
the convergence of the state components to zero, with an overshoot deter-
mined by the ISS overshoot term. Using our explicit ISS Lyapunov function,
we can explicitly compute the functions § € KL and v € K in the standard
ISS estimate. This allows us to quantify the effects of the uncertainty w.
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Fig. 10.2 Second component of state of (10.37) with choices (10.40)

10.6.3 Friction Example Revisited

We next show how the friction dynamics (10.1) satisfies the assumptions from
Remark 10.2 with §(s) = 7s for some constant 7, when the limiting dynamics
(10.6) is

.’tl = T2
{i‘g = —G129 — {&2 + &36_5“‘(12)} sat(xe) — k(t)x1 , (10.41)

and the constants &; satisfy the requirements from (10.4). Following [108],
we add the assumption

3 constants ko, k >0 s.t. kg < k(t) <k and K'(t) <0 Vt>0. (10.42)

Conditions (10.42) imply that the spring stiffness is non-increasing. To check
the assumptions from Remark 10.2, set

o1 (02+5’3)ﬂ2 and

Alk ( )z} + @3] + 122, where (10.43)
1+ &+ & 1+ £].

S =
Vi(t,x) =
A=

Noting that Ak > 1 and A > 1, we get

1 _
§|:r|2 < Vi(t,z) < gAQk\x\Q
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for all 2 € R? and t > 0. Also, the time derivative
V = V;&(tv .’E) + Vi (tv x)f_'(ta {E)
along trajectories of (10.41) gives
V < Vi(t,z)f(t,z) = 2Ak(t)z1 + z2)zo
—[2A.132 + 331]{5'1],‘2 + [5’2 + 5’36_61”(‘772)] sat(a:g) + k‘(t)a:l},
since k&’ < 0 everywhere. Hence, we can group terms to get
V < —kox% — (2A5’1 — 1)1‘% + S|.131.132| (by (102))
< —blz|? - [’;—Ox% + (A1 — 1/2)a3 — S|zyas|]
2 ) R

= —b|z|? - ko <|x1 - %|x2|) + (QSTO +4- A01> 3

< —blz|?, where b = min{ko/2, A5y — 1/2}.

The preceding analysis says that V/b is a Lyapunov function for (10.41)
that satisfies the conclusions of Lemma 2.2 for the limiting dynamics. The
integral bound (10.17) from Theorem 10.11 follows from (10.4), using the
sublinear growth of tanh, by verifying the integral bound term by term, and
the other bounds from (10.18) are satisfied because sat and p have uniformly

bounded first derivatives. Hence, the proof of Theorem 10.12 implies that for
large enough constants a > 0, the dynamics (10.1) has the ISS Lyapunov

function
t t
Vil e) = v (66,64 YO In(l,6)did
(t.€) <&&+2A%L (L.€) %

where V' is the Lyapunov function (10.43) for the dynamics (10.41),

01,6 = {o1(al) = 6116 + a(l &) tanh(Bhés), and  (10.44)
pa(1,€) = oa(ad) — 65 + (03(al) — G3)e P1H(E2), (10.45)

In particular, (10.1) is ISS for large enough constant rapidness parameters
a > 0, by Remark 10.2.

Remark 10.3. The preceding analysis simplifies if 02 and o5 in (10.1) are both
positive constants, since in that case, we can take the limiting dynamics

fCl = T2
Tog = —01Ty — {02 + age’ﬁm(w?)} sat(xq) — k(t)xy .

The ISS Lyapunov function for (10.1) can now be taken to be
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\/at t ~
V|t &€ (1-%-—— {o1(ad) — & }dlds))
(12 o W RS

with V' defined by (10.43).

10.7 Further Illustrations: Strictification Approach

One easily checks that Theorem 10.13 applies to (10.35) and (10.37) without
controls (using the V’s from our earlier discussions of those examples), as-
suming (10.37) satisfies Assumption 10.2 with m having a bounded derivative
and f a suitable periodic function. We next review two examples from [108]
that apply Theorem 10.13 to cases that are not already covered by Theorem
10.11.

10.7.1 Systems with Unknown Functional Parameters

Consider the nonautonomous scalar dynamics
2

& = p(at)
where the rapidly varying parameter p is unknown and u is a controller to be
specified. Our only assumptions on p are that (a) there is a known constant
am > 0 so that |p(l)] < a, for all I and (b) there is a known constant T > 0
such that Condition 2. from Assumption 10.1 holds for all £ € Z. Let us
show that the saturated state controller

u = —2arctan(z) (10.47)

makes (10.46) UGAS to the origin. For concreteness, we take a,, = 10. The
time derivative of V() = 22 along the trajectories of (10.46), in closed-loop
with (10.47), is then

23

V = —2zarctan(z) + p(at) (10.48)

1422
Using simple calculations, we can check the assumptions of Theorem 10.13
for this closed-loop system, by taking

73

W (t,z) = 2z arctan(z), O(t,z) = et
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and a small enough constant ¢ > 0. Hence, (10.47) renders (10.46) UGAS to
zero, and the closed-loop system has the strict Lyapunov function

[a] ]. 2 1 t t x?’
vtl(e,2) = 5o - /tT/p(al)dlds e (10.49)

when the constant a > 0 is sufficiently large. A similar argument can be
used to show that u = —2 arctan(Rz) stabilizes (10.46) for any choice of the
constant R > 1.

10.7.2 Dynamics that Are Not Globally Lipschitz

One easily shows that the one-dimensional dynamics
3

T = —x3 + 10 COS(at)m

(10.50)
satisfies Assumption 10.1 with

V(t,z) = ‘2—4, W(t,z) = a5,
O(t,z) = 2z, plt) = 10cos(t), T =2,

and a small enough constant ¢ > 0. Therefore, (10.50) has the global strict
Lyapunov function

x? 1 ¢ t 28
Ulel(t, z) = T 5 (/t , / 1000s(al)dlds) T+

when the constant o > 0 is large enough. On the other hand, (10.50) is not
covered by Theorem 10.11, because it is not globally Lipschitz in the state.

10.8 Comments

There is a significant literature on averaging-based approaches in nonlinear
control. Standard results on averaging approximate solutions of systems of
the form

& =cf(t,z,e) (10.51)

for small positive constants € by solving a second system that is obtained by
averaging f (¢, z,¢) around € = 0 [70]. More precisely, (10.51) is assumed to be
periodic for some period T in ¢, and then the averaged system is & = € foy ()
where
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-
Sav(z) = %/0 f(r,z,0)dr.

The averaging results in [2, 3] say that exponential stability of an appropri-
ate autonomous dynamic #(t) = f(x(t)) guarantees that a given time-varying
system & (t) = f(t,z(t)) is exponentially stable as well, provided that the time
variation of the latter is sufficiently fast. Partial averaging is one generaliza-
tion of averaging. A different generalization in [135] shows that the rapid
time variation assumption in averaging can be replaced by a homogeneity
condition on the vector fields.

Yet another approach to averaging was pursued in [122], which proves
uniform semi-global practical ISS of a general class of time-varying systems,
under the assumption that the strong average of the system is ISS. A strong
average of a system & = f(¢,z,u) is defined to be a locally Lipschitz function
fsa : R™ x R™ — R™ for which there exist a function 8 € KL and a constant
T* > 0 such that

1

t+T
T/t [fea(z,w(s)) = f(s,z,w(s))] ds| < B(max{|z|,|w|e,1},T)

for all t > 0, w € M(R™), and T > T*. However, this earlier work does not
provide explicit strict Lyapunov functions.
The system
&= —m(t)m' (t)z (10.52)

naturally arises in adaptive identification. In that context, one is given a
stable plant transfer function

" 1
I(s) = Z bs' 1 (s” + Zaisi_1>
i—1

i=1

with unknown «a;’s and b;’s but known n, and no zero-pole cancelations. The
problem is to find the a;’s and b;’s, based on input and output measurements
for the plant. This problem is solvable when (10.52) is exponentially stable
for a suitable vector m; see e.g., Appendix A-I in [4]. Sufficient conditions for
exponential stability of (10.52) are well-known. For example, [4, Theorem 1]
establishes that the system is exponentially stable if and only if the PE in
our Condition 2.i. from Assumption 10.2 holds for some positive constants
o/, 3, and ¢, under the assumption that m is regulated (meaning its finite
one-sided limits exist everywhere).

The paper [136] extends [2, 3] to general classes of rapidly time-varying
systems, by proving a general exponential stability theorem involving the
mixed partial derivatives of a Lyapunov function for the limiting dynamics.
Our system (10.35) in Sect. 10.6.1 is a variant of the scalar example on
[136, p.53]. The conditions on the o;’s in (10.35) cannot be omitted even if
the limiting dynamics (10.6) is UGES [136, Sect. 8.2]. For example, if we
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take o1(x) = x and o2(x) = 22, then (10.6) is UGES, but (10.35) can only
shown to be locally exponentially stable for large oz > 0 [136]. This does not
contradict our theorem because in that situation, (10.18) would be violated.

The results of [136] assume that (10.6) is uniformly locally exponentially
stable, and establish exponential stability of (10.37) under our Assumption
10.2 (but with g = 0). This generalized a result from [55, pp. 190-5] on a
class of systems (10.5) satisfying certain periodicity or almost periodicity
conditions. By contrast, we assumed in this chapter that (10.6) was UGAS.
Although global exponential and global asymptotic stabilities are equivalent
for autonomous systems under a coordinate change in certain dimensions,
the coordinate changes are not explicit and so do not lend themselves to
explicit Lyapunov function constructions [50]. The novelty of our treatment
is the simple direct construction of a strict global Lyapunov function under
assumptions similar to those of [136, Theorem 3.

The requirement (10.15) on N € M from Theorem 10.11 can be relaxed
the requirement that sup, nN(n) < ¢/4, where ¢ is from Condition 1. from
Definition 10.1. This follows from (10.24).



Chapter 11
Slowly Time-Varying Systems

Abstract In Chap. 10, we discussed methods for building explicit global
strict Lyapunov functions for rapidly time-varying systems. We turn next
to the complementary problem of explicitly constructing strict Lyapunov
functions for slowly time-varying continuous time systems. As in the case of
rapidly time-varying systems, slowly time-varying systems involve two con-
tinuous time scales, one faster than the other. However, the methods for
constructing strict Lyapunov functions for rapidly time-varying systems do
not lend themselves to slowly time-varying systems, so our techniques in this
chapter are completely different from the ones in Chap. 10. Instead of us-
ing limiting dynamics or averaging, we use a “frozen dynamics” approach,
whereby Lyapunov functions for the corresponding frozen dynamics are used
to build strict Lyapunov functions for the original slowly time-varying dy-
namics. We illustrate our results using friction and pendulum models.

11.1 Motivation

To motivate our results for slowly time-varying systems, consider the follow-
ing generalized pendulum dynamics:

{561 - (11.1)

jj2 = —T1 — [1 + bQ(t/a)m(t7x)]x2 ?
where:

Assumption 11.1 The following are satisfied:

1. m: R x R% — [0,1] is Lipschitz in x and continuous; and
2. there are constants T > 0 and ¢ > —T such that 5 ftt_T bo (1) dl > ¢ for all
teR, and by : R — (—00,0] is globally bounded.

The constant parameter o > 1 is used to produce the slower time scale t/a.

297
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Motivated by our work in Chap. 10, it is natural to ask the following: Can
we find a constant o > 0 and design a class of functions V¥ such that for each
constant o > a, V.2 is a global strict Lyapunov function for (11.1)? We will
answer this question in the affirmative in Sect. 11.6.2. While the model (11.1)
has been studied by several authors, e.g., in [137], the earlier methods do not
address this Lyapunov function construction problem. Moreover, the rapidly
time-varying system that would arise from transforming the system does
not produce a dynamics of the type covered by Chap. 10; see Remark 11.1.
Rather, our construction of the V(B’s will follow from a general, constructive
Lyapunov function theory from [103] that is specifically designed for slowly
time-varying systems. We turn to this general theory next.

11.2 Overview of Methods

This chapter is devoted to the study of nonlinear slowly time-varying systems
of the form
= f(t,t/a,x) (11.2)

for large values of the constant o > 1 (but see Sect. 11.7 for the extension to
systems with controls). See Sect. 11.3 for our standing assumptions on (11.2).
Such systems arise in a large variety of important engineering applications
[70, 137, 154], so it is important to develop methods for determining whether
slowly time-varying systems are UGAS with respect to their equilibria. Even
if (11.2) is known to be UGAS, it is still important to have general methods
for constructing explicit closed form Lyapunov functions for (11.2), e.g., to
quantify the effects of uncertainty in the model; see [5, 7, 8, 98, 102, 108] for
discussions on the essentialness of explicit global strict Lyapunov functions
for robustness analysis.

One well-known approach is to first show exponential stability of the cor-
responding “frozen dynamics”

&= f(t,1,2) (11.3)

for suitable values of the parameter 7, including cases where the exponent
in the exponential decay estimate can take both positive and negative values
for different 7 values [70, 137, 154]. The stability of the frozen dynamics then
leads to a proof of stability of (11.2). While useful in some applications, this
standard approach is of limited value for robustness analysis, because it does
not lead to explicit strict Lyapunov functions for (11.2).

The main goals of this chapter are (a) to show how to relax the exponential-
like stability assumptions on (11.3) and allow cases where 7 is a vector,
thereby enlarging the class of dynamics to which the frozen dynamics method
can be applied and (b) to show how to use a suitable class of oftentimes
readily available Lyapunov functions for (11.3) to build explicit global strict
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Lyapunov functions for (11.2). In general, the strict Lyapunov functions we
construct for (11.2) comprise a class of functions, parameterized by the con-
stant a > 0. In some cases, we can construct strict Lyapunov functions for
all values of a > 0, while in other cases the construction is only valid when «
is sufficiently large; we illustrate both of these possibilities in Sect. 11.6. We
also show how to extend the results to systems with disturbances, in which
case the strict Lyapunov functions we construct are ISS Lyapunov functions
for the corresponding perturbed slowly time-varying dynamics.

11.3 Assumptions and Lemmas

Recall the comparison function classes K, and KL we introduced in Chap.

1. For functions r — p(r) € R? with differentiable components, we let p’(r)

denote the vector (p)(r), ....,p5(r)). When p is defined on [0, c0), we interpret

0’ (0) as a one sided derivative, and continuity at 0 as one sided continuity.
We assume that all of our uncontrolled dynamics

& = h(t, ) (11.4)

(11.4) are sufficiently smooth, forward complete and decrescent (a.k.a. uni-
formly state bounded), meaning there exists ap, € Ko such that |h(t,z)| <
ap(|z|) everywhere. In what follows, we often omit the arguments in our func-
tions when they are clear from the context. Also, all (in)equalities should be
interpreted to hold globally unless otherwise indicated.

11.4 Main Lyapunov Construction

For simplicity, we assume that our system (11.2) has the form

&= f(t,p(t/a), ), (11.5)
where p : R — R? is bounded, d is any positive integer, o > 1 is a con-
stant called the slowness parameter, and the components p1, ..., pq of p have
bounded first derivatives. We set

B = sup{|p'(r)] : 1 € R} (11.6)
and
R(p) ={p(t) : t € R}. (11.7)

Our main assumption is as follows:
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Assumption 11.2 There are known functions a1, as € Koo; known positive
constants cq, ¢y, and T'; a continuous function q : R* — R; and a C* function
V :]0,00) x R x R™ — [0, 00) satisfying the following conditions:
con(|z]) SVt 7, 2) < colz);
Vit m2) + Va(t, 7, 2) f(t, 7, @) < —q(T)V(t, 7, @);
|Vr(t, 7 2)| < cV(tT,x); and
t
Ji—ra(p(s))ds > ¢
hold for allt >0, x € R™, and 7 € R(p).

L

Condition 2. is less restrictive than the standard exponential stability prop-
erty of the frozen dynamics, because (a) we do not require ay or as to be
quadratic functions and (b) ¢(7) can take non-positive values for some choices
of 7. On the other hand, Condition 4. roughly says that ¢ is positive on av-
erage, along the vector function p(s). The following was shown in [103]:

Theorem 11.1. If (11.5) satisfies Assumption 11.2, then for each positive

constant 9T
a > =t (11.8)
Cp

the dynamics (11.5) are UGAS and

Vit —exp< / / dlds) V(t,p(t/a),z) (11.9)

is a global strict Lyapunov function for (11.5).

Proof. Sketch. Consider the function
V(t,z) = V(t,p(t/a),z). (11.10)

By Conditions 2. and 3. in Assumption 11.2 and our choice of p, the time
derivative of V' along the trajectories of (11.5) is

V = Vilt.p(t/a). z) + Va(t, p(t/a),2) f(t.p(t/a), 2)

V(L p(t/a), z)2 <';/a) (11.11)

< [—apt/e) + 22| Vt,0)

E(t,a) = exp (% /__T/_ q(p(l))dlds) . (11.12)

Set

Then
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Vi(t,e) = B(t,a)V(t,x)
everywhere, and Lemma 10.2 applied with the integrand ¢(p(t)) gives

V<§ = E(t,a) and

V4 {q(p(t/a)) -7 /jTCI(p(D)dl} 14

eaTM/2 > E(t,a) > efaTM/2

(11.13)

everywhere, where M is any global bound on ¢(p(t)). Substituting (11.11)
and recalling Condition 4. from Assumption 11.2 now gives

. cep 1 = N
Vi< E(t,a) [Fp -7 i_Tq(p(l))dl 14 (11.14)
< E(t,q) {% - 2] (e, 2)

It follows that if the constant « satisfies (11.8), then (11.14) implies

Vi(t,z) < —;—;e_aTM/QV(t,x) < —as(lz]), (11.15)
where the function o )
as(s) = ﬁe_o‘TM/Qoq(s)
is positive definite. Since V# is also uniformly proper and positive definite,
the result readily follows. O

Remark 11.1. A different approach to slowly time-varying systems & =
f(t,t/a,x) would be to transform them into rapidly time-varying systems
and to then try to construct a Lyapunov function for the resulting rapidly
time-varying systems using the methods we gave in Chap. 10. The trans-
formation is done by taking y(s) = x(as), which produces the new rapidly
time-varying system

y'(s) = g(s, as,y(s)) = af (sa, 5,y(s)) (11.16)

with the new rescaled time variable s. However, the system (11.16) is not of
the form we saw in Chap. 10, so the earlier strict Lyapunov functions do not
apply. This is one motivation for our direct construction of strict Lyapunov
functions for slowly time-varying systems.

11.5 More General Decay Rates

We can relax requirements of Theorem 11.1 by assuming the following (where
we continue the notation from Sect. 11.4):
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Assumption 11.3 There are known functions &y, s € Koo a positive def-
inite C' function u; positive constants T', ¢q, and ¢y; a continuous function
G:RY = R; and a C* function V : [0,00) x R? x R™ — [0, 00) satisfying

T

1
lim —dl =4+ 11.17
AR R (A7)

and

1. an(Ja]) < V(t, 7 x) < da(|al);

2. Vit 7,2) + Volt,m ) f 2,8, 7) < =q(n)u(V (t, 7, 2));
3. |Vi(t,7,2)| < éau(V(t,7,2)); and

4o [ pa(p(s)ds > &

hold for allx € R™, t > 0, and 7 € R(p).

Assumption 11.2 is the special case of Assumption 11.3 where p(l) = I.
Using Theorem 11.1, one can prove the following;:

Theorem 11.2. Let (11.5) satisfy Assumption 11.3. Then we can construct a
function k € Koo such that the requirements of Assumption 11.2 are satisfied
with V = k(f/) Hence, for each sufficiently large choice of the constant o > 1,
the system (11.5) is UGAS and has a global strict Lyapunov function of the
form (11.9).

This follows by taking
"1
exp (23/ —dl) , >0
k(r) = 1 a(0) (11.18)

with the choice B = sup{p/(s) : 0 < s < 1}. The fact that (11.18) satisfies
the requirements is a consequence of
. "1
lim ——dl = —o0. (11.19)
r—0t J1 p(l)

See [103] for the full proof.

11.6 Illustrations

In general, our strict Lyapunov functions are only when the constant parame-
ter & > 0in (11.5) is sufficiently large. However, in certain cases, the functions
V from Assumption 11.2 are independent of the frozen parameter 7, so our
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proof of Theorem 11.1 shows that the strict Lyapunov function is valid for all
constants a > 1. We illustrate this phenomenon in two examples. We then
provide slowly time-varying dynamics from identification theory and friction
analysis where V' depends on 7, and where we can therefore only guarantee
UGAS for large values of . Throughout this section, we set

V(t,r,z) = Vi(t,1,2) + Vi(t, 7, 2) f(t, T, )

everywhere.

11.6.1 A Scalar Example

Consider the one-dimensional dynamics

= ﬁ [1 — 90 cos? (é)} (11.20)

and the uniformly proper and positive definite function
Vt,7,z) =V(z) =eV1H —e. (11.21)

As noted in [103], Assumption 11.2 is satisfied for this V using the frozen

dynamics
x

V1+ a2

i=ft,r,z)= [1-907], 0<7<1. (11.22)

To see why, notice that

) 2 2
Vit 7a) = eV s i — — 07T f_ . (11.23)

Simple calculations give

26\/5 = x? ViFa? 1-
> > 11.24
2V 2 e 2 ), (11.24)
so (11.23) gives
. eV? _
Vit,7,2) < | == — 47| V(). (11.25)

Also,

¢ 2¢v? 45  2eV2
/t_ﬂ[45(:082(55)—66_1 ds == 75—66_1 >0

for each t > 0.
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Hence, Theorem 11.1 implies that for large enough constants o > 1, the
dynamics (11.20) is UGAS, with the global strict Lyapunov function

exp (%/Q /a
2t dreV?
= exp (45% [Sin <E> +7— ﬁ}) [eVIF? _¢]

where V is in (11.21). In this case V does not depend on 7, so the proof
of Theorem 11.1 says that for any constant « > 0, the system (11.20) is
UGAS and has the strict Lyapunov function (11.26). Notice that (11.20) is
not globally exponentially stable, because its vector field is bounded in norm
by 91.

e—1

45 cos*(l) — dids | V(x)
(11.26)

11.6.2 Pendulum Example Rewvisited

We now apply our construction to the pendulum example (11.1), under As-
sumption 11.1. For convenience, we express the inequality in the second part
of Assumption 11.1 in the following equivalent way: There are constants
T, cp > 0 such that

t
T+5/ by(1)dl > ¢, VtER.
t—T

We denote the corresponding frozen dynamics by

[t 7 x) = <_x1 — I fim(x t)hz) '

To build global strict Lyapunov functions for (11.1) for large values of the
constant o > 0, we use the following simple observation from [103]:

Lemma 11.1. The function
V(x) = 23 + 23 + 2122 (11.27)
satisfies VV () f(t,7,x2) < —[1 + 57|V (2) for allz € R™, t € R, and 7 < 0.
Proof. Sketch. It is easily checked that
VV(z)f(t,1,2) = =V () — 2rm(z, t)x3 — T (z, t)z120 (11.28)

everywhere, by grouping terms. The desired estimate now readily follows
because
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1 1
Viz) > xf+x§—|x1x2| > 5x%+§x§ > |x12s]

everywhere, using the fact that 0 < m(z,t) < 1 everywhere. O

The following is an immediate consequence of Lemma 11.1, the proof of
Theorem 11.1, and the fact that (11.27) only depends on x:

Theorem 11.3. Let (11.1) satisfy Assumption 11.1. Then (11.1) has the
global strict Lyapunov function

VE(t, ) = exp (5?0‘/ /ng(l)dlds> (22 + 22 + zyz0]  (11.29)
Lt_T17Js

for each constant o > 0. Therefore, (11.1) is UGAS for all constants a > 0.

11.6.3 Friction Example Revisited

We now illustrate Theorem 11.1 using the one degree-of-freedom mass-spring
system from Chap. 10, which arises in the control of mechanical systems in
the presence of friction. However, in contrast with Chap. 10, where the mass-
spring dynamics are rapidly time-varying, here we consider the case where the
dynamics are slowly time-varying. While slowly time-varying dynamics can
be transformed into rapidly time-varying dynamics by rescaling time, doing
so for the slowly time-varying mass-spring system produces a new dynamic
that does not lend itself to the known methods; see Remark 11.1.
The dynamics are

.’E; ; —20'1 (t/a)xg — k(t)xl (11.30)
—{o2(t/a) + o3(t/a)e P112)  sat(zs) |

where as in Chap. 10, x; and x5 are the mass position and velocity, respec-
tively; o; : [0,00) — (0,1], ¢ = 1,2,3 denote positive time-varying viscous,
Coulomb, and static friction related coefficients, respectively; (1 is a posi-
tive constant corresponding to the Stribeck effect; u() is a positive definite
function also related to the Stribeck effect; k denotes a positive time-varying
spring stiffness related coefficient; and sat is again defined by (10.3), so

[sat(z2)| < Ba|z2| Vae € R (11.31)

for a suitable constant G2 > 0. We now assume that the friction coefficients
vary in time more slowly than the spring stiffness coefficient, so we restrict to
cases where o > 1. We prove stability of (11.30) and construct corresponding
global strict Lyapunov functions V,, when the constant o > 0 is sufficiently
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large. Later in this chapter, we use our Lyapunov approach to quantify the
effects of uncertainty in the model using ISS.

Our precise mathematical assumptions on (11.30) are: k and the o;’s are
C' with bounded derivatives; i has a bounded first derivative; and there are
positive constants ¢, and T satisfying

t
/ o1(r)dr > ¢, Vt>0. (11.32)
t—T

We also assume this additional condition whose physical implication is that
the spring stiffness is non-increasing in time: 3ko, & > 0 such that ko < k(t) <
k and k'(t) <0 for all t > 0.

The frozen dynamics & = f(x,t,7) for (11.30) are

T1 = Ty

By = —T1z2 — k(t)71 — {7'2 + 7'36_5“‘(“”2)}sat(m2) , (11.33)

where 7 = (71,72,73) € [0,1]3 is now a vector of parameters. As noted in
[103], Theorem 11.1 applies with

p(t) = (Ul (t)a 02 (t)7 g3 (t))
and the function
V(t,7,2) = A(k(t)z] + 23) + m21 22, (11.34)

where )
A= bo BE20)
2 ko

To see why, let us first check the conditions of Assumption 11.2. Since

A > max{l,kio}

and 7, <1, we have
1 _
5(33%—&—35%) < V(t,T,x) < 24%k|z)? (11.35)

everywhere. We now compute V(:r,t, 7) for all values 7 € [0,1]3, along the
trajectories of the frozen dynamics (11.33). Since &'(t) < 0 everywhere,

V(ta T, 'T) S VT(thv x)f(thv $)
= [2Ak(t)z1 + Tiw2) 2
—[2A$2 + ’7'11'1]{7'11’2 + k(t)l’l + [’7‘2 + Tgei'@l”(zz)] Sat(l'g)}.

It readily follows that
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V(t,T,iE) < —leox% — (2A’7'1 — Tl)x% + 7'1(]. + 2ﬂ2)|x1x2|

IA
|
2
|
G
(V)

k
— |:’7'170x% + (A — 1/2)’7’1.%3 — 7'1(1 + 252)|£E1£C2|:|

11.36
L TP S (PR . e
1 2 1 2 1 ko 2
n(1+26)%  n
[ S e A —_ A 2
+( o + 5 1| T5
1 ko
< —4A2EV(t,T, x) .

Hence, Assumption 11.2 of Theorem 11.1 is immediate from (11.32) by choos-
ing

This gives:

Corollary 11.1. Let the preceding assumptions hold, define V as in (11.34),
and set

b= 42(;]% and p(t) = (01(t),02(t), 05(t)).

Then we can construct a constant ag > 0 such that for all a > «v,

Vi (t, ) = exp (%b /_ E_T / " o ()l ds) V(t,p(t/a)a)  (11.37)

is a global strict Lyapunov function for the system (11.80), which is therefore
UGAS to the origin.

11.6.4 Identification Dynamics Revisited

Our strict Lyapunov function design also applies to slowly time-varying dy-
namics of the form

i = h(t/a)m(t)m’ (t)x, =€ R". (11.38)
As we noted before, the particular case
i = —m(t)ym’ (t)z

of (11.38) has been studied by several authors in the context of identification
theory [108, 136]. In the more general case (11.38), we assume:
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Assumption 11.4 There are positive constants T, ¢, «, and &, with & > 1,
such that:

1. h:R — [-@,0] is continuous with a bounded first derivative and

t
/ h(r)dr < —a
t—T

for allt € R; and
2. m:R — R" is continuous and satisfies |m(t)| =1 and

t+c
al, < / m(r)ym" (r)dr < al,
¢

for allt € R.

In this setting, for matrices A, B € R"*" B — A > 0 means B — A is positive
semi-definite; later we allow the more general perturbed dynamics

& = h(t/a)ym(t)m" (Hx + g(t,t/a,z)u

for suitable matrix-valued functions g.

In Chap. 10, we saw how to build global strict explicit Lyapunov functions
for the analogous rapidly time-varying system & = f(at)m(t)m ' (t)z for ap-
propriate non-positive functions f and large positive constants «. This was
done using an appropriate limiting dynamics and a variant of partial averag-
ing. However, the rapidly time-varying Lyapunov constructions do not give
explicit Lyapunov functions for the slowly time-varying dynamics (11.38); see
Remark 11.1. Instead, we build strict Lyapunov functions for (11.38) using
the following variant of Lemma 10.3 from Chap. 10:

Lemma 11.2. Assume there are positive constants T, ¢, a, and & such that
Assumption 11.4 is satisfied. Then for each constant T € [—a, 0], the function

V(t,T,x) = x' P(t,7)x (11.39)

with the choices

t t
P(t,T)ZliI—T/ / m(l)m " (1)dlds, (11.40)
t—cJs
and o
_ ¢ a%c -9
R=gt o T (11.41)

satisfies Assumption 11.2 for the frozen dynamics
i=f(t,7,2) = rm(t)m" (t)z (11.42)

and p(s) = h(s).
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Proof. Sketch. We only sketch the proof; see [103] for more details. By Lemma
10.2 and (11.39), we readily have

8_V(t,r,a:) = —rex mtym" () + 2" |:/ti

o m(l)mT(l)dl} T

C
and

ov
%(tv T, JT)f(t, T, JT) =

27z T [ﬁf —r [ [mymT (1) dl ds} mt)ymT () .

Hence, the time derivative of (11.39) along the trajectories of (11.42) sat-
isfies

V < r{(2s—&)(m" (t)x)? + alz*} + 72[x||m T (t)z]c?
(11.43)
=7{(2k — (T (t)x)? + alz[? + Tlz||mT (t)z|e?}.
Choosing
o«
YT ey

we can use the triangle inequality to get
_T 2, L T 2
" (ellal < wlof? + —|m" (@) .
4w
Therefore, the fact that 7 < 0 gives

(25 —&)|lm T (t)z|? + alx|* + 7)z||m T (t)z|c?

Y

N 2 2N (..(2
[2/{— ¢+ E} |m ' (H)x]* + (a + wré?)|z| (11.44)

alz]?

>
-2

by our choices of x and w. Combining (11.43) and (11.44) gives
V< el

everywhere. Also, Lemma 10.2, our choice of x, and the fact that |m(t)| =1
combine to give x|z < V(t,7,2) < (k+ &)|z|? and

~2
G| < Glof < Vi),

or

It follows that V (t,7,z) < —q(7)V (¢, 7, 2), everywhere, where
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(1) =~

T) = — ,

¢ 20k + &)

so Assumption 11.2 is satisfied. This proves the lemma. O

Combining Lemma 11.2 and Theorem 11.1, we immediately obtain:

Theorem 11.4. Let (11.38) admit constants T >0,¢ >0, « >0, and & > 1
such that Assumption 11.4 is satisfied. Then for any constant
4T (K + &%)

a> sup{|h'(r)| : r € R}, (11.45)

the function

vcé(t,x)iexp< 2Tn+c2 / / dlds) V(t,h(t/a),z) (11.46)

with the function V (t,7,x) = x " P(t,7)x as defined in Lemma 11.2 is a global
strict Lyapunov function for (11.38). In particular, (11.38) is UGAS for all
constants o that satisfy (11.45).

11.7 Input-to-State Stability

As we noted in previous chapters, one important advantage of having explicit
strict Lyapunov functions is that they make it possible to quantify the effects
of uncertainty. We illustrate this by extending our results to slowly time-
varying control affine systems

:f(t,p(t/a),m) +g(t,p(t/a),x)u (11.47)

evolving on R™ with control values u € R™, assuming f : [0,00) x R? x R" —
R™ and g : [0, 00) x R x R — R™ ™ are locally Lipschitz functions for which
there exists ay € K, satisfying

|f(tp(t/a), )| + |9t p(t/a), z)| < as(lz])

everywhere, and where p : R — R¢ for some d is globally bounded with a
globally bounded first derivative. As before, the inputs for (11.47) comprise
the set M(R™) of all measurable essentially bounded functions u : [0, 00) —
R™ with the essential supremum norm | - |s. Our robustness result will be
based on the ISS paradigm; see Chap. 1 for the ISS related definitions.

We assume throughout this subsection that Assumption 11.2 holds for
some choice of V € C!, and that:
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Assumption 11.5 The function a1 € Ko and the constant ¢, > 0 from
Assumption 11.2 also satisfy:

1. |Va(t, p(t/a),z)| < car/aa(|z]); and
2. 1g(t,p(t/a), @) < ca (1+ {/ar(Ja]))
forallt >0, a >0, and z € R™.

In the particular case where ay(z) = |z|?, Assumption 11.5 stipulates linear
growth on V,,, which will be the case when V' has the classical form =" P(t)x
for a suitable bounded everywhere positive definite matrix P. The following
was shown in [103]:

Theorem 11.5. Let (11.5) satisfy Assumptions 11.2 and 11.5 for some
choices of cq, V', and a1. Then for each constant
4T c,p

a > , (11.48)
Ch

the dynamics (11.47) are ISS and

VE(t, ) = exp ( / / ))dl ds) V(t,p(t/a),z) (11.49)

is an 1SS Lyapunov function for (11.47).

Proof. Sketch. The proof is analogous to the proof of Theorem 11.1; we in-
dicate the necessary changes in the earlier proof. Define the function

cor/ a1 (s)

B 272 (14 Y/or(s))

where a3 and ¢, are as in Assumption 11.2. Then x € K. Our assumptions
imply that

acille) o @y pii/a),2)

|V (t,p(t/a),z) g(t, p(t/a), z)u| < 5T < o5

if [u| < x(|z]). Choose V as in (11.10) and E(t, ) as in (11.12). Then, along
any trajectory z(t) of (11.47) with inputs u satisfying |u|e < x(|z(?)|) for
all ¢ > 0, we have

everywhere and therefore also
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. 5 1 [t/e .
top P & 1
VisBlto) " top-g ), aeO)d) Vi)
Caﬁ Cp > 11.50
< B(t,0) |72 - 57| Vi) i
aE(t, a) -

< _27\0 7
< -2V (k)

when (11.48) is satisfied, by reasoning exactly as in the earlier proof. This
gives the necessary ISS Lyapunov function decay condition. Since systems
admitting ISS Lyapunov functions are ISS, the result follows. g

Theorem 11.5 readily applies to our friction example from Sect. 11.6.3,
allowing us to conclude that (11.37) is an ISS Lyapunov function for the
slowly time-varying controlled friction dynamic

I = T2
To = _Ul(t/a)x2 _k(t)xl +g(t,t/a,x)u (1151)
—{oa(t/@) + o3(t/a)ePrE2) L sat(x)
for any g satisfying the requirements of Assumption 11.5 with ay(s) = s2/2,

assuming the constants ¢, > 0 and « > 0 are sufficiently large.
To illustrate the ISS property, we simulated (11.51) with the choices

a =100, o1(t) =o2(t) = o3(t) = k(t) =1+e7 ¢,
B =1, p(z2) = arctan®(xs), sat(wz) = tanh(10zz), (11.52)
g(t,t/a,t) =1, and u=0.05.

We report the results in Fig. 11.1. Consistent with the ISS estimate, x1(t)
converges to 0 with an overflow depending on the magnitude of the distur-
bance. Moreover, just as in the rapidly time-varying case, we can use our
strict Lyapunov function to explicitly construct the functions 8 € KL and
v € Kso in the ISS estimate, which makes it possible to precisely quantify
the effects of the uncertainty. Similar ISS results can be obtained for the
identification and pendulum examples we considered above.

11.8 Comments

The stability of slowly time-varying systems is a classical topic. A first result
seems to have been [143], which shows that

(t) = A(t)x(t) (11.53)
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Fig. 11.1 State of (11.51) with choices (11.52)

is UGAS provided:
Assumption 11.6 The following conditions hold:

1. the bounded matriz A admits a constant o9 > 0 such that ReA;[A(t)] <
—20¢ for all i and t; and
2. an = sup;sg ||A(t)]| s sufficiently small.

Later, [37] noted that Assumption 11.6 implies that (11.53) admits the global
Lyapunov function
V(t,z) =z [e1] + P(t)|x
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when €1 > 0 is a small enough constant and P is computed from the Riccati
equation
AT(t)P(t) + P(t)A(t) = —3I.

In [26], Coppel showed that (11.53) is exponentially stable provided Condition
1. from Assumption 11.6 holds and

il

14]] < A ()%

where M satisfies an estimate of the form
||exp(TA(t))H < Me %07

forallt > 0 and 7 > 0.

The earliest result for systems that violate Condition 1. from Assumption
11.6 seems to be [154], which requires that the eigenvalues of A stay in the left
half plane on average but not necessarily for all times. The frozen dynamics
approach to establishing stability of slowly time-varying nonlinear systems
appeared in the 1996 version of Khalil’s book [70]. The slowly time-varying
pendulum model (11.1) was studied in [137], where it was shown that (11.1)
is UGAS when b, is periodic for some period T' > 0, valued in [—1.5, —0.5],
and right continuous with only finitely many discontinuities on [0, T; see [70]
for related results, and [154] for results that are restricted to the linear case.
Our Assumption 11.2 is a variant of those of [137, Theorem 2|. See also [71]
for singular perturbation methods for building strict Lyapunov functions for

systems of the form
{ = J@z) (11.54)

ez =g(x,z2)

for small values of the constant parameter € > 0. The system (11.54) is related
to, but conceptually different from, the transformed system (11.16).

Compared with the known results [70, 137, 154], one novel feature of our
Theorem 11.1 is that we allow general nonlinear systems including cases
where the function ¢ can take both positive and negative values (which cor-
responds to the allowance in [154] of eigenvalues that wander into the right
half plane while remaining in the strict left half plane on average). Moreover,
none of these earlier works gave explicit constructions for strict Lyapunov
functions for general slowly time-varying systems. Also, we provided new
methods for constructing explicit closed form strict ISS Lyapunov functions
for slowly time-varying control systems, in terms of a suitable family of gen-
eralized Lyapunov-like functions for the frozen dynamics. This is significant
because Lyapunov functions play essential roles in robustness analysis and
controller design.

It is reasonable to expect that the results of this chapter can be extended
to systems with measurement errors, or which are components of larger con-
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trolled hybrid dynamical systems. However, to the best of our knowledge, no
such extensions have been carried out. It would also be of interest to cover
slowly time-varying systems with outputs, and to construct corresponding
I0S Lyapunov functions; see [170, 171] for further background on systems
with outputs and Chap. 6 for some first results on explicitly constructing
I0S Lyapunov functions for non-autonomous systems with a single continu-
ous time scale, in terms of given non-strict Lyapunov functions.



Chapter 12
Hybrid Time-Varying Systems

Abstract In previous chapters, we saw how to explicitly construct global
strict Lyapunov functions for continuous and discrete time systems, in terms
of oftentimes readily available non-strict Lyapunov functions. This led to
more explicit formulas for stabilizing feedbacks, as well as explicit quantiza-
tions of the effects of uncertainties, in the context of ISS. However, there are
many cases where continuous and discrete time systems in and of themselves
are inadequate to describe and prescribe the motion of dynamical systems.
Instead, the system is presented in a hybrid way, with continuous and discrete
subsystems and ways to switch between the subsystems. Moreover, standard
constructive nonlinear control methods for continuous and discrete systems
are not applicable to hybrid systems. In this chapter, we present some first
results on constructive nonlinear control for hybrid systems that provide ex-
plicit ISS Lyapunov functions, in terms of given non-strict Lyapunov func-
tions for the continuous and discrete subsystems, as well as a hybrid version
of Matrosov’s Theorem. We illustrate our results using a hybrid version of
the identification dynamics we saw in previous chapters.

12.1 Motivation

Consider the continuous time dynamics
i = —m(t)ym’ (t)x (12.1)

where 7 : [0, 00) — R™ is continuous and admits positive constants a, b, and

¢ for which
al, < [/ m(r)mT (r)dr < bI, and

()| =1 vt > 0.

317
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This is a special case of the more general identification type dynamics that
we saw in previous chapters, and it is well-known that (12.1) is globally
exponentially stable [136]. Set

By reducing a € (0, 1) as needed, we can assume A > 1+ a.
Next let p : Z — [0,1] be any bounded function that admits constants
| € Z>o and § € (0,1) such that!

K3

k
> p(i) = 6 VkeZs (12.2)
=k—I

and pick any discrete time dynamics
T =[1—-plk+ 1))z +plk+ 1)h(k,z,u), (12.3)

where h admits y € Ko such that the following holds for all z € R™ and
u e R™: 2]
x

x| > x(ju = |h(k,z,u)| < —= Vk. 12.4

{l] = x([ul)} [A( )l o/ (12.4)

The dynamics (12.3) freezes © whenever p(k + 1) = 0. Notice that we are

allowing cases such as h(k,z,u) = A(k,z) + B(k,z)u where B is bounded

and |A(k,x)| < |z|/(6\) everywhere as well as more general systems where

the system might not be affine in the control u; the choice of the bound on
|h(t, k,u)| in (12.4) will become clear in what follows.
Finally, let us consider the combined hybrid system

&= —mt)m’ (t)z, reC (12:5)

{x+ =[1—-pk+ D]z +plk+ Dh(k,z,u), z € D
for k € Z>p, t > 0, and controls u € R?, where C, D C R" are given and m,
p, and h are as above. The system (12.5) should be understood in terms of
hybrid trajectories on hybrid time domains; see [20] or Sect. 12.2 for precise
definitions. In Chap. 10, we saw how to construct a global strict Lyapunov
function for the continuous part (12.1) of the dynamics, which leads to an
explicit ISS estimate that quantifies the effects of uncertainty in the dynamics.
It is natural to extend ISS to the hybrid system (12.5); see Sect. 12.2 for the
definitions of hybrid ISS and hybrid ISS Lyapunov functions. However, it is
by no means clear how to construct an explicit, closed form ISS Lyapunov
function for the entire hybrid dynamics (12.5).

I Condition (12.2) is the discrete time analog of the PE condition from preceding chapters.
Therefore, we call a bounded non-negative function satisfying an estimate of the form (12.2)
a (discrete time) PE function.
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Just as in the continuous and discrete time cases, it is important to know
whether hybrid dynamics such as (12.7) are ISS, and then to have explicit
ISS Lyapunov functions for robustness analysis. One consequence of our work
in this chapter will be that (12.5) has the ISS-CLF

Vit k,x) = { (AI+/t / m(l dlds) x}x

(12.6)
a 1 k k
o4+ = )z
UCTP R l+1 g;l;p

when A is large enough, and so is ISS. We prove this in Sect. 12.5 as a special
case of our general CLF constructions.
The dynamics (12.5) is a special case of the hybrid dynamics

2t = F(k,z,u),z€ D, kcZ
{ (k, @, u) =0 (12.7)

& =Gt z,u), € C, tel0o00)

for given sets C, D C R", discrete dynamics F', continuous dynamics G, and
control values v € R?. The map F describes the jumps of the state x which
occur when z € D, while G describes the flow that occurs when z € C;
see Sect. 12.2.2 for the precise solution concept. There is a sizable litera-
ture on models of the form (12.7), including an abstract converse Lyapunov
function theorem involving strict Lyapunov functions [20]. However, as for
continuous and discrete time systems, the Lyapunov constructions in the
hybrid converse theory are abstract and so may not lend themselves to appli-
cations where explicit closed form expressions for strict Lyapunov functions
and stabilizing feedbacks are desirable. Moreover, it is important to be able
to handle time-varying systems, because there are many applications where
the time-invariant dynamics can be stabilized using time-varying controllers
but cannot be stabilized by time-invariant feedback; see Chap. 1, or [94, 159).
The results of [20] are limited to time-invariant systems.

In this chapter, we address all of these issues by providing general meth-
ods for constructing explicit closed form global strict Lyapunov functions
for time-varying discrete time and hybrid control systems. Our methods are
based on suitable extensions of the strictification approach from Chap. 6.
Roughly speaking, we strictify appropriate non-strict Lyapunov functions for
the continuous and discrete time subsystems separately, and then we show
how to merge the results into a strict Lyapunov function for the entire hy-
brid system. This requires an appropriate compatibility condition involving
the continuous and discrete time non-strict Lyapunov functions, which is sat-
isfied for (12.5) and other cases of interest. The results of this chapter were
announced in [92].
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12.2 Preliminaries

Throughout this chapter, all inequalities and equalities should be understood
to hold globally unless otherwise indicated, and we leave out the arguments
of our functions when no confusion would arise.

12.2.1 ISS and PE in Continuous and Discrete Time

Recall the standard classes of comparison functions Ko, and KL from Chap.
1. We continue to set Z>¢ = {0,1,2,...}. To define stability for the more
complex hybrid system (12.7), we need the following more general class of
comparison functions that accommodates time pairs (¢, k) € [0,00) X Z. Let
KLL denote the set of all functions 3 : [0,00) x [0,00) X [0,00) — [0, 00)
such that for each ¢ > 0, the functions (s,t) — 3(s,t,t) and (s,t) — G(s,t,1)
are of class L. We say that a function © : [0,00) x Z>o x R" x R —
R : (t, k,z,u) — O(t, k,z,u) (which may be independent of ¢, k, or u) is
uniformly state-bounded and write @ € USB provided there exists pu € Koo
such that |O(t, k, z,u)| < p(|z|) for all t > 0, k € Z>o, v € R, and u € R%
More generally, a vector-valued function H : [0,00) X Zsg x R" x R? —
RI . (t,k,z,u) — H(t, k,z,u) is of class USB, written H € USB, provided
(t,k,x,u) — |H(t,k,x,u)| is of class USB.

We also say that © is uniformly proper and positive definite (UPPD) and
write © € UPPD provided there are aj,as € Ko such that aq(jz]|) <
Ot k,z,u) < az(|z|) for all t € [0,00), k € Z>o, € R", and u € RY. We
say that © is (w1, ws)-periodic provided wy € [0,00) and wy € Zx( satisfy
Ot —wi, k—wa, z,u) = O(t, k, z,u) for all (¢, k,z,u) € X[0,00) X Z>o x R™ x
R?. When O is independent of ¢ (resp., k), we define wop-periodicity (resp.,
wi-periodicity) analogously. A continuous function « mapping a subset of
Euclidean space containing the origin into [0, c0) is positive definite (written
« € PD) provided « is zero at the origin and positive at all other points in
its domain. We also recall the convention that for a C* function p defined on
[0, 00), we interpret p’(0) as a one-sided derivative, and continuity of p’ at 0
as one-sided continuity.

To study hybrid systems (12.7), we first deal separately with their contin-
uous and discrete subsystems, which we assume to have state space X = R™
and control set U = R™. We study time-varying discrete time systems

Tht1 = F(k‘, xk,uk) (12.8)

where F' € USB and wuy, is the control value at time k. The system (12.8) is
also denoted by z* = F(k,z,u). Our continuous time systems take the form

i =G(t,z,u) (12.9)
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where G € USB is locally Lipschitz. The control functions for (12.8) and
(12.9) comprise the set M, of all bounded piecewise continuous functions u :
[0, 00) — R9.2 We always assume that (12.9) is forward complete, i.e., for each
xo € R", u € M,, and ¢y > 0, there is a unique solution ¢ — ¢(t, to, zo, 1)
for (12.9) defined on [tg, 00) that satisfies ¢(to, to, o, u) = zo. We interpret
the solutions of (12.9) in the Lebesgue sense of &(t) = G(t,x(t),u(t)) for
almost all (a.a.) ¢ > 0. We also use k — ¢(k, ko, o, u) to denote the discrete
time solution of (12.8) satisfying ¢(ko, ko, xo, 1) = xo whenever no confusion
would result; we always assume that (12.8) is forward complete as well. Given
any function V : [0,00) X Z>o x R® — R: (t,k,x) — V(t, k,x), we define

AV (t kyx,u) = V(t,k—i— 1,F(k;,x,u)) —V(t, k,x)
DV (t,k,w,u) = GE(t, k) + Gtk 2)G(t,z,u)

where we also assume that (¢,z) — V(¢,z,k) is C! for each k € Z>( when
defining DV. We write AiV (k,z,u) instead of AgV (¢, k,z,u) when V is
independent of ¢ (and similarly for DV). In Chapters 1 and 2, we defined
ISS and ISS Lyapunov functions for continuous time systems. We use the
following analogs for (12.8):

Definition 12.1. We define ISS-CLF and ISS as follows:

1. Let V € UPPD. We call V a (strict) ISS CLF for (12.8) provided there
exist x € Ko and az € PD such that for all # € R”, u € R, and k € Z>o,

lz| > x(Ju]) = AV(k,z,u) < —asz(|z]). (12.10)

2. We call (12.8) ISS provided there exist 8 € KL and v € Ko such that for
all zo € R", kg € Z>¢, and u € M,,, we have

|9(k; ko, wo,u)| < B(|wol, k — ko) +¥(Julo) (12.11)
for all & > kg.

For the case of no controls, ISS reduces to UGAS; then we refer to an ISS-
CLF simply as a (strict) Lyapunov function. The corresponding CLF, GAS,
and ISS definitions for (12.9) are obtained from Definition 12.1 by replacing
k with ¢, Z-, with [0,00), and A,V with DV. When (12.8) has no controls,
we also write AV (k, x) instead of A,V (k,z,u) (and similarly for DV).

It is worth noting that we do not require iz in (12.10) to be of class Koo.
However, when a3 € Ko and F has no controls, the existence of a strict
Lyapunov function V for 2+ = F(k,z) is known to imply that this system is
GAS [123, Theorem 8]. In fact, in that case we have A,V (k, z) < —a(V (k, z))

2 The piecewise continuity is essential because we need to evaluate u at specific times
u(k) =: up which would not be possible if we allowed a more general class of measurable
essentially bounded inputs.
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everywhere, where a = ag o agl € Ko and as as in the UPPD condition on
V. On the other hand, by replacing as(]z|) in (12.10) by
O(V(k,z)) = min {ag(s) cay ' (V(k,z)) < s < a;l(V(k,x))} ,
and minorizing © as needed so that it is increasing on [0, 1] and non-increasing
n [1,00) (as in Lemma A.7) and then C*, we can use Lemma A.6 to get a
strict a Lyapunov function V satisfying ApV(k,z) < —as(|z|) everywhere
with a new a3 € K. Combining this with the stability result from [123] and
the invariance argument from [67] to get « in the ISS estimate gives:

Lemma 12.1. If (12.8) admits a strict ISS-CLF, then it is ISS.

See Lemma 12.3 for a generalization to hybrid systems. We also use the
following PE definitions:

Definition 12.2. We use PE in the following ways:

1. A bounded function p : Z — [0, 00) is of discrete PE type with parameters
I and 0 (written p € Paqis(l,0)) provided I € N and ¢ € (0,!) are constants

such that .

> p(i) =06 Vkel (12.12)
i=k—1

2. We say that a bounded continuous function ¢ : R — [0, 00) is of continuous
PE type with parameters 7 and ¢ and write ¢ € Pes(T,€) provided the
constants 7 > 0 and € > 0 satisfy

t
/ q(r)dr > ¢ VteR. (12.13)
t—7

3. We set Pais = U{Pais(l,0) : | € Z>0,6 > 0} and Peys = U{Peys(,€) 1 7 >
0,e > 0}.

Elements of Pqgis and Pes are called PE parameters and arise in a variety
of applications [91, 98]. We use the following simple observations:

Lemma 12.2. Let | € N and 7,£,0 > 0 be constants, and let p € Pais(l,9)
and q € Pes(7,€) be bounded above by p and G, respectively. Define the func-
tions S : Z — [0,00) and R: R — [0,00) by

Zk: Zk:p ) and R(t / / y) dydz. (12.14)

Then

S(k)<pl+1)2 VkeZ and R(t) <L wteR. (12.15)

[\

If p is l-periodic, then so is S. If q is T-periodic, then so is R.
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The preceding lemma follows from switching the order of the summations,
a simple change of variables, and the formula 1 +2+...+m =m(m+1)/2.

12.2.2 Hybrid Systems

Following [20, 24], we interpret the hybrid system (12.7) in terms of hybrid
trajectories on hybrid time domains. The relevant definitions are as follows.
A compact hybrid time domain is a subset E C [0,00) X Z>( of the form

Urzot (ks ] x {k})

for some finite sequence 0 = tg < t; < ... < tx. A hybrid time domain is a
subset E C [0,00) X Z>o with the property that for all (T, J) € E,

EN([0,T] x {0,1,...,J})

is a compact hybrid time domain. Therefore, E is a hybrid time domain
provided it is a finite or infinite union of sets of the form [t, tx+1] X {k} with
{tx} non-decreasing in [0, 00), with a possible additional “last” set having the
form [t,T) x {k} with T finite or infinite. To simplify the notation, we use

Uke s ([t tera] x {k})

to denote a generic hybrid time domain with the understanding that (i) either
J = Z>o or J is a finite set of the form {0,1,2,..., jmax} and (ii) [tx, tr+1]
may mean [t,tr41) if J is finite and k = jpax.

A hybrid arc is a function x(¢, k) defined on a hybrid time domain dom(z)
such that ¢t — z(t, k) is locally absolutely continuous for each k. Given sets
C,D C R"™ and F and G satisfying the assumptions above, the solutions of
the corresponding hybrid control system

R =G(t,z,u), ze€C

B {Jik_H = F(kj,xk,uk), Tk € D (12'16)

are defined as follows.

Definition 12.3. Given u € M, a hybrid trajectory for (12.16) (for the

input u) is a hybrid arc x(t, k) that satisfies:

1. for all k¥ € Z>¢ and a.a. t such that (¢,k) € dom(z), we have z(t,k) € C
and %x(t,k) = G(t, z(t, k), u(t)); and

2.if (¢, k) € dom(z) and (¢, k+1) € dom(z), then x(¢, k) € D and z(¢,k+1) =
F(k, x(t, k), u(k)).
Notice that continuous time solutions of (12.9) in C, and discrete time

solutions of (12.8) in D starting with kg = 0, are special cases of hybrid tra-
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jectories of (12.16), with no switchings between the continuous and discrete
subsystems. In the same way, the next definition reduces to Definition 12.1
for discrete time ISS and discrete time ISS-CLFs, in the special case where
C=0and D=R"

Definition 12.4. We use ISS in the following ways:

1. Let V. € UPPD be C! in z and t. We call V a (strict) ISS-CLF for ‘H
provided there exist xy € Ko, and a positive definite function ag such that
for all (t,k,x,u) € [0,00) X Z>o x R™ x R%, we have

|z = x(|ul) =
AV (t kyz,u) < —as(|z]) if z € D (12.17)
and DV (t,k,z,u) < —ag(|z|) if z € C.

If, in addition, there is a constant r > 0 such that

2| = x(|u]) =
V(t,k+1,F(k,x,u)) <e "V(t,k,z) if x € D; (12.18)
and DV (t,k,z,u) < —rV(t, k,z) if z € C,

forallt >0, k € Z>p, z € R", and u € R¢, then we call V an ezponential
decay ISS-CLF for 'H.

2. We call ‘H ISS provided there are 5 € XKLL and v € K, such that: For
each u € M, and each trajectory z(t, k) of H for u defined on each hybrid
time domain Uge s ([tk, tkt1] X {k}), we have

jz(t, k)| < B(lz(to,0)] k,t — ti) + v(Julo) (12.19)
for all k € J and all ¢ € [t, tgt1]-
We close this section with the following hybrid analog of Lemma 12.1:
Lemma 12.3. If H admits an ISS-CLF V', then it is 1SS.

Proof. We first prove the result for the UGAS case where the dynamics do
not depend on wu; the result will then follow from a variant of a standard
invariance argument, e.g., the one used in [157]. First note that since a3 in
the decay estimate is independent of k, standard arguments (e.g., those in
[157] applied with a(z) = as(|z|)) provide 51 € KL such that

lz(t, k)| < Bu(lz(te, k)|, t —tx) VK€ J, t€ [ty tr] (12.20)
for any hybrid trajectory z(t, j) satisfying any initial condition z(tg,0) = xg

on any hybrid time domain Uge s ([tg, te+1] X {k}).
Since a3 is also independent of ¢, we can also find a B € KL such that
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2t k)| < Bollzol, k) Yk € J, (12.21)

by the following construction. Applying Lemma A.6 to the discrete time
decay condition and replacing V' with x o V for a suitable choice of k €
Ko without relabeling, we can construct a function v € Ky such that
ARV (t k,x) < —y(V(t,k,x)) for all x € D and all (¢, k). Since the map-
ping ¢t — V (¢, k,z(t, k)) decays on (ty,tx+1) for each k, we get

V(thga k+ 1, a(togo, k+1)) <V (tigr, b+ 1zt b+ 1))
=V tk+17k+17F(k7x(tk+1vk)))v

and therefore

V(tkyo, b+ 1, 2(tkra, k + 1)) — V(trtr, by x(tes1, k)
S AkV(tk+1, kv x(tk+17 k))
< —A(V (trs1, b, 2(thsr, k)))

everywhere, assuming ty, tx+1, and txy2 are all interval endpoints in dom(x).
If we now apply [123, Theorem 8| to k — V (txt1, k, z(tk+1, k)), the fact that
V' is uniformly proper and positive definite provides functions a1, € Ko
and fy € KL such that

ar(fz]) < x) < as(|z]) V(¢ k x) and

V(t,k,
#thss, B < o (l(t1,0)|, k) Vk (12.22)

the function B, is independent of the choice of the trajectory.
The discrete time decay condition therefore gives

|§C(tk+1,k)| > agl o V(tk+17k,x(tk+1,k))
>yt o V(tes1, k41, 2(tesr, b+ 1))
> 0y o ar (|a(thr, k+1)]) Vk € J.

By analogous reasoning, the continuous time decay condition gives

|2(t1,0)] < a7t o V(t1,0,2(t1,0))
< ozfl o V(to,O,x(to,O)) < afl o aa(|xol).

Combining the last three estimates, it follows that (12.21) is satisfied with

S

ﬁQ(S’k) = afl o Q2 OBQ(afl © 052(3)7k) + k—H7

where the extra term s/(k + 1) is used to cover the case where k = 0. Com-
bining (12.20) and (12.21) shows we can satisfy the requirements of Lemma
12.3 using 5(s,t, k) = (1(B2(s, k),t) when there are no controls u

To extend to the case where there are controls u, notice that the preceding
inequalities remain true when controls are present as long as the current state
2 is such that || > x(Ju|w). We can now reason as in the usual proof of the
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continuous time ISS estimate (e.g., as in [157]) to satisfy the ISS requirements
with the same choice 8 € LLL. It remains to construct the function v € Ky
in the ISS estimate. The argument from the first part of the proof provides
K, 0 € Koo such that V = k(V) satisfies

AV (L kyxu) < —a4(1~/(t,k,m)) + o(Jul)

forallt >0, k € Z>o, x € D, and u € R?. By reducing a4 € Ko, we can
assume that s — s—ay(s) is increasing [67, Lemma 2.4]. Choose a1, a2 € Koo
such that ~

an(lz]) < V(Ek 2) < ao(lz])
for all (t,k,x).

Choose any u € M, and any hybrid trajectory z(¢, k) for H and u. Define
the set S = {(t, k) € dom(z) : V(t, k, z(t, k)) < b}, where b = a; ' (20(|u]s0)).
Set ¢ = a2 0 x(|u|so) Where x is from our ISS Lyapunov function assumption
and ap € K satisfies (12.22). By enlarging o from our ISS condition, we
can assume that

V(t,k,z) < = V(t kz)<b.

Claim: If there is a pair (£,k) € S, then (t,k) € S whenever dom(z) >
(t,k) = (t,k) where > is the lexicographical ordering on dom(x).? To verify
this claim, suppose it were not true. We could then find a pair (¢, k) € dom(x)
and a constant € > 0 such that:

1. (t,k) = (t,k); and
2. V(t,k,a(t,k)) > b+e.

Choose (t', k') to be the smallest such pair (¢,k) € dom(x) in the ordering
> for this choice of e. If ¢/ = ¢}y and k' > 1, then (¢, k' — 1) € dom(z) and
z(t',k" — 1) € D, by Condition 2. in Definition 12.3. Also, (¢,k' — 1) € S,
because otherwise, we would have V(ty, k" — 1,2(tx, k' — 1)) > ¢, hence
|z(te, k' — 1) > x(|Ju|so ), s0 our decay condition on V would imply that

b+e < Vtw, K oty k) < V(tw, K — 1,2t k' —1)),

contrary to the minimality of (¢,%k’). Since (t',k’ — 1) € S, the argument
from [67, Sect. 2] applied to the dynamics x,4+1 = F(r, z,,u(r)) implies that
(t' k') € S as well, contradicting our choice of (¢',%’). On the other hand,
if t' # tj or K = 0, then t' € (ty,tp11]. Since V (', k', z(t', k")) > b, we
then have V(¢ k', z(t', k")) > ¢ so |z(t', k)| > x(|u|eo). Therefore, prop-
erty 1. from Definition 12.3 and (12.17) give a pair (t*,k) € dom(x), with
t* < t' but ¢* near ¢, for which V(¢*, k', z(¢*, k")) > V (¢, k', z(t', k")), which
again contradicts the minimality of (¢/,k"). (We are using the fact that V is
increasing as a function of V.) This proves the claim.

3 The ordering is defined as follows: (t2,k2) &= (t1,k1) if and only if either (a) to > t1 or
(b) to = t1 and ko > k1.
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By separately considering the cases where the hybrid time set S = () and
S # (), we can then choose

v(s) = ay ' ooyt (20(s))

to satisfy the ISS estimate. This proves Lemma 12.3. ]

12.3 Strictification for Time-Varying Systems

We next extend our basic strictification results from Chap. 6 to discrete
and hybrid time-varying systems. As in the continuous time case, we express
the non-strict Lyapunov decay conditions in terms of PE parameters, and
the non-strict decay conditions can be used to prove UGAS directly with-
out constructing strict Lyapunov functions. However, it is well appreciated
that explicit strict Lyapunov functions are useful in many applications, e.g.,
for quantifying the effects of uncertainty, which motivates our closed form
expressions for our global strict Lyapunov functions.

12.3.1 Discrete Time Strictification

The following was shown in [93]:

Theorem 12.1. Let | € Z>g, 6 > 0, p € Pais(1,0), V € UPPD, x € Koo,
and © € PD satisfy the following for all k € Z>o, * € R", and u € RY:

|z > x(|ul)

(12.23)
AV(k,z,u) < —p(k+1)0(V(k,x)).

Then one can construct functions k,I" € K such that

k k
Uk,2) = r(V(k,x)) + l+1 Z Z (12.24)
s=k—1 j=s

is a strict ISS-CLF for (12.8). In particular, (12.8) is ISS. If p and V are
both [-periodic, then so is U.

Proof. Sketch. We only sketch the proof; see [93] for details. By minorizing
© € PD as necessary without relabeling, we can assume that @ is non-
decreasing on [0, 1] and non-increasing on [1, 00); see Lemma A.7 for details.
The following is shown in exactly the same way as Lemma A.6:
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Lemma 12.4. Let © € PD be as above and p € Pais. Define p : [0,00) —
[1,00), k, and ¥ by

k(r) = 2f0Tu(z) dz, ¥(r) =O(2r)u(r), and

14472, 0<r<1/2 (12.25)
) =9 16(1)r
O(2r)

Let v € UPPD and x € Ko be such that for all x € R", k € Z>o, and
u € R%, we have:

,1/2<r< o0

2] = x(lu) = Awv(k, z,u) < —p(k+1)O((k,)).

Then k € Koo, ¥ € Koo, and V = k(v) € UPPD satisfies the following for
allz € R, u € RY, and k € Z>o:

lz| > x(lu]) = AV(k,z,u) < —plk+ 1) (V(k,z)) (12.26)
where I' € Koo is defined by I'(s) = ¥ (k71(s)/2).

Returning to the proof of the theorem, we can therefore assume that V'
satisfies (12.26) with I" € K, possibly by replacing V' with (V) with k €
Ko defined in Lemma 12.4 without relabeling. Next choose S(k) as in Lemma
12.2 and U as in (12.24) with x(s) = s. Since I is increasing, we readily get

AUk, z,u) =V (k+1,F(k,2,u))
S(k+1)
4(1+4+1)

—V(k,x) —

I'(V(k+1,F(k,z,u)))

S(k)
A0 +1)

I(V(k,z))

= AV (k,z,u) + Sk + DA o V)(k,z) (12.27)

1
A0 +1)
+aemy L (V (k. 2)) [S(k + 1) — S(k)]
< ApV(k,x,u)

1
+mF(V(k,x)) [S(k+1) = S(k)],

for all k € Zso, + € R", and u € R? satisfying |z| > x(|u|). Using the
definition of S(k) and canceling terms gives
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k k k
S(k+1)=Sk) = > > p() - 'Z p() + 1+ 1)p(k +1)

Substituting into (12.27) and using (12.12) and (12.26) gives

1
AUk, zou) < AgV(k, z,u) + mf(v(k,x))
K (12.28)
x | 1+ Dp(k+1) — Z ()| .
j=k—1
hence also
nr
AUk, 2, u) < AkV(k x u) plk+1) 4(V(k,x))
F Ek: (12.29)
_ () |
l—|— 1) Parsl
< (k)
- 4(1+1) b

for all k € Z>o, all z € R", and all u € R? satisfying || > x(|u|). Combined
with the fact that V' € UPPD and using the global boundedness of S(k) from
Lemma 12.2, we conclude that U is an ISS-CLF for (12.8). Hence, (12.8) is
ISS, by Lemma 12.1. The assertion on periodicity follows from Lemma 12.2.
This proves the theorem. O

Remark 12.1. A key point in the non-strict decay condition (12.23) is that
the PE condition allows p(k + 1) = 0 and so also A,V (k,z,u) = 0 for some
values of k. Also, we do not require © in (12.23) to be of class Ko. However,
our proof of Theorem 12.1 shows that we can take k(s) = s and © = I' in
the special case where O € K

12.3.2 Hybrid Strictification

We next extend Theorem 12.1 to the hybrid system (12.16), assuming for
simplicity that @ in (12.23) and its continuous time analog are O(s) = s.
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Theorem 12.2. Let V € UPPD be C' in x and t. Let §,e,7 >0 andl € N
be given constants. Assume that there exist x € Koo, 7 € Pais(l,0) and q €
Pets(T,€) such that

|z = x(u]) =
V(t,k+1,F(k,z,u)) <e "DV (t 2 k) if x € D; (12.30)
and DV (t, k,xz,u) < —q(t)V(t,x, k) if x € C

forallt >0,k €Z>p, x €R", and u € RY. Then

k k
Vit z, k) = 2+4(11+1) Z Z(l—e—“ﬂ)

s=k—1 j=s (12.31)

is an exponential decay ISS-CLF for (12.16) so (12.16) is ISS. If in addition
V is (7,1)-periodic and r and q are l-periodic and T-periodic respectively, then
V't is also (7,1)-periodic.

Proof. For each k € Z>¢, consider the function

Vets(t, k, ) {1 + - / / y)dy dz] Vit k,x).
t—7 Jz

Forallt > 0 and k € Zx, and for all z € C and u € R? satisfying |z| > x(|ul),
we have

D%ts<tak7$7u) < —EV(t,k,x) < : ‘/cts(takvx)v
T

- _T(l +79)

where ¢ is a global bound on ¢ and we used Lemma 12.2. We next rewrite
the first decay condition in (12.30) as

AV (t,z,u) < —plk+ 1)V (L, k,x)
for all t € [0,00), k € Zsq, x € D, and u € R? satisfying || > x(|u|), where
ks plk)=1—e "R (12.32)

is again of PE type.
For each ¢t > 0, consider the function
S(k)
41+ 1)

Vais(t, b, ) = [1 + } Vit k),



12.4 Matrosov Constructions for Time-Varying Systems 331

where S(k) is defined by (12.14) with the choice (12.32) of p.
Arguing as in the proof of Theorem 12.1 shows that

SV (t, k,x) Vais(t, k, )
A dis\by vy oLy S A L1 S -
wVais(t k, @, u) A0+ 1) AM(1+1)

for all t € [0,00), k € Z>o, € D, and u € RY satisfying |z| > x(|u|), where
M =1+0.25p(l +1) and p is a global bound on p. We can assume that
d < M, in which case the discrete decay condition in (12.30) is satisfied
with

r(k)=In (4M(I+1)) —In (4M(+1)—6) >0
and with V replaced by Vgis. When |z] > x(|ul), t > 0, and k € Z>(, we have
the following:

1. DV (t,k,x,u) <0 when z € C; and
2. AV (t,k,z,u) <0 when x € D.

Hence, DVqyis < 0 on C and AgVes < 0 on D when |z > x(Ju|). We can find
positive constants r. and r4 such that

chts (tv kv .’ﬂ) S 7nc‘/vdis (tv kv .’ﬂ) S rd‘/cts (tv kv SC)
everywhere. It follows that
Vit k@) = Vs (t, ky ) + Vais (8, k, ),

i.e., (12.31), is an exponential decay ISS-CLF for H. The periodicity and ISS
assertions follow from Lemmas 12.2 and 12.3. a

Remark 12.2. By taking D = @) and C = R", Theorem 12.2 includes con-
tinuous time dynamics (with the understanding that the term involving the
double sum in (12.31) is not present). Similarly, by taking C' = () and D = R",
it includes discrete time dynamics (in which case there is no double integral
term in V#).

12.4 Matrosov Constructions for Time-Varying Systems

In Chapters 3 and 8, we saw how to explicitly construct strict Lyapunov
functions under suitable variants of Matrosov’s Conditions. We next extend
these results to hybrid time-varying systems, including cases where the decay
condition on the non-strict Lyapunov function involves PE parameters. For
simplicity, we only consider the case of one auxiliary function.
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12.4.1 Discrete Time Construction

Consider the discrete time system
Th+1 = F(k, xk) (12.33)

with F' € USB. We assume the following discrete time analog of the Matrosov
Theorem conditions from the previous chapters:

Assumption 12.1 There exist Vi € UPPD; Vo € USB, a function ¢o €
Keo; everywhere non-negative functions Ni,No € USB; a function x :
[0,00) X Z>o x R™ — R; an everywhere positive increasing function ¢1;
W € PD; and p € Pqis such that

AVi(k,z) < —Ni(k,z);

ApVa(k,z) < —Nao(k,z) + x(N1(k, 2), k, z);

‘X(Nl (k,xz), k x)’ < ¢1(|z|) P2 (N1 (k, z)); and

Ni(k,z) 4+ Nao(k,z) > p(k+1)W(x)

hold for all x € R™ and k € Z>¢.

As in our earlier Matrosov results, we allow V5 to take both positive and
negative values. Under Assumption 12.1, it is not obvious how to explic-
itly construct corresponding global strict Lyapunov functions. Therefore, we
prove the following result, which was announced in [92, 93]:

Theorem 12.3. If (12.83) satisfies Assumption 12.1, then one can construct
an explicit closed form strict Lyapunov function for (12.33). In particular,
(12.33) is UGAS.

Proof. Let V3 = Vi 4+ Vo, and a1, as € Ky satisfy the UPPD requirements
for V1. Consider the positive definite function

A(s) = min{W(x):z € R", a1 (Jz|) < s < aa(|z|)},

which is positive definite because W is positive definite. It readily follows
from Assumption 12.1 that

—p(k + D)W (x) + ¢1(|2]) b2 (N1(k, )

<
<k + DAV ) + orllas (k).

By minorizing A as needed without relabeling, we assume that it is non-
decreasing on [0, 1/2], non-increasing on [1/2, 00) and C!. The argument used
to prove Lemma A.6 with the choice ©(r) = A(r/2) gives an increasing con-
tinuous function k1 : [0,00) — [1,00) such that A1(s) = k1(s)A(s) is Ko
Let



12.4 Matrosov Constructions for Time-Varying Systems 333

Vi = k1 (V1) Va.
By (12.34),

ApVilk,2) = [ki (Vi (k+ 1, F(k,2))) — ki (Vi (k, z))]
xVs(k+ 1, F(k,z))
+k1(Vi(k,x))[Va(k + 1, F(k, z)) — Va(k, z)]
< [ba(Vi(k + 1, F(k,2)) — by (Vi (k, )] (12.35)
xVs(k+ 1, F(k,x))
—k1(Vi(k, 2))p(k + DAV (K, x))
ki (Vi(k, 2)) b1 (|2]) g2 (N1 (K, @) -

Using the facts that F' and V3 are of class USB and V; € UPPD, we can
easily construct continuous increasing everywhere positive functions I" and
Ag satisfying

ApVa(k,z) < [ = AVa(k, z)| T (Vi(k, z)) — p(k + 1) Ay (Vi (k, z))

(12.36)
+A2 (‘/1 (kv .13))¢2 (Nl (k7 Z‘)) .
This can be done by first constructing an increasing everywhere positive
function & such that |k](r)] < a(r).
Next consider the function kq(s) = sI'(s). Then ks € Ko and ka(s)/s is
increasing. Hence,

kg (b) — kg (a) > kg (b)
b—a - b
when b > a > 0, which gives ka(b) — k2(a) > (b —a)I'(b) if b > a > 0.

Specializing to the cases a = Vi (k+ 1, F(k,z)) and b = Vi (k, x) gives
Ag(ka o V1) (k,x2) < ApVi(k,2)I'(Vi(k,x))
everywhere. Therefore, the function Vi = Vj + ko(V7) satisfies
ApVs(k,x) < —p(k + 1) Ay (Vi(k,2)) + A2 (Vi(k,2)) g2 (N1 (k,z))  (12.37)

everywhere.
Arguing as in the proof of Theorem 12.1 except with I" replaced by A;
provides Vg such that

0

+A2 (‘/i(kv x))¢2 (Nl(kv .’E))



334 12 Hybrid Time-Varying Systems

A special case of Lemma, A.3 provides a function k3 € C' N PD so that

_ ) Al(’l“)
ka(r) < 5! (8(l+1)1+/12(r)> 1+ Ay(r)

and [ky(r)] < 1 (12.39)
for all 7 > 0, and therefore also

¢2 (ks(V1)A2(V1)) Ao (V1) < ———=A1 (V1) (12.40)

1)
—8(l+1)
everywhere. Choose pp, ag € Koo such that

[Vs(k,z)| < aq(|z]) and |F(k,2)| < pp(|zl)

everywhere. Replacing I" with agoup ocyl_1 in the argument we used to build
ko and recalling that AgVi(k,z) < 0 allows us to build a function k4 € K
satisfying
Ag(kg o V1) (K [ag O/LFOOll_l 0V1(k,x)]AkV1(k,x)
< ag(pr(lz))ArVi(k, z)

everywhere.
Recalling from (12.39) that |k%| < 1 everywhere now gives

IN

| Ak (ks o Vi) (k,2) Vs (k+ 1, F(k,2))| < [-AVa(k,2)]|Vs(k+ 1, F(k,2))|

—ag(pr(|z]) AeVi(k, z)

IA

everywhere. Hence, the function V7 = ks(V1)Vs + k4(V1) is such that

2)) ApVo(k, ) + Ag (kg o Vi)(k, x) (12.41)

A Ve (k, x) |A;€( OV1)(k7x)V6(k+17F(k7x))|
+hs (Vi
< _4(6 )k ( DAL (VA) + k3(Vi) Az(Vi) g2 (N1 (k, z)) .

Next note that for all functions p € Koo, we have ab < u(a)a + p=1(b)b
for all a,b > 0, by separately considering the cases where u(a) > b and
p~1(b) > a. Hence, for all u € K, (12.41) gives

ApVz < l+1 k3 (Vi) A1 (Vi) + p(ks(Vi) A2(Vh)) ks (Vi) Az (Vh)

(12.42)
~H(2(N1(k, 2))) b2 (N1 (K, 2)).

Specializing to the case where = ¢, we get
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ApVr < 4(l+1) k3 (Vi) A1 (V1) + @2 (ks(Vi) A2 (V1)) ks (Vi) A2 (VA1)

+N1(k )2 (N1) (12.43)
< s ks (Vi) A1 (Vi) + Ni(k, 2)g2(N1) - (by (12.40)).

Recalling that N7 € USB and ¢5 € K, we can readily construct a function
¢3 € Koo such that

AV < — k3(V1)A1(V1) + Ni(k, z)¢s(V1) . (12.44)

8 +1)

By reasoning as in our construction of ks above (with I" replaced by ¢3),
we can build a function ks € Ko satisfying

Ap(ks o Vi)(k,z) < ApVa(k, x)¢s(Vi(k, z))
—Nl(k‘,x)(bg (V1 (k,x))

Choosing Vs = V7 + k5 (V1) and the positive definite function

as(s) = ﬁmm{k;}, JA1(u) a1 (s) < u < ag(s)},
it follows that
ApVg(k,x) < —ﬁkg(%(kax))/ll(vl(k,x)) < —ag(|z)).  (12.45)

This is the desired Lyapunov decay condition, but the function Vg is not
guaranteed to be of class UPPD. However, we can transform Vg into the
desired strict Lyapunov function by arguing as we did at the end of the
proof of Theorem 5.1, as follows. Choose an everywhere positive increasing
C! function k. such that k.(Vi(k,z)) > |sup, Vs(r,x)| + 1 everywhere; this
can be done because V; is of class UPPD and Vg is of class USB. One then
shows that Vo = V1V + k. (V1) V1 is of class UPPD and satisfies

AVo(k, ) = {AVi(k, z)Va(k + 1, 2) + ka (Vi (k, 2)) Ap (Vi (k, 7)) }
+Vi(k, 2) A Vs (k, z) + Apk. (Vi (k,2))Vi(k 4+ 1, 2)
< —Vi(k, z)as(|z])
where the term in braces is non-positive by our choice of k., and we also used
the nonpositivity of Agk.(Vi(k,x))Vi(k + 1,z). Therefore, Vy satisfies the

requirements of the theorem. In conjunction with Lemma 12.1 for the case
of no controls, this proves the theorem. O
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12.4.2 Hybrid Version

We now merge our continuous and discrete time Matrosov constructions to
cover hybrid systems

= & = G(t,ax), zeC
Fone = {ffim = F(k,xy), 21 € D (12.46)

assuming F, G € USB and the following:

Assumption 12.2 There exist Vi € UPPD and Vo € USB that are C"
in (t,r); everywhere non-negative N1, No € USB; a function x : [0,00)? x
Z>o xR™ — R; an everywhere positive increasing ¢1; and W € PD, p € Pqs,
@2 € Koo, and q € Peys such that the following hold for allt > 0 and k € Z>:

1. For all x € D, we have:
AVi(t k) < —Ny(t k,x);
AVo(t kyx) < —No(t, k,x) + x(N1(t, k, z), ¢, k,x); and
Ni(t,k,z) + No(t, k,z) > p(k+1)W(x).
2. For all x € C, we have:
DV1 (t, k, l’) S —N1 (t, k, (E),’
DVa(t, k,x) < —Na(t,k,z) + x(N1(t, k,z),t, k,z); and
Ni(t, k,x) + Nao(t, k,x) > q(t)W(x).
3. For all x € R™, we have:
‘X(Nl(tv k’ x)’ t, k’ x)‘ < ¢1(|$|)¢2(N1(t’ kv x))

The meaning of Assumption 12.2 is that the continuous and discrete time
subsystems of Hy,. satisfy appropriately compatible discrete and continuous
Matrosov Conditions. It applies to discrete time systems by choosing C' = ()
and D = R"; in that case, its Condition 2. is true vacuously. The following
was announced in [92, 93]:

Theorem 12.4. If H,. satisfies Assumption 12.2, then one can construct an
explicit closed form strict Lyapunov function for Hyc. In particular, Hyc is

UGAS.

Proof. Take p € Pais(l,0) and g € Peis(7,£). We apply the first part of the
proof of Theorem 12.3 for each t > 0, using the functions (k,z) — Vi(t,k, x)
and (k,x) — Va(t,k,z). This produces functions V5 and A, Ay € C!, with
Ay € Koo, such that

AkVE')(ta kvx) < _p(k + 1)/11 (Vl(ta kvx))
+As (Vl (t, k‘, x)) ¢2(N1 (t, ]{i, x))

(12.47)

forallt > 0, k € Z>0, and € D. We now use the continuous time analog of
the preceding argument from Lemma A.9 to construct a continuous version
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V£ of Vs for which

DVSS(t, k,x) < —q(t) Ay (Vi(t, k, x))
+A2 (Vi(t, k, x)) p2(N1(t, K, 2))

(12.48)

for all t > 0, k € Z>p, and = € C. In fact, by enlarging I', we can enlarge k-
in such a way that V<* and Vs have the same formula.

Applying the strlctlﬁcation method of Theorem 12.1 to V5 and recalling
Remark 12.1, we get

VSt k,x) = Vs(t k,x) + S(k) A1 (Vi(t, k, ).

1
A0+1)

This satisfies (12.38) with Vi replaced by Vﬁdis and V; and N also depending
on t. In the same way, we can apply the continuous time strictification ap-
proach from Chap. 6 as we did in the proof of Theorem 12.2 to the function
Vs, This gives a function

VS, b, 2) = VES (¢ [/ / v)dv dz} Ay (Va(t, k, x))

for which

DVES(t, k,z) < —;Al(Vl(t,k,x))+Ag(Vl(t,k,x))ng(Nl(t,k,x))

when z € C. We can assume that

0

W <1

without relabeling, by enlarging [ as needed. Setting Vi = Vit + Vs and
recalling that V<™ and Vs have the same formula, we can enlarge the function
Ay sufficiently in such a way that

ApVs(t, k) < l+1)A1 (Vi(t, k, x))
+A2(V1(t k x))¢2(N1(t,k,$)) Ve eD (1249)
DVg(t, k,z) < l+1)A1 (Vi(t, b, )

+A2(V1(t,kj,]}))(ﬁg(Nl(t,k‘,x)) Ve eC

hold for all t > 0 and k € Z>o.

Next, we follow the rest of the proof of Theorem 12.3, applied to Vg for
each choice of ¢ > 0. This produces a function Vgls(¢, k, z) that satisfies the
conclusion of the proof when x € D. Similarly, we apply the continuous time
analog of that part of the proof to Vs for each k to get a function Vg's
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satisfying
DVgS(t k,z) < —a(|z]) (12.50)

forall t > 0, k € Z>p, and = € C for a suitable function & € PD. This
continuous time argument is as in the discrete time case, except with A,V;
replaced by DV for all 4. It is similar to the proof we give for Lemma A.9.
By enlarging the functions k4, ks € K& and reducing k3 € PD in the discrete
and continuous versions of the proof, we can assume that they are the same,
which means that Vi£* and Vs have the same expression (as functions of V).
Therefore, we can meet the requirements of the theorem with their common
expression. In conjunction with Lemma 12.3, this proves the theorem. g

12.5 Illustrations

Assume that the continuous time system
i =G(t,z,u) (12.51)

admits V € C, q € Pets, and I, x, a1, an € Koo satisfying:
1. ai(|z]) <V (t,z) < az(|z|) for all x € R™ and t > 0;

2. DV (t,x,u) < —q(t)['(V(t,z)) for all t > 0, x € R™ and u € R? satisfying
[ = x(|ul); and

3. x— V(t,z) is convex for each t € [0, 00).

The preceding requirements all hold if for example
=Gt z,u) = Alt)x (12.52)
is GAS and A(t) is continuous and bounded, in which case we take
V(t,x) = x" P(t)x (12.53)

for a suitable matrix P(t), e.g, by arguing as in [70, Sect. 4.6]. Given C, D C
R™ and p € Pg;s valued in [0, 1], we give conditions on h € USB guaranteeing
that we can construct an ISS-CLF for

N =G(t,z,u) , z€C
H, = , (12.54)
Tpr1 = F(k,xg,u) , xp € D

where
F(k,z,u) =[1—p(k+ D]z + plk+ )k, z,u).

The construction to follow also works if instead of assuming that V' is convex
in z and p is valued in [0, 1], we just assume that p(k) € {0,1} for all k € Z>y.
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To find our conditions, first note that by reducing I' € K, as needed
without relabeling, we can assume

I'eC'NKy and I'(s) < %al(agl(s))
for all s > 0. Assume that
\h(k,z,u)] < ay'(0.501(|z])) (12.55)

for all z € D, k € Z>0, and u € R? satisfying |z| > x(|u|), which reduces to
linear growth if V' has the form (12.53) and P has globally bounded positive
eigenvalues. Using the facts that V is convex in = and p(k) € [0, 1] everywhere,
we have

V(t,F(k,x,u)) —V(t,z) < [1—plk+ V(¢ )
+p(k+ 1)V (¢, h(k,x,u)) — V(t,2)
< p(k+ 1)@2(|h(k,x,u)|)
—p(k + 1ax(|z])

(12.56)

and therefore

V(t,F(k,x,u)) —V(t,xz) < —% (k+ Dag(|z|)
—p(k + 1) (az(|z])) (12.57)
—p(k+1)I(V(t,x))

\ /\

| /\

whenever |x| > x(|u|), ¢ > 0, and k € Z>o. Arguing as in the proof of
Theorem 12.2, we readily obtain an explicit global strict ISS-CLF

Vit ko) = 2V (t,2) + [ t/s drds] r(v(t.z))

k k

e:k lj=s

for H,, where [ and 7 are as in the requirements p € Pgis and g € Pgs, 50
H, is ISS.

We now specialize the preceding construction to our example (12.5). As
we saw in Sect. 10.6.2, its subsystem

i = Gt,z,u) = —mt)m' (t)z

has the strict Lyapunov function
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t ot
Vt,z)=a' (AI + / m(l)m" (1) dl ds> , (12.58)
t—cJs
where A and ¢ are defined in Sect. 12.1. In fact,
DV(t,z) < —%W < —I(V(t,2)) (12.59)

everywhere, in terms of the function

I'(s)

_ as
- 2{A+c2/2)2

and the constant a from Sect. 12.1. The choice of I" easily follows from Lemma
12.2.
Taking

2
ai(s) = As? and as(s) = (/\ + %) 52,

we can easily check that I'(s) < 0.5a1 (' (s)) everywhere. Moreover, we can
use (12.4) to check that condition (12.55) on h is satisfied for large enough
constants A > 1. Recalling that p € Py;s is valued in [0,1] and V is convex in
the state, the preceding construction applies with ¢(¢) = 1 and 7 = 1. Also,
the strict Lyapunov function V¥ becomes (12.6). It follows that (12.5) has
the ISS-CLF (12.6) and so is ISS by Lemma 12.3, as we claimed in Sect. 12.1.

12.6 Comments

The hybrid systems framework we used in this chapter was systematically
developed by [20, 24] and has been used extensively by several authors; see
[176] for a recent survey. It is well appreciated that hybrid controllers are
useful for stabilizing nonlinear systems that are not stabilizable by continuous
time state feedbacks; see for example [140] for robust quasi-time optimal
hybrid stabilization for Brockett’s Integrator. Moreover, using the notions of
graphical convergence and set convergence [142], one can characterize when
a collection of arcs converges to a hybrid arc [48].

The hybrid framework of this chapter can incorporate hybrid automata,
as well as switching systems Zz = f,(z) with average dwell-time conditions, by
using appropriate choices of the discrete sub-dynamics [176]. There is also a
hybrid version of LaSalle Invariance for cases where the hybrid system (12.7)
is time-invariant with no controls. It is expressed in terms of the functions
uc(z) = (VV(2),G(z)) and ug(z) = V(F(x))—V (z), where V € C! is chosen
so that u.(z) is non-positive on C' and ug(z) is non-positive on D [176]. One
can also develop hybrid converse Lyapunov function theory [21].
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However, there has been little systematic work on constructive nonlinear
control for hybrid systems. Our treatment here is based on [93] (which cov-
ers systems with no controls) and [92] (which announced the extensions to
control systems). For an alternative construction of strict Lyapunov func-
tions for discrete time systems with no controls, involving infinite sums of
PE parameter values, see [120].
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Appendix A
Some Lemmas

A.1 Useful Families of Functions

We prove the lemmas needed in several chapters. We maintain our conven-
tion that all functions encountered should be understood to be sufficiently
smooth, and that all (in)equalities should be understood to hold globally
unless otherwise indicated. The first four lemmas we prove are from [111].

While not used explicitly in the main text, we use the following lemma to
prove Lemma A.2:

Lemma A.1. Let F : [0,00) X [0,00) — [0,00) be a continuous function that
admits a non-decreasing continuous function © : [0,00) — (0,00) such that

F(a,0)=0 (A1)
and
F(a,b) <O(a)O(b) (A.2)
for all (a,b) € [0,00) x [0,00). Then the function Z : [0,00) — R defined by
Z(b) = (s’g% % (A.3)
is everywhere non-negative and continuous. Moreover, Z(0) = 0 and
F(a,b) < (a® +1)0(a)Z(b) (A.4)

for all (a,b) € [0,00)2.

Proof. Let us prove that Z is well defined on [0, 00). To simplify the notation,

we use the function
F(a,b)

Fel = @ e

(A.5)

Since (A.2) is satisfied, we have

345
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O(a)
wrnemC® <) (A.6)

F(a,b) <
It follows that Z(b) = sup{F(a,b) : a € [0,00)} is a finite non-negative real
number for all b > 0. From the definition of Z, (A.1), and (A.2), we deduce
easily that Z is everywhere non-negative, that (A.4) is satisfied, and that
Z(0) = 0. We now prove that this function is continuous. Let b, > 0 and
€ > 0 be given constants. For all b > 0,

Z(b) = max{ sup F(a,b), sup F(a,b)} (A7)

a€l0,a*] a>a*

with a* = /20(b. + 1). From (A.6), it follows that

sup F(a,b) < sup M
aza* azo* (Ot + 1)@(04) (A 8)
o) o) ’
= Sup -5 < 3
for all b > 0. Since © is non-decreasing, it follows that
Sup Flab) < 3 (A.9)
for all b € [0, b, + 1].
We deduce easily that
sup F(a,b) < Z(b) < sup F(a,b)+ = (A.10)
a€l0,a*] a€l0,a] 2
for all b € [0,b. + 1]. In particular,
sup  F(a,b) < Z(be) < sup F(a,b.) + = (A.11)
a€l0,a*] a€l0,0] 2
From (A.10) and (A.11), we deduce that
1Z(b) — Z(b)] < | sup Fla,b)— sup Fla,be)| + % (A.12)

a€l0,a*] a€cl0,a*]
for all b € [0, b, 4 1]. The function

b max F(a,b)

acl0,a*]

is continuous because [0, a*] is a compact set. It follows that there exists a
constant ¢ € (0, 1] such that, for all b € [max{0,b. — 0}, b. + J],
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sup F(a,b) — sup F(a,b.)| <
a€0,a*] a€l0,a*]

(A.13)

N ™

From (A.12) and (A.13), we conclude that |Z(b) — Z(b.)| < e for all b €
[max{0,b. — 0}, b, + d]. Hence, Z is continuous on [0, c0). This finishes the
proof. O

We used the following lemma in Chap. 8:

Lemma A.2. Let n > 1 and g > 2 be integers and Y, : R"T9~! — R be an
everywhere non-negative continuous function such that

Xx(x,0,...,0) =0 Vo € R™. (A.14)

Then, one can determine a continuous, everywhere positive, non-decreasing
function p,. and a function ¢, € K such that

q—1

X*(xvrh'“v{r'Q*l) < ¢ (th) p*(|x|) (A15)
k=1

for all x € R™ and all non-negative values r1,...,7q—1.

Proof. Define F, : [0,00)? — R by

F.(s,R) = NER TN S A.16
(s, R) <z,zl,...,zqm,8f}feE<s,R>X(z 1 ¢—1) (A.16)

where

E(s,R)
= {(z,ll,...,lq_l) ER" x [0,00)97 s |2| < 5,1 €[0,R],k=1,...,q — 1} :

Then

q—1
X« (2,71, mgm1) < Fi <|x|,2rk> (A.17)
k=1

for all z € R™ and non-negative r;’s. Also, (A.14) gives
F.(s,0) = max w(Z 0, =
(5,0) (le,...}zq,l)eE(s,o)X (2,4 a-1) (A.18)

= max  x«(2,0,...,0) = 0.
{zeR™:|z|<s} ( )

Moreover, F, is everywhere non-negative and non-decreasing with respect to
each of its arguments. This implies that

F.(s,R) < [F(s,8) + 1][Fx(R, R) 4+ 1] (A.19)
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for all s € [0,00) and R € [0, 00).
Therefore, Lemma A.1 applies to the function Fy and provides a continuous
everywhere non-negative function Z that is zero at zero and such that

F.(s,R) < (s* + 1)[F.(s,8) + 1]Z(R) (A.20)

for all s > 0 and R > 0. From (A.17), it follows that

k=1

q—1
X (@71, 1) S Z (Z Tk) p«(|x]) (A.21)
for all z € R™, r; > 0,...,rgq—1 > 0, where
p«(8) = (82 + 1)[Fi(s,8) +1] . (A.22)
This function is everywhere positive and non-decreasing on [0, c0) and
q—1
I (@, 71y 1) < ¢u (Z Tk> p«(|x]) (A.23)
k=1
for all z € R™, r1 € [0,00),...,rq—1 € [0, 00), where

¢«(s)=s+ sup Z(l) Vs>0. (A.24)
1€0,s]

One can prove easily that ¢, is of class K. This completes the proof of the
lemma. U

Lemma A.3. Let wi,ws : R™ — R be any continuous positive definite func-
tions, and let V : [0,00) x R™ — R be any storage function. Let N € N be
arbitrary. Then one can construct a real-valued function L € CN such that
L(0) =0, L(s) > 0 for all s > 0, and

L(V(t,z)) < wy(z) (A.25)

and
L' (V(t,2))| < wa(z) (A.26)

hold for all (t,z) € [0,00) x R™.

Proof. We will presently construct an everywhere positive increasing CV
function p and a function a € Koo, N CN such that

a(V(t,z)) < wi(z)p(V(t, x)) (A.27)

and
a(V(t,x)) < wa(x)p(V(t, ) . (A.28)
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For the time being, we assume that these functions are known and introduce
the function

L a(l)
L(s)—/% 2(1+l2)(1+p2(2mdl. (A.29)

Then L(0) =0, L(s) > 0 for all s > 0, and L is of class CV. Also, since both
« and p are increasing, we get

5 s a(s) dl a(s) a(s) A
He) = / 2(1+(§)2) (14 p2(s)) : 1+ p%(s) = p(s) (4.30)

for all s > 0. It follows that

a(V(t,2)
PV < i) =

Therefore (A.25) is satisfied. On the other hand,

wy () . (A.31)

o B a(3) Vs>0. (A.32)

L(s) = .
20+ (14 (5)°) 145260

Since both a and p are increasing, it follows that

y o a (3
WOl sy 2e) Ty {1+ () 1+ 26)
als) ols)
<3+ e T I 20) (4.33)
< <_)) $>0.

Consequently, the inequalities

Vo) ) (A.34)

|IL'(V(t,2))| < Vo) =

are satisfied, and therefore (A.26) is satisfied.

We end the proof by constructing an everywhere positive, increasing CV
function p and a function a € Ko N CY such that (A.27) and (A.28) are
satisfied. We introduce the four functions

w(z) = min{w; (x), wa(z)} , (A.35)

min _ w(z),if r>1
§i(r) = { {=l=1€lm} (A.36)
Wy, if rel0,1],
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min _ w(z),if re€l0,1]
ds(r) = < {=lzl€lr1]} (A.37)
Wy, if r>1,

1
and 6(r) = —0s(r)0;(r) , (A.38)

Wy

where we use the constant

We= min w(z). A.39
j= min w(z) (A39)

We have the following two cases:

1. If |z| < 1, then

o(fal) = Wif&(x)&(lwl) = 05(]])

= min w(z) <
{z:|z|€]|=],1]}

2. If |z| > 1, then

1
0(|lz]) = =—=0ds(|lz])d;(|z]) = 6,(|x]) = min w(z) < w(x).
(ol) = gdslahallel) = afle) = | min () < w@)
It follows that for all z € R™,
1
w(@) 2 6(Jz)) = 3705 (lz)a(|]) - (A.40)
f

Since w is a positive definite function, d; is an everywhere positive function
on [0, 00). Therefore, (A.40) gives

5u(lal) < w(m)é;?‘/—;‘) Vz e R (A.41)

We introduce the two functions

=71ds(r) an T:7Wf(1+r)
aq(r) =1ds(r) and pa(r) 5:() (A.42)
By (A.41),
aq(|z]) < w(x)pe(lz|) Yo e R™. (A.43)

Since w is positive definite and at least continuous, one can prove easily
that d5(0) = 0, ds(r) > 0 if » > 0 and 5 is non-decreasing and continuous.
It follows that a, € K. For similar reasons, §; is continuous, everywhere
positive and non-increasing. It follows that p, is everywhere positive and
increasing. Since V is a storage function, we can find functions 71,72 € Ko
such that

n(lzl) < V(t,2) < 722 (A.44)
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for all t € [0,00) and & € R™. Using the properties of o, and p, and (A.44),
we deduce that

aa(rz (V(t,2)) < w(@)pa(ry ' (V(E 2))) (A.45)

for all (¢t,2) € [0,00) x R™.
As an immediate consequence, we have

VAt 2)ap(V(t2) < w@)[V(ta) + 1Y pp(V(E,2)) (A.46)

where
ap(r) = aa(vy '(r)) and py(r) = pa(ry *(r))- (A.47)

Next consider the functions

alr) =[5 Jo" - SV ap(sn)dsy ... dsy (A.48)

and
plry = [t o N ey + DN py(sn)dsw . dsy . (AA49)
For all » > 0, we then have
a(r) <rVay(r) and p(r) > (r+ 1) py(r) , (A.50)

by replacing the lower bounds in the integrations in (A.49) with r. These
inequalities and (A.46) yield

a(V(t,z)) < w@)p(V(tz)) . (A.51)

Since 0 < w(z) < wi(x) and 0 < w(z) < wa(x), we deduce that (A.27)
and (A.28) are satisfied. One can check readily that p is everywhere positive,
increasing and C'V, and that o € Ko, N CV. This concludes the proof. ]

Lemma A.4. Let 2: R™ — R be a continuous function. Then, the function
¢:[0,00) — R defined by

r+1 ps1+1 sN—1+1
¢(r) :1—|—f0 01 ...fON ! [SUP{zeRn:\z\gsN} |Q(z)|} dsy ...ds;

is everywhere positive, of class CV, and non-decreasing and |2(z)| < ¢(|z|)
for all x € R™.

Proof. From the definition of (, it follows immediately that ¢ is everywhere
positive, non-decreasing and of class CV. To simplify the notation, we define
the function

024(r) = sup [2(2)] . (A.52)
{zeR™:|z|<r}

The function {2, is non-decreasing on [0, 00). Therefore, for all sy_1 > 0,
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JN ot oy (sw)dsy 2 [ Qu(sn)dsy > Qulsnot) . (AB3)

SN—

By integrating both sides of (A.53) over [sy_2, Sxy—2+ 1] and arguing induc-
tively, we deduce that

r+1 s1+1 sN—1+1
/ / / Qu(sn)dsn -..ds1 > O.(r) ¥r >0,  (A54)
0 0 0

It follows that

C(lz)) = 2.(|z)) = sup  [2(z)] > |2(z)] (A.55)
{z€R™:|z|<|2]}

for all x € R™, proving the lemma. O
We used the following lemma from [108], as Lemma 10.3 in Sect. 10.6.2:

Lemma A.5. Let Assumption 10.2 hold and set

P(t) = {2|;*|+—c4|f*}f +/ /m 1)dlds. (A.56)

Then V(t,x) = " P(t)x is a strict Lyapunov function for (10.38) for which
2V /o' satisfies the conclusions of Lemma 2.2.

Proof. Sketch. Let k denote the constant in braces in (10.39). Applying
(10.13) and (10.14), we easily check that the time derivative of V along tra-
jectories of (10.38) is

= (2f*k + &)z m(t)m T (t)x
| ftﬂa f; m(Um (1) dds] m(tyn (t)e
= [fem@mT
< @fr+omT () + S| |zllmT (t)2] — o |2

by Condition 2.i. from Assumption 10.2. Since

~ _ 1 1 _ _
21 el (Bl < sa'laf? + & R Oaf?
2 2a
we get
. 1
Vo< (2t e gl R ) im0l - ol
(6%

everywhere. The result is now immediate from the choice of k and the fact
that |m(t)] = 1 everywhere. O
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We used the following lemma from [93] in Chap. 12, where the notation is
from Definition 12.2:

Lemma A.6. Let © € PD N C' be non-decreasing on [0,1] and non-
increasing on [1,00), and let p € Pais. Choose the following functions
w:[0,00) = [1,00), K, X, and 7:

r) =2 [y ulz)dz, x(r) = 62r)ur),

14+4r2, 0<r<1/2 (A.57)

40(1)r
e2r)’

v(s) = x(k7(s)/2), and p(r) =

1/2<r <o

Assume that v € UPPD is such that
Agv(k,x) < —p(k + 1)@(V(k,x))

for all € R™ and k € Z>o, along the trajectories of x* = F(k,z), where
F €USB. Then k € Koo NCY, v € Koo, X € Koo, and V = k(v) € UPPD
satisfies

for all z € R"™ and k € Zxo.

Proof. Sketch. Fixing x € R™ and k € Z>( and applying the Fundamental
Theorem of Calculus to the function

s— F(s) = w(sv(k+1,F(k,x)) + (1 — s)v(k,z))
gives A,V (k,x) = F(1) — = [ F'(s)ds, ie.,

1
AV (k,x) = [ ; & (sv(k+1,F(k,z)) + (1 — s)u(k,x))ds}

x[v(k+1,F(k,x)) —v(k,z)]
1

—p(k+1) /0 & ((1— s)l/(k,x))ds] O(v(k,z))
—p(k+1) /01/2 K (%V(k,x)) ds] O(v(k,z))

—plk+ Dp (%V(k,x)) Q(V(k,x)) ,

IN

IN

where we used the facts that x and k' are non-decreasing. The lemma now
follows from our choices of v and x. O
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A.2 Some Useful Inequalities

We used the following simple lemma from [105] on p.120:

Lemma A.7. For each continuous positive definite function p : [0,00) —
[0,00), we can find a function w € Koo N Ct and an increasing everywhere
positive function K € C' such that

(A.59)

for all r > 0.

Proof. We can assume that p is increasing on [0,1] and non-increasing on
[1,00); otherwise, replace it with the minorizing function

rmin{p(q) :r <¢<1}0<r<1
pnew(r) - . (AGO)
min{p(¢) : 1 <g<r}, r>1

without relabeling. Notice that

wo(r)
ol = 520 (A61)
for all » > 0, where
M,Ogrgl %,OSTSL
wo(r) = p(1) and Koy(r) = p(1) (A.62)
r
T, r>1 —r2>1
p(r)

We can then satisfy (A.59) by picking any function w € K N C* such that
w(r) < wo(r) for all » > 0 and any increasing C! function K such that
K(r) > Ko(r) for all » > 0. This proves the result. O

We used the following simple lemma in Chap. 5:
Lemma A.8. For all A € (—1,00), the inequalities

eA

T4 > %(1 + A%, (A.63)
A2
Al <2y/[A—In(1+ A)] +[A—In(1 + A)] (A.65)

are all satisfied.
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Proof. To prove (A.63), first assume that A € (—1,0). Then

eA

>e 1>
1+A=° =

If, on the other hand A > 0, then

(1+ A?). (A.66)

| =

e >1+A+§M+%ﬁ
1+A~ 1+A4
142 1 143
214 T

(A.67)

1,1

Lily

=1 A22 6
ATTa

1 1

Lylg 1
128 ted gL
S Iy

This proves (A.63).
To prove (A.64), assume first that A € (—1,0). Then

A A2
A—In(l1+A4) = —dm > —.
n(1+4) A Ttm =72
If on the other hand A > 0, then

A A 2

m m A
A—In(l+A) = —_— > =
n(l+4) /0 1+mdm—/0 1+Adm 2(1+ A)’

which gives (A.64).
To prove (A.65), notice that (A.64) implies that for all A > —1, we have

2[A —In(1 + A)] + 2|A|[A — In(1 + A)] > A% (A.68)
Combining (A.68) with the inequality
mAWL4m1+Aﬂ§%A?+ﬁA—mu+Aﬂ%

we deduce that

o0/A—n(1l+ A+ [A—In(1+ A > |A| (A.69)

which proves (A.65). This completes the proof. O
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A.3 A Lower Bound for the Lotka-Volterra Model

We sketch the proof that the Lotka-Volterra error dynamics (5.48) satisfies
(5.52) for some constant d > 0, hence also (5.35) from Assumption 5.1 for
some positive function p € C; see [105] for more details. We continue to
use the notation of Sect. 5.5. Consider the function

E(p,q) = p—qln <1+§>,

which is defined for p > —q when ¢ > 0. Then V1(Z,9) = E(Z,x«) + E(J, ys)-
We claim that we can find a constant

§ € (0,2 min{z,,y.}] (A.70)
so that )
Y Ni(&§) = 38 + [(E + af)(@ + )]
i=1 (A.71)
Vi (Z, §)
—1 + V12 (i.v g)

for all (Z,9) intheset D={(Z,y) e ¥ : 2 < -z, +0orgyg < —y.+0}.
To check this claim, first note that for any J satisfying (A.70),
2
> Ni(#,§)
i=1

is bounded from below on D by a positive constant m(d) depending on 4.
(Indeed, if & < —xz, + §, then

If on the other hand & > —x, + §, then
2 1
D> N §) > 552552 + 0%(% + ag)>.
i=1
We can also find a constant ¢, € (0,1) so that
1
5552 + (7 + a)? > (7% 4+ 77),

which is bounded below by c,y2?/4 when § < —y. + 6. Hence,
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2 C
~ o~ 2 Cx . 2 92y -
SON(E3) = 8 minfal, ) = m(d)
=1

on D.) Reducing ¢ > 0 guarantees that

'L 5

on D, as claimed. Fix § > 0 satisfying the preceding requirements.
We next consider points in X'\ D. First notice that for each constant ¢ > 0,
we can find a constant ¢(q) > 1 such that

E(p,q) < clq)p® Vp > —q+34.

Vi) <o (HEd) 4 e (EL0)

< [e(@) + c(y)l(@ +37)

Therefore,

on X \ D when neither Z nor § is zero. Similar reasoning gives
Vi(2,9) < le(@.) + e(y)l(@ + 57)

on all of X \ D (by separately considering points where & = 0 and & # 0).
Moreover, we can find a constant ¢ > 0 so that

2
D Ni(@§) = @+
i=1

on X\ D. Hence,

2, Ni(E,9)

v

e (T« ey (72 + 2
(C(x*)—l-c(y*))[( )+ c(y)] (@ + 7°)

on X \ D, so we can take

plr) = min{c(x*) T c(y*)’(ss} 1 +1r2'

We deduce that the Lotka-Volterra model satisfies Assumption 5.1, as claimed.
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A.4 ISS and iISS for the Lotka-Volterra Model

For completeness, we summarize the robustness arguments from [105] that
are needed to prove Theorem 5.3 on the ISS and iISS of the Lotka-Volterra
error dynamics; see Section 5.5.2 for the notation we employ in the sequel.
The proof involves showing that

U (2,9) = Va(Z,9) + KV1(Z,7) (A.72)

is an iISS Lyapunov function for (5.62) when the disturbance u is valued in
%Bl, and that
Ux (&, §) = Ug (2, 7) et (@0) (A.73)

is an ISS Lyapunov function for (5.62) when u is valued in UB;, where V;
and V, are as defined in Sect. 5.5. The argument proceeds as follows.
Along the trajectories of (5.62) in X”, our choice B =1 + % + y, readily
gives
Vi < -7 + Blu] . (A.74)

Also, since Va(Z,§) = 2Z[Z + ag|, we get

Vo = —(& 4 a)2a? + { — #(2% + x.) — afiF } (& + af)z

+2[a?7 — au]zy.
From the triangular inequality, we get

Vo < —1(% +a§) s + L{#(27 + 2.) + agi}’

- (A.75)
+a?3%ry — adury .
Since (z,y) € S, we deduce that
Vo < —1(& + af)?a? + B 52 4 (0232 4 aB|uf] B o
= — L@+ ag)a? + [ SL 4 2] B2 4 aBYlul '

On the other hand, according to (A.64) with the choices A = &/x, and
then A = §/y., we have

Pz (1+2) 2 i
x 2(2z.+x) (A.77)

~2

g — Y« hl (1 + ?_j%) Z 2(2y.+y)

and therefore

-2

~ o~ z2 i #2442
Vl(l',y) 2 2(2:1:*+:I:) + 2(2;*_;'_?]) Z 6BJ (A78)
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for all (z,y) € S. Moreover, for all (x,y) € S, we have

Vo(Z, )| < (&2 + al|zj|)B
[Va(Z,9)] < ( 3~2| y|2~2 L (A79)
SB(§x + 57 ) < Bmax{>3-} (a: + ),
so for all (z,y) € S,
[Va(Z,9)| < B?max{9,3a?}V1(Z,9) . (A.80)
Also,
Uk (Z,7) > [-B?max{9,3a%} + K| V4(2,7) , (A.81)
and our choice of K > K| gives
Uk (2,7) > B*max {9, 3%} V1 (Z,7) (A.82)
and _ .
Uk < —Q(2,7) + Blul, (A.83)
where B = aBB® + KB and
1 K
Q@,9) = 5@ + af)?a? + 705:2 . (A.84)
We consider two cases:
Case 1. Q(&,y) > 6. Then
Uy < - 0———— + Blu| . A.85
SRR R A5

Case 2. Q(z,9) < 0. Then

[ 2
|Z] < FOG (A.86)

and therefore our choice of # implies that

% < z. (A.87)

Moreover,
|Z + agle < V20 . (A.88)

One can also use (A.87) to show that
_ 2 1.
9l < Va1 Lia. (A.89)
Talx o

We deduce from (A.86) that



A Some Lemmas

360
2 Ys
—0 < = A.90
e e (A.90)
by our choice of 6.
Next, one can easily prove that for all A € [-1,1],
A—In(1+A) < A? (A.91)
and therefore, when |Z| < %= and [g| < %=, we have
o i.2 ~2
Vi@,g) < -+ :Z— (A.92)
Since the definition of Uk and (A.80) imply that
Uk (Z,§) < (K + B*max{9,30%}) Vi(Z,7)
we get
o jQ gQ
Uk (Z,9) < K {— + —] , (A.93)
Ts  Yu
where K = K + B% max {9, 3a2}. Also, (A.87) implies that
2
K
Q(#,§) > T +ap) + S (A.94)
By separately considering the possibilities || > z«|g| and |Z]| < z«|g| and
noting that Ko > 982 > 9, it follows that
22
Q(z,9) > Ea 72 + 222
) I, (A.95)
: .’E* 2 T y
> min < — Yy, 2T, — + =
16 T Yk
Combining (A.93) and (A.94) yields
Uk (7,7) < K—F 220
k(Z,9) < min{zm*,%wy*} (A.96)

From (A.83), we deduce that Ux < —KUx (&, 7) + Blu|
(A.97)

Hence, in both cases
Ug < — —— + Blu|,

where O min{l? ,0}. This shows that Uk is an iISS Lyapunov function for
the Lotka-Volterra errors dynamics (5.62) when the disturbance u satisfies
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the less stringent bound |us < £. To prove the ISS assertion, notice that

Use = @D 1+ Uy (2, 9)) U

o _ _ (A.98)
< @) [{ -0 + Blu|} Uk (2, 7) + Blu|] .
Therefore, when |u| < %, we have
Uy < e @0) [~ Sy (7, 7) + Blul]
(A.99)

< —SUK(@,9) + Blu| [“<(79) —1] + Blu] .
Using the inequalities e* — 1 < ae® and Blu| < %, we therefore obtain

Ux < — STy (#,§) + Blul . (A.100)

The desired ISS inequality now follows from standard arguments. O

A.5 Useful Integral

For a given constant § > 0, let

3 1

Then the double angle formula gives

= 4/2 ! ~da . (A.102)
o (cos(2a)+ 1+ 20)

Set 3 =1+ 25. Then

3 1 T 1
= 4,/0 (cos(2a) + 5)2da B 2/0 (cos(r) + ) @

z 1 8 1
ARy — (A.103)
0 (cos(r) + ) 3 (cos(r) + )
3 1 3 1
= 2/ —————dr+ 2/ ——dr,
0 (cos(r) + f) 0o (—cos(r) + )
where the last integral is from the relation cos(r) = —cos(m — r) and the

substitution y = 7 — r. Let
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t = tan (C)
= 5)

Then cos(r) = %;—g, so (A.103) gives

e T 8 T+2

. /1 1+ ¢ & (A.104)
0 (1—12+ (1+28)(1+¢2))>

! 14t
+/o (=142 + (1+25)(1+ t2))2dt1

1 1
1 2 1 2
1§2/ o tzdt+2/ st
0 (142 ) + o (_l,tz +ﬂ>

and therefore

1 2 1 2
]g/ L?dtq-/ S ATy (A.105)
o (146+5t2) o (6+(1+0)2)

[ 6 [1+06
s = mt and m = Tt

I</V%+a 14 14052 140
~Jo (1+64+(1+6)s2)>V o

Let

Then

ds

dm

+/\/%_6 1+ %mQ 1
0 (6+6m2)>V 149
X /¢1i—55+(1+5)s2
5372(146)372 (1 +sz)2
e /\/l?lwwmz .
32(1+0)372 | (1+m2)2
B . ik 54642 d 1 Vil e d
=k [ et e |
. /\/1531+6+(6+1)m2
S2(A+8)7 | (1+m2)2
148 2

5 —m
+ 57T 2
R )y (14m?)

dm

dm .
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This implies that

ra 5
1 \/ T+ 1 1 R
1 S 5172 (146)372 fo T+s2 ds + 5372 (14-8)3/2 fo (1+82)§ ds
1406 1445
+ 1 f\/ 5 1 2dm _ 1 f 5 m dm
5372(1+0)1/2 Jo T+m 5372(1+06)3/2 Jo (1+m2)?

and therefore also

1 /_d 1 1446
I < W arctan( H_6> + W arctan ( %)

+ / i d
1 5 4
Ty Ty

115
1 Ea m2 d
_—63/2(1+5)3/2 /0 7(1 I m2)2 m .

One can easily prove that

A 2
s A
/0 mds T oy A g arctan(A) VA >0. (A.106)

We deduce that

< 1 + 1) n 1 ¢ 146
< 761/2(1 +5)3/2 arctan 49 63/2(1 +5)1/2 arctan 5
6
+ 1 — 1o + larctan( —)
83/2(1 + 6)3/2 5 2 146
(1+9) i 2<1+m) +
[ 146
1 ' 1 115
63/2(1 4 6)3/2 2(1+ 1?_5) + 5 arctan< 5

146
9 arctan B
arctan( I 6) ( 5 )

S+ )2 | B(14 8)/

5 t 146
arctan (, / 1+_5) arctan ( )

263/2(1 + 0)3/2 - 263/2(1 + 0)3/2

+

1 1 1 1
T35(1 1 0)2 (1+ %) TR+ 0) (11 )
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and so also

5 1 !
I < arctan (\/E) [51/2(1 +6)3/2 + 263/2(1 + 5)3/2]

. 1+6 1 !
+ arctan 5 83/2(140)1/2  263/2(1+0)3/2 |

The preceding inequalities and the fact that arctan(q) + arctan(1/q) = &
n (0,00) now give

[ 1
1< gorscisayors {avctan ( r) T4+ 3]

+ arctan (,/%) {% _

= s {amta (\/ )%2— (A.107)
1

+arctan< —) 55

r(1+30)  _ 3
S APy epr S 4

N
I—l
—

A.6 Continuous Time Matrosov Result with PE

We give the continuous time Matrosov construction that we used in the proof
of Theorem 12.4. We assume the following Matrosov Conditions:

Assumption A.1 There ezist C' functions Vi : [0,00) x R"® — [0,00) of
class UPPD and Va : [0,00) x R™ — R of class USB; ¢2 € Koo; everywhere
non-negative functions N1, No € USB; a function x : [0,00) x [0,00) X R" —
R; an everywhere positive increasing function ¢1; W € PD; constants 7 > 0
and € > 0; and q € Pets(T,€) such that

DVi(t,x) < —Ni(t,x);

DVo(t,x) < —Na(t,x) + x(N1(t, ), t, x);
IX(N1(E,2), ¢, 2)] < ¢1(|x])g2(N1(E,2));  and
Ni(t,z) + Nao(t,x) > q(t)W (z)

hold for all x € R™ and t € [0, 0).

Notice that V5 can take both positive and negative values. We show:
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Lemma A.9. If (12.9) satisfies Assumption A.1, then one can construct an
explicit strict Lyapunov function for (12.9). In particular, (12.9) is UGAS.

Proof. We indicate the changes needed in the proof of Theorem 12.3. We
define V3 and X as in the earlier proof, giving

DVs(t,z) < —q(t)W (x) + ¢ (Jz])p2 (N1 (t, 7))
—q(A(Vi(t,2)) + b1 (|2])p2 (N1 (¢, x))

IA

everywhere. We define k1, A1 € K4, and
Vi=ki(V1)V3

as before and therefore can find everywhere positive increasing functions I’
and As satisfying

DVy(t,z) < [-DVi(t, )T (Vi(t,z)) — q(t) A1 (Vi(t, x))

(A.108)
+ A2 (Vi(t, @) da2 (N1 (t, ),

again by the previous argument. Choosing a function ks € Ko, such that

kb >T
everywhere, we get

D(kz 0 V1) = ky(V1)DV4 < I'(V1)DV4,
since DV; < 0 everywhere. It follows that
Vs = Vi + ka2 (V1)
satisfies
DVs(t, ) < —q(t) A (Vi(t, @) + Az (Vi(t, @) d2 (Na (2, 2)) - (A.109)

Using the continuous time strictification approach from Chap. 6, the fact
that A; € C' N Ko implies that

Vs(t, ) = Vs(t, x) [/ / drds} A (Vi(t,x)) (A.110)
satisfies
DVs(t, ) < —;Al(Vl(t,x)) + Ay (Vi(t, 7)) b (N (t, ).

The argument from the proof of Theorem 12.3 now provides a function k3 €
PD N C! such that
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%Al(T) 1
1+ Az(r)) 14 Ag(r)’

ka(r) < 3" (

and therefore -
¢2 (k3 (V1) A2(V1)) Az(V1) < ;/11(‘/1)

everywhere. Let a; be the lower bound function in the UPPD requirement
on Vi, and pick ag € K4 such that

as(|z]) > [Vs(t, 2)]
for all z € R™ and ¢t > 0. Choose k4 € Koo N CT such that
ki(s) > |k5(s) (e 0 oy )(s)

everywhere. Then
ki (Vi) > ks (Vi) Vs

everywhere. We conclude that the function

Vi = ks(Vi)Vs + ka(V1)

satisfies
DV7 < —2k3(Vi) A (V1) + k3(V1) A2 (V1) g2 (IN1)
—|ks(V1)Vs|DV1 + ki (V1)DVy
< —2ks(Vi) A1 (Vi) + k3 (Vi) A2 (Vi) g2 (N1)

everywhere, since DV; < 0 everywhere. The conclusion of the argument is
similar to the corresponding part of the proof of Theorem 12.3, except with

Ay replaced by D and ﬁ replaced by 5. O



Appendix B
Converse Theory

B.1 Converse Lyapunov Function Theorem

For completeness, we provide a sketch of the proof of Theorem 2.1, which
builds strict Lyapunov functions for time-varying UGAS systems in terms of
the flow map. We follow the argument from [70, Appendix C.7]. The proof

relies on the following result which is known as Massera’s Lemma:

Lemma B.1. Assume that g : [0,00) — (0,00) is a continuous non-increasing
function satisfying g(t) — 0 as t — +o0, and h : [0,00) — (0,00) is con-
tinuous and non-decreasing. Then there exists a function G satisfying the

following two conditions:

1.G,G"eK;and
2. there is a constant k > 0 such that

max{ /0  Glu)at, /0 h G’(u(t))h(t)dt} <k

for all continuous functions u satisfying 0 < u(t) < g(t) for all t > 0.

Proof. Fix a sequence {t,} in [1,00) such that
(ta) < —— WneN
gtn) <~ VnEN.

We show that the requirements of the lemma are met with

S exp(=n~"(s))
Gr) = [ Hs. where H(s) = SR

, >0

and n is any decreasing function that satisfies the following conditions:

1. n is affine on (¢,,tn+1) and n(t,) = 1/n for each n; and

(B.1)

367
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2. n(s) = (t1/s)? on (0,t1] where p € N is large enough so that the one sided
derivatives at ¢, satisfy ' (t]) < 1/ (t]).
Notice that g(r) < n(r) for all r € [t1,00).
To simplify the notation, let U, denote the set of all continuous functions
u satisfying
0 < u(t) < g(t) Vt>0.

! is also decreasing, we have

- (u(t) =07 H(g(t) >0 (n(t) =t (B.2)

for all t > ¢1 and u € U,. Moreover, H € K, and (B.2) in conjunction with
the fact that h is non-decreasing implies

Since 7~

/too G'(u(t))h(t)dt < /OO e tdt < 1.

1 t1

Since we can also bound G’ (u(t)) < G'(g(t)) on (0,¢1], we get a bound on the
second integral in (B.1) that is uniform in u € U,,. Similarly, since —~!(s) <
—t when 0 < s < n(t) and h is non-decreasing, we get

%) oo pn(t) exn(— -1 s
t G(u(t))dtg/t /0 %dsdt

</tOO %n(t)dt < o0

1

and therefore also a uniform bound on the first integral in (B.1). This proves
the lemma. O

Returning to the proof of the theorem, we apply the preceding lemma with
the choices

g(s) = B(ro,s) and

(B.3)
h(s) = exp(Ls) + sup{|f(r,z)| : 7 > 0,[z| < s},
where the constant L is chosen so that
of
sup %(t,m) cx€rB,,t >0y < L. (B.4)

Letting G be the function that results from the lemma, we now show that

Vi) - [ " 66, 2))) dr (B.5)

satisfies the estimates of the theorem, where ¢ is the flow map of the system.
The choice (B.4) of L implies that
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‘%(T,t,ﬂf) < exp(L[r —t]) and |é(7,t,7)| > |zlexp(~L[r —t]) (B.6)

on [0,00)% x (rBy,,); see [70, Appendix C.7]. This gives the bound

o0 T
|95 (t,x)| = } / G (18(r. 1, 1)) L gudr

||
/ & (B(z), 7 — ))exp(Lr — )dr (B.7)

/ G (B2 5))ePds = au(|a])

when 0 < |z| < 7roB,, as long as x # 0. This gives the growth requirement on
V, from the statement of the theorem.
Next notice that our choice of 3 gives

/G (2], 7 — 1) /G (2], s as(lz]).

Also, the second inequality in (B.6) gives

V(t,x) / G(|z|exp(—=L[T —t]) dr

/ G(|x|exp(—Ls) ds
(In2)/L
2/ GO5le)ds = on(lz]).
0

This gives a1 (|z]) < V(t,2) < as(|z|) for all (¢,2) € [0,00) X (roB,), and
a1, € K, so the first requirement of the theorem is met. Finally, the vari-
ational equality gives ¢¢(7,t,x) + ¢ (7, t,z)f(t,x) = 0 for all 7 > ¢ and

therefore oV oV
o + %f(taﬂf) = —G(|=)

when |z| < ro. The preceding construction can be done globally in the spe-
cial case where 0f/0z is globally bounded. Since ¢(7,t,x) agrees with the
autonomous flow ¢(7 — ¢, ) when f is independent of ¢, the last assertion of
the theorem follows as well. |

Remark B.1. We can choose V to be as smooth as desired. This follows from
the regularization arguments from [12, Sect. 4.1.5]. However, C! Lyapunov
functions normally suffice for feedback design.
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B.2 Time-Varying Converse ISS Result

A well-known converse Lyapunov function result says that if a time-invariant
system (satisfying appropriate assumptions) is ISS, then it admits an ISS
Lyapunov function; the proof uses the abstract strict Lyapunov function con-
struction from [82]. The fact that this is true for time periodic time-varying
systems as well was announced in [39] and can be deduced from the following
special case of [12, Theorem 4.5]:!

Lemma B.2. Let F : [0,00) x R™ =% R™ be continuous and compact and
convez-valued. Assume that the differential inclusion

i € F(t,x) (B.8)

is UGAS. Then for any constant A > 0, there exists a C*° storage function
V :[0,00) x R™ — [0, 00) such that

1% oV

adl il < B.

5 (t,z) + 5a (t,z)v < =AV(t,x) (B.9)
forallt >0, x € R", and v € F(t, ). If, in addition, F is periodic in t with
some period T, then we can choose V in such a way that it also has period
T int.

Let us show how the converse ISS result follows from Lemma B.2. For
simplicity, we assume that f is Lipschitz. If f is ISS, then [169] provides
X € Koo such that the constrained input system

z = fX(tvxvd) = f(tvxvdxil(‘m‘))v ‘d‘ <1 (BlO)

is UGAS; i.e., there exists 8 € KL such that for each tg > 0 and zg € R™
and each trajectory y of (B.10) satisfying y(to) = zo, we have |y(to + h)| <
B(|zol, h) for all b > 0. By minorizing x~!, we can assume it is C'. This
means the locally Lipschitz set-valued dynamics

Bt z) = {f(t,2,u) : x(lu]) <[z[}

is UGAS, as is its convexification ¢o(F'), namely (¢, z) — ¢o{F(t,x)} where
¢o denotes the closed convex hull [12]. Since F = ©5(F') is continuous and
compact and convex-valued, and since we are assuming that f is periodic in
t, Lemma B.2 provides a time periodic V' € UBPPD such that (B.9) holds

I By a solution of a differential inclusion (B.8), we mean an absolutely continuous function
¢ : T — R™ defined on some nonempty interval Z = [to, tmax) With the property that
(t) € F(t, d(t)) for almost all t € Z. We say that (B.8) is UGAS (to the origin) provided
there is a function 8 € KL such that for all initial times top > 0, all nonempty intervals
[to,tmax ), and all solutions ¢ : [¢o, tmax) — R™ of (B.8), we have |¢(t)| < B(|¢(to)],¢ — to0)
for all t € [to, tmax). See [12] for the definition of continuity of a set-valued map.
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for all z € R®, ¢t > 0, and v € F(t,z) with A = 1. In particular, we can find
a function «; € Ko such that V(¢,z) > «a1(]z|) everywhere. Recalling the
definition of F', we therefore have

[ = x(lul) = f(t,2,u) € F(t, )
= V(ta‘rau) < _V(tV:E) < —a1(|$|)

for all ¢ > 0, so V is the desired strict ISS Lyapunov function for f. This
proves the result.
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decrescent (in norm), 233
degree theory, 22
differential inclusion, 368
dilution rate, 17, 62
disturbances
exponentially decaying, 53
integrable, 53
Duffing’s Equations, 277
Dulac’s Criterion, 18

effects of feedback delays, 56
energy
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kinetic, 98

potential, 98
equilibrium point, 5
Erdmann transformation, 62
Euler solutions, 23
Euler-Lagrange equations, 83

Filippov solutions, 23
flow map, 22
forwarding, 13

generalized configuration coordinates, 98
generalized momenta, 98
graphical convergence, 338

Hartman-Grobman Theorem, 12
homogenous systems, 114
homotopy, 22

Hurwitz matrix, 12

hybrid arc, 321

hybrid automata, 338

hybrid time domains, 316
hybrid trajectories, 316
hyperbolic rest point, 18

i/o behavior, 8
identification dynamics
rapidly time-varying, 287
slowly time-varying, 307
identification theory, 307
influent substrate concentration, 41
initial value problem, 5
input nutrient concentration, 17
input-output operator approach, 20
invariance
hybrid system, 338
LaSalle’s Invariance Theorem, 33
non-periodic time-varying systems, 33
periodic time-varying systems, 33
invariance under coordinate changes, 20

Jurdjevic-Quinn Theorem, 34

LaSalle type conditions, 244
for real analytic systems, 124
local vs. global, 124
using iterated Lie derivatives, 118
vs. Matrosov Conditions, 126
least-squares estimators, 268
Li-Slotine adaptive controller, 271
Lie derivatives, 4, 118
iterated Lie derivative conditions, 118
limiting dynamics, 294
linear matrix inequalities, 55

linear systems, 12

time-invariant, 20

with PE coefficients, 205
linearization approach, 56
locally Lipschitz, 12
Lorenz dynamics, 265
Lotka-Volterra model, 129

ISS, 132

strict Lyapunov function, 129

uncertain death rates, 132
lower Dini Derivative, 53
Lyapunov function

dissipative, 154

exponential decay, 27

hybrid ISS, 322

iISS, 30

ISS, 30

non-strict, 31

nondifferentiable, 53

semi-concave, 23

shape, 80

strict, 25

strong, 25

weak, 31

with bounded gradients, 47
Lyapunov-Krasovski functionals, 55
Lyapunov-Krasovski Theorem, 54
Lyapunov-like function, 126

non-strict, 126

strict, 126

mass-spring system, 275
Massera’s Lemma, 365
matrix norm, 4
Matrosov’s Theorem, 32
continuous time, 64
discrete time, 70
hybrid systems, 334
one auxiliary function, 235
several auxiliary functions, 238
methane flow rate, 41
methane production, 41
Monod growth rate, 17, 41, 62
Morse functions, 23

non-zero definiteness, 32
Nonholonomic Integrator, 23
nonholonomic system, 22
in chained form, 143
nonlinear resonance, 114
nonlinear systems, 5
affine in controls, 7, 34
chained form, 19, 187
complete systems, 6
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discrete time, 7, 339
drift free, 22

feedback, 14, 189
feedforward, 14

forward complete, 5
Hamiltonian, 96, 98

on manifolds, 23

rapidly time-varying, 275
rapidly vs. slowly time-varying, 301
slowly time-varying, 297
time-invariant, 6
time-varying, 5

with drift, 23

with inputs, 6

optimal hybrid stabilization, 338
outputs

error, 21

measurement, 21

parameter identification, 254
passive nonlinear system, 118
pendulum dynamics, 15

slowly time-varying, 297

strict Lyapunov function, 305
periodic, 6
persistency of excitation, 142, 316

continuous time PE, 142

discrete time PE, 320

in hybrid systems, 327
Poincaré-Bendixson Theorem, 6
polluting organic substrate, 41
prediction-error-based estimators, 268
projection operators, 268
proximal subgradient, 23
PVTOL model, 175

control inputs, 176

optimal control approach, 230

robust hovering control, 230

small gain approach, 230

with input delays, 230

Rossler dynamics, 264

Raleigh’s Equations, 277
Rayleigh-Benard convection, 272
Razumikhin Theorem, 54

real analytic vector fields, 124
regressor matrix, 254

relaxed controls, 53

retarded functional differential equations,

53
Riccati equation, 313
rotating rigid body, 160
backstepping approach, 161
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ISS Lyapunov function, 162
tracking problem, 160

sample-and-hold solutions, 23
set convergence, 338
set-valued dynamics, 368
singular perturbation methods, 314
skew symmetric matrix, 34
small control property, 85
smooth function, 4
spring stiffness, 276
stability, 9
0-GAS, 20
equivalent characterizations of ISS, 155
global asymptotic stability, 9
global exponential stability, 9
input-measurement-to-error, 21
input-to-output stability, 21, 314
input-to-state exponential stability, 278
input-to-state stability, 10
input/output-to-state stability, 21
integral input-to-state stability, 11
local asymptotic stability, 9
local exponential stability, 9
output-to-state stability, 21
semi-global practical ISS, 293
uniform global asymptotic stability, 9
uniform global exponential stability, 9
uniform vs. non-uniform, 12
stabilizing feedbacks
arbitrarily small, 91
depending only on state, 14
discontinuous, 23
dynamic, 22, 253
sign constrained controller, 245
time-varying, 15
topological obstacles, 23
virtual obstacles, 23
storage function, 30
Stribeck effect, 275
strictification, 51
continuous time, 149
discrete time, 325
hybrid version, 327
rapidly time-varying system, 284
substrate consumption yields, 41
superposition principle
iISS, 21
ISS, 20
supply pairs, 173

tracking, 6
translational oscillator with rotating
actuator (TORA) system, 190
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two-link manipulator, 83

UBPPD, 30
underactuated ship, 162
backstepping, 169
dynamic positioning, 162
hyrdodynamic damping, 162
intertia and mass effects, 162
kinematics, 163
port/starboard symmetry, 163
reduced system, 165
reference trajectory, 163
tracking problem, 162
uniformly proper and positive definite, 30
uniqueness and maximality property, 5

Index

universal stabilizing controllers, 118
for positive controls, 231
optimality, 141

variational equality, 367
variational matrix, 12

Weak Jurdjevic-Quinn Conditions, 96
wear and tear, 276

weighting functions, 254

wheeled mobile robots, 230

Young’s Inequality, 4

zero-system, 20





